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TIIIO ADVANCING STATISTICAL FRONT* 


WAi/rEii A. Subwhaiit 
Bell Telephone Laboraion'ea 


rriiiij ATOMIC noMiiH on Iliroshiinaniul Nfigosaki have made tho world 
.1 coiiHCio'iM, Ufj porlmps no other event Iiiia done, ol tlio potential 
Higiiificimr.e of applied Kcienco. This war revealed to all tluit tho co- 
operation of Hcioatials on a gigantic ocale literally rcvolulionisscd tho 
method of currying on wars. By the grace of God, tho imtioiis of the 
world have heen given another chance to live in peace— iinothijr chnneo 
to explore the endloKs frontier of science in Boarch of new ways of 
eoimtiTictively serving mankind. 

Most people will agree that the prolileinH of war arc inherently 
Binipler lliun IIioko of attaining lini full advantages of Kcicncoin a world 
at peace. For war is a mmplc lai.sinc.sH in the sen.HO that tho objectiven 
are clear and heartily KU]>pi)ned by an overwhelming majority of the 
cllizenB of a nal ion ; wbcrea.H jicaco-liine, prolilcmB do not have, the sumo 
dramatic inlensily, immediacy, and urgency to each citizen. However, 
tho atomic bomb ha.H brought people to a|>prociato the importance of 
the end to which s(den(:(! is applied. All tthudder at tho thought of tho 
doHtrnctiveno.'iH of another war; all like to dream <tf the, world of tomor- 
roAv in whicli the object of applied science is the satisfaction of human 
wants. IIuW(!ver, Hie.su wants cannot ho scientifically determined with- 
out appeal to the samijling proci'durc.s of the .slati.slician. To the citizen 
of a democracy there is eeiTuiiily some dramatic .signinennee in the 
fact that the Htalisliciaii must he called in to .sample human wauls in 
order Unit science may he applied effectively in peace. 

It seems lilliiig llntl, at litis lir.sL animal meeting afliir the ciilastro- 
phio war tlirougii whieh we have just passed, our allenlion should bo 
directed lowarrl the role, that statistics can play in the ycar.s ahead in 


* AildiMt M rellrliiif iimidanl ol lh« Aniorlc«n HlniliilcM AntocIMlon, eievMitml, Olilo, JAiiiinty 

20, nno. 


1 



AMERICAN fiTATIftTU'Al. AHftWIATION 


2 

maldng Bcioncu serve humaiiUy anil toward (he rcil«’ lljjit }>5HSi.;->rst'iariB! 
can play in giving each individual Rome ajiprcmtinn »f Ut<- dramaiic 
iafcDBflity, irainediacy, and urgency U» him of {toiiv-of the l!mt 

the statistician alone con solvn- With this thought in mind, I Imvo 
chosen to speak on tlio advancing froiil nl in itr-f H-rvie^-. 

directly and through other scion lists, In the mc(inls?rsi of «<«nir ty b.s 
individmla. 

If statistics can he mode to minister to all Ihn pcnplf', if Iho niojori* y 
of the people can bo made tu rraliiw! this conlrihuiion of slati-lirs. if 
those who practice statistics fnllmv n slrict r^wh: nf romlurt, if hJaliHii- 
cions assume their roRponslbility for the prnix’r training of lu'ophyl^'!? 
before turning them loose as stalislicians, then the fiiturr. of tlie fttjiths' 
lical profession is assured. 

In the established kciisc of the term •'prnfa«.dnir jiiiidii-d U* law. 
medicine, and religion, there w nn implication id a dfVoJinn jr» a highrr 
purpose tlian that of personal profit or Uie rarniug <>f a nvclih*K»d. 
Tonight I wish to keynote ministering lu (lie people nt large a.*! nil i-.^- 
acntial requhoment of any profcHshin. At some, time or other iK-lwt r-n 
tho cradle and the grave, every one of us calls u|w«n mctnl»r'rs of ihe 
medical, logel, and religious proftvBiftiis. I ti ho far n.K tlo'^e o*« w • It, 
we como to appreciate them ns mcmlicrH of llieir profwiou In-r'inoo wi* 
recognize that through long years of study and (ruining Ihvy Imve 
placed theinaclvcs in a position to do for us wlmt wo cmuiot do for our' 
selves. If slaliatica can ho made to serve each nf tn* in a way that we 
individually recognize mid iipprociule, Htulistichuia will n*t lnrig<T Iw 
I'cfciTcd to m Rome quartcin na the KhmvgirlH of tin* iiuirkoL plant* Iw- 
cniiso they Jive by their figures alone. 

The high piirposQ of n divcrHC group c«n Iks hiiilt up nnil iiisiintuiiKd 
only by an effective orgniuzalioii. By gssttiiig a ]H-r‘*|»‘C(iv»s «if ihi* iid- 
vancing research front and the vast nniiies of puns niid iippli,‘d ,vi icu- 
tists with whom wo must coopcratis if we ans to nudo* nur gr<-an-:*l, 
contribution to the aorviec of acionee, ive vnii coiito In risiihn folly i ho 
need for a strong professional sUitistical orguniznlion. 

THREE TYPES OP KOrENTlFlC lir^tiKAIK II 

Asa background for whalfollowH, it in is!<Ht'Tilial tltat we i|i!>iiup,iii^h 
botivoon Ihrco broad and Homewluil overinpping cuh'gorh-id of rt .m-jsii’Ii. 
In tho recent report,' “Scioncts, llus MudlenH hVoiilicr,'’ l>y Vmun-viir 
Bush, Director of OSRD, to the Prehidont of Ihts I.hiiud SlsavK oii u 

^ Untied HUilefl Govommciik rrindiiK Offloe, WMltinftU>A, IJMft. 
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program for jiOHt-war Kcicnlific rcscftrcli, the following three calc^gorica 
of research arc recognized and briefly deHcrihed: pure research, back- 
ground rcacarch, and applied research and development. 

Pure rnsoarch is there dellned na rcfionrch without Bpccilic practical 
ends. It is directed toward the acc|ui.sition of knowledge and the under- 
standing of nature and its luw.s. liackground research is ty])ificd by the 
collection of economic, liusines.M, census, inclcorolngicnl, and oilier 
typos of data; llie dcterminalioii of physical and chemical conslanls; 
and the cslablishmeiit of slatulards of c[unlity for foods, drugs, and 
other manufactured inaUniulH. Applied research w generally directed 
toward boiuc practical end tlclermincd hy human wants and it is 
uHimlly cx[icctcd that the coat of aucli research will be met through tho 
benefits that occrue from the research itself. 

THE STATIBTICAIj PIIONT IN TUB THIIEE FIEI.DB OP HEBEAncn 

Pure Rcacarch. Since tho turn of tho century, groat progress has Iiecn 
made in extending the slatislicul front in jiurc rescarcli. Advances Itavo 
been made in the field of the Blalisticnl doscription of BlcUar plicnorncna 
by ClintuhaMekhar and otlicra; in tlio development of Mtalialicnl 
mechanics by Kinstein, Hose, l^erini, Dirac and otliers; in the atatialical 
clc.scri])Lion of ineleorological jihcnoniena.; and in the development of 
BtaliHlicai theorie.s in genetics mid many other fieida. )SlaUHLic.s has 
progretwed also in psyehomelricH and econometricH. But i>erhaps tho 
greaU'Ht progress within the piwt two decailcs has been in the field of 
iTialhcmnlical slaliHlics along the liiie.s typified hy the nbalrnct malorial 
published in the /Iminffl of Malhnnalical i^UilMica, 

Such work has heen higlily individualistic. Much of it has been done 
by those unlcnown to mo.sl of the luembers of the American Slatisticul 
ABsoeiiition. In fact, many of those who have done most to exbmd the 
froulieis of matlioinnlical HlalislicH are not known oflie.ially as Htatisli- 
cians: Kviai It. A. lusher, Ilololling, and Wilks are not listed ns HtiitiH- 
ticiaiiH in their eollcge regi.stcrs. Ijikowiso the men who have contributed 
to llic knowledge of nature through the n))plication of statLslic.H are 
seldom known to their fellow scioilists ns stati.sUcinns hut rather ns 
profe.ssiomil men in Die subject mailer field wherein they contrilmtcd. 
Statistics, in oilier words, has no pnrlicuhir subject matter field solely 
unto itself. 

Moreover, most of liie contribu lions of slatislics to the dilTercnt 
suhj(<ct mutter liehls are iiialheniatieal in character; and in so far u.s 
HUeh eonli'ihutions are uuitliemalical, it is little wonder that billow 
BciontistB often ()ueslion the existence of a Btalistieal front ns sneh. 



4 vlMEIIK'^kN fiTATIBl M Al, Am«r;iAT10K 

Many think Bimply of tiio diflfcreiil pul>jf cl mnltcr fn.ntB » inilc tilliww 
think of statistics na a part of the. matlirinalii’al fmn!. 

Let us pause to examine the BiBnificmiw of llm ttUnslion from tlio 
viewpoint of professional organizations in llm ficUl of aJntifilirs. To 
maintain an advancing front in pure HtoliHlical iw-parcli l,»Mih in ihp 
subject matter Mds and in maUiwnalics nMpiirwaupporl a?* rh,*-* |,virr‘ 
reaoaroh in every field. It is perhaps true Liml each j.:nl»jcrl umUor fii lrl, 
in so far as pure rescarcli is conccriiccl, can olilain BUi>!Mirl, for Ihr de- 
velopment of the statistical aspccla of nalurc! (wnllal lo that field. 
Tlioae engaged in pure research in the wpnraU* ficltls will undouhtcdly 
recognize the need for courting the inathcmBtical hlalisticiaii engaged 
in extending the boundaries of malhcmalicnl »f aliKlica iwsr for )H-r- 
haps never before in the history of science have scicntti^ljo in the .f-nl ijrTt 
matter fields appreciated «o wholclicarUxlIy the ct(nl.riljnl.ioii« rif mat he- 
matics. In fact, scientists are coming more and more lo rtaliw' that 
moat, if not all, theories of nature aro mallieinntical in clinracter at 
to the extent that the idealized uhstmet mcKlcl.s of nnlurd phctioincna 
are described in mathematical lerms. There is, of cuun*e, a nml fur the 
mathematical statistician lo come into contact with the jirohlcniH re- 
vealed by nature in the BeparnUs sciences if nmt hcnmUc.** w li* ennlriltuU! 
to the solution of such problems. 

Those working to cxLoud the bounclnrica of malhcin&lirni si.alUties 
need to have an organization such, for example, ns the luBtilulo. of 
Mathematical Statistics to eervo ns n go-botwetm for jnirc mnthoinnties 
on the one bond and pure scicuce on the other. Tcj tlicir fclhuv re- 
scorchers in other fields of pure science men working in Him rr‘nlm of 
statistics will probably always bo known primarily ns niallieninliciaim. 
Certoinly to those working in the fidd« of Jmckgrouiid «ui[ npplii.tl 
Boionco and to "the public, such statisLical research workcra will prob- 
ably always bo known as maUicmaliciaiis. Hence, «o long a« we think 
of the contributions of stalisUcs to pure research, we may c|ue«l,inn Ihc 
need for an organization beyond that of malhcmnlicnl clntieliriMiia, 
Wlien., however, wo consider the service to the pulilic of pnn* hinlistical 
research through its contributions lo background and applied rcwnrcli, 
W 0 find that an organization representing Lho common iiil-nrc^ts of all 
statiatlciana is a ncces-sity. Otherwise wo cniinnt fulfili our obligaticiitB 
to the public upon which we must depend in the end rorreciigniUi.in and 
support. 

Background and Applied Research, Turning to the fichlK of back- 
ground and applied research, tlirco points should Iks kept in niimi: 
1) sneU research must involve the eoopcrafion. of many individual np- 
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plied BoientifltSj sometimes literally hundreds, 2) such rosearcli is 
directed toward obtaining knowledge useful to many individimls and 
sometimes to practically the whole public, and 3) llm UHcfulncsH of sucli 
work must be recognized by those who receive the benefits in order 
to gain their financial and otlier support: applied research must pay its 
own way. 

What I want to do is to indicate in some detail the endless field open 
to the statistician in applied research and to indienle briefiy some of the 
prolilcma involved in obtaining tlie cooperation of individual aitplicd 
scientists and of groups of applied scien Lists in carrying out a few major 
lines of application that are of significance to llio public. 

Fii'st, let us consider simply the bockground research of standardiza- 
tion as carried on by groups like the American Standards Absociatiou 
and the Americon Society for Testing Materials. Work on standardiza- 
tion proj<*ctH often I’equires the cooperation of many diflcreut kinds of 
scientists representing the public, industry, and govermnont: the num- 
ber of Hucli projects runs into thousands. Kucli such standard is, in 
general, arrived at through cornmiLlce action often extending over 
several yinus: many compromisco must be mode, some bociuiKC of a lack 
of scientific knowledge, some because of economic requirements, and 
some because of other limilalions, Kncli standard must be, ns it were, 
a tailor-mndo job that is snlisfoclory to dilTorent group inlorosts. Miist 
of the applied seienli.sts cooperating in such a project are not familiar 
with statistical theory ntui application; many of them arc, in fact, 
antagonistic to Ibc stalislician. Yet these scicntisls arc in Llic saddle 
and decide wlial shall be done. 

Even if we assume that wo have the ideal condition in which a 
standardizing committee is cuniplolcly sold on the n])plieulionB of 
sLutistics, there remains the problem of translating the contributions of 
tlio stuU.Htioian into llic written specification in a way tliat will bo 
imderslood by tliuso wlio use it — a group that often inchnleB liundrcds 
of peo])le; indeed in llio case of n consumer standard, thousands of 
people. Tile problem of putting statistics to work in stniulardization, 
one of tile fields of background re.scarcli touching all of us os consumers 
of foods, drugs, and oilier inniiufacturcd goods, is a Iremcndoiis job 
onlling for tlio coo]>cratioii of aiiplicd Bcieiilists working not only as 
iiidividuals Init as groiqm, This is ml a problem that cun he solved by 
Blalisticiuns working indepmdtnily : yet in its Holulioii llierc jh room for 
liuiidrcds of HcieiitiKts witli basic trainiiig in slatislicH. 

In applied rescarcli, let us consider only indiiatrial re.searcli. In 19-12 
tlioi'o were 2201 indiislrial rcsonrcli laboratories: today Lliero me many 
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more. Yet I doubl that many of llic rlirecUirfi of tht'sc lalw<ra»oTieft liavc 
any appreciation of the pulcnlial contribuLions of tilril.i-«Sic:!«. In lib’ifl 
there were 184,230 maiuifacUiririg finuH in llio UniUfl bwriny 

there are porlmpa as many or more, Yrt I ilonbt (tint innnnKr'iiK'ril in 
any but a fow of these firms in aware of llie imlentioJ cnnlribnliniiR of 
statistics. Of course, many employ Blnlistieiil clerks and n few iimy evon 
employ one or more persons cullcil stalisticinim but their Atnlwlira 
is usually limited to biiBincsH and economies. There in a bi«: gap to l*e 
filled between the contribuUonB of the mallirnialicnl alalislleifin iit Hie 
Annols, for example, and the appreciation of the value tln?ff«n.f on the 
part of management in any large frerccntagc of induslrinl lalHirultiries 
and manufacturing firms. Neverthelcwi, stnliHliciana have, ii great up- 
portunlty in this almost unlimited fielil to servo the public at large lis* 
users of the manufactured goods turned nut. 

The contribution of Blatistics in these two ficUlH of a|>[)liir*d retfearcli 
lies not ao much in solving the problems usiitilly put to the slalblicinn 
by those not statistically trained as In helping to cwirtlinnlc tlm 
of specification, jiroduclion, and inspection, This may Ihj conaiden.!<l jus 
a Bciontific experiment for making the moat cflicirnt inw «f liiirtmn cfTnrl 
in tho production of goods to satisfy human wants, The long range 
contribution of staUstics depends not only upon getting ninny liiglily 
trained statisticians into industry but tdso upon creating a sUifMatUi/ 
miauled new generation 0 / time phyaicisis, chcMisU, tnginrrra, and oWit M 
who will develop and direct tho mass production proceaH-es of loiiiorrow. 

Lot us look at the problem of interesting Ihn members of pndc^.-^ionttl 
organiisations in the three fields of pure, bockground, and applicil rc- 
Bcarch. Broadly speaking, profeasional scicaiilic organiwitiiinH rimy 1 mi 
cloBBiliecl under these three bendings although the houiulnrim are not 
distinct. At tho pure research level, wc have thow nrgiiniimlioMH repro- 
Benting tho basic natural and socinl Hcicncea; nl tlus level tif npitlb^l 
reseaich, wo have largo profc&Hional groups Kucli on the rnginemiiig 
socicLica, several of which have membcraliips of 20, (KK) or niore; nt I lie 
level of background research wo have llio American Sndely for 'JVsling 
Materiols, The American Standards Association, and certain Irmle as- 
sociations. By and largo, llieso profoasioiial grouiw with n cninbini-il 
membersbip of moro tbon a hundred tlKiiiHand nrti r(‘siHinK=iblf* fur thu 
dovelopment of tho scientific rcHCiirch front. Tlnjms groups in the i-iid 
will doterraino to what extent, if tuiy, slatiHlicnl mellimlM will be 11^411 in 
their work. Wo must first gel UioincmbcrHliip of llieMs Htfieutific groiijis 
to give us a chance to show hew alatislica can help. Then w ti imibl, work 
in close cooperation with those groups in putting alalisticM to work for 
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the public good. Statiaticianfl must aflsunio a large part of the leaponHi- 
bility for finding out liow they can best serve the tliousands of scientists 
in the ditTerent subject matter ficld.s and then they must cooperate 
with other profcBsional groups in the different subject matter fiokls to 
ECO that statistical method is applied wherever it will yield useful 
results. 


T1UIJ3E WAYS OP BEIIVINCI PBM.OW SCIENTISTS 

Three ways of serving fellow scientists are through joint meetings, 
through joint committees, and through publications. For years our 
Association has Ijccn accustomed to holding joint meetings witli other 
groups, particularly in the social sciences. More recently joint meetings 
have heon held with the Institute of Mathematical Statustics ami the 
IMomotrics Section has held many joint programs with groups having 
interests similar to theirs. By and large, however, there have been no 
joint meetings witli the majority of the scieiiUfic groups primarily re- 
sponsible for pure research in other than social science fields nor with 
the many large groups rcsponsihle for Imelcground and np])lie<I research, 

A joint committee typo of approach to applied research in engineering 
was startcil in 1020, In that year R, B. Wilson, then President of the 
American Rtalistieal Association, cooiieratcd with a small grouji of 
statisticians in getting the interest of certain professionol engineering 
groujiH in sotting U]) what wan and is called llie Joint Cominiltoc for 
tlic Development of Rtalistieal A])pliealionH in Rngineering and Manu- 
facturing. This committee was actively sponsored liy tlie American 
Statistical Association, tho American Society for Tc-sliiig Materials, 
The American Society of Mechanical lOnginccra, and the American 
Matliomaticnl Society. Tho membership was made up of two repro- 
Bontatives from each of these Rociclics. This committee, working in 
cooperation witli tho officers of the sponsor societies, has been largely 
influential in initiating most of tho nclivitics that have taken place 
since then in organizing statistical clTort in the engineering field. 

It was also realized at that time by the .same group of statisticians 
that it was de.sirahio to launch a committee inlorcsLed in the apiilication 
of statistics to the background rosearcli of standardization. Such a coiu- 
mittoo was set up and has been active ever since in tho American 
Society for Testing hfuteriuls. A short limo before the war anollior 
small group of stnlisticiuns n‘(;ugnized the dcsiruhilily of getting formid 
action on the ajipliention of stiilislics in quality control through the 
standardization of Hiinplificd methudH. With tho cooperation of tlie 
War Department and tho Amcriean Standards Association a committee 
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waa sot up under the nuapiccfl of the Atncriiin StnntlBrdM Awocialion. 
Thiscomniiltcc turned out three omergenry war<*laiKlfinl« id 
quality control anti theno were tiHtl exlel1^iv^Iy n<rl only in Anserlca 
but also in Australia, C’aiintlft, mid ICnftlantl. 

During the early years of the wnr, there were nftm dwuwisi.n*: by tlir* 
Board of the American Slalislieal ^'isstHritiLioii nlHiiil lire lu'eil fi,i,r n 
joint eoniinitlcc reprcKcnling Home t»f tire mnjor ft€-l»!s (if ivar n'Mvirrli^ 
more nearly ou the pure rowiarrli level, to net in an mlvi’^nry enpHeily 
on the applications of stnliHlics. XcttUitig aviu? thmi* niririttlly by tire 
ABaocintion. but stalisticittiis working iinlepentlciilly in cre»|M rf»tii*n 
with the oflioerB of the National Ibwureh Ccnineil nml particnhirly 
with Dean Eisenliart, chairman of the Divicinii of I'hyvieal bVii iice-f, 
organized in 1943 a committee on applied innllu'niaticaljilMtbii-cs with 
subdivisions on pliyaica, chcinislry, psycliKlngj', ccunoiiiii'i^, inulln*- 
matical statisticH, Inologs’, ami cugincerinR. 'I'hiv hnjt bml 

from the lioginning liaison incmbers with the W’jir mid Knvy Ib'jwirt - 
menta and tho War Production Board. More rceendy, liaison n'|ir» 
sentabion Ima been secured on the pari of lire National Pliyeiml Icnbo* 
ratory of Great Britain and Iho Council for Screiiiifio and Induhlrml 
Kesoarch of Australia. The lalcsHt devolopmcal in I Ida orgatiiwtl roni- 
mitteo cJTort is tho cslnblisiiment of a comndltcre, umirr tlrejidtil 
diroction of tho Nationnl llosoarch Council and tho Social .'^'iom*o 
Research Council, charged wilh the study of the HcionUltc problonm of 
measuring public opinion, attiUiden, and consumer wmiis. 

Much of tho work of these committeea has Ireeii of nii advisory nulure. 
For example, tho joint committee on engineering, which is n<iw simn- 
Bored not only by tho original sponsors hut also by the i<f 

Mathematical Statiatic.a and tho American Instilule id Ivlcnlrind 
EngincorB, has coopciatcd with different engiiiceriitg gnnipri in s^-tling 
up special committees on tho application of slatislics williin llnw 
groups and in arranging for the prcscntallnn of pniM re nri apjiliiNii 
ataliatics on the programa of many of the engineering snrieiii H. Just 
recently such a committeo waa set up in tho Americnn of 

Electrical Enginccra, 

Some of these committees have operated to seenre not only nationnl 
cooperation but also international. For example, (In* Joint tViminilb^", 
through its sponsorH, was influential In Klartiug the movcnicnl, in tlu-iil. 
Britain tliatlod to tho organiication of a comiiiilUre under tire aunpii'CH 
of the British StaiulardH Institution. InieresL ihua armnietl lias Ikm-u 
crodited by our English frienda os tho spark that started tlio muvcnu'iit 
whioh led to tho formation of tho Agricultural and Industrial Reni’arcli 
Section of tho Royal SlnlUticol Society. 
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To dale, howovor, sucli effort hoa been largely iiuUvidualialic oven 
perhaps lo the extent that few BtatiaLicians in eitlier the Ameriean 
Btntifitical Asaociation or the Institute of Mathcmaikuil Statistics are 
aware of it. Furthermore, these committcea have only soratclied tlio 
surface of the work tliat needs to be clone by way of coopcralion with 
otiicr Keientific groitjis. Perhaps t)my aefc a pattern, iioucver, tliat do 
eorvcH more study on tlio part of those interested in the slaiisLioat pro- 
fession, In puHsiug, it may be reinarkcd Ihut in seLUng up su(ili joint 
comniiUecH it seems desirable that at least two ic^presentnlivcs be 
chosen from ouch participating group. One hIujuIcI ho an "elder statOH- 
man^* in the subject matter field of the group, in a<ldition to being a 
person who is broad-minded and inleveslcd in all new devolo])inont^* 
that iniglit contribute to the work of his profesHum. At the same time 
he should be a sympathetic but Imrcl-boilccl critic. Tlui other ro[)rosenia- 
tive sliould not only l)o qualified in the particular Huhject luatUn- field 
but also in tlic technical applications of statistics in that field. 

Let U6 turn now to the problem of »^erving our fellow seiexi lists by 
means of publications, At least two media must be considi^red: journals 
of the many different aciontific organizations, and a thorougldy up-to- 
date statistical journal containing methodological and subject matter 
articles of geinsral interest lo statisticianH working in the llirco fields of 
rcKoai’ch. To dale, BtatislieianH working us individunls have pu])lisliad 
articles in many professional journals, and the editorial Ijoard of tlm 
Journal of the Avwrican HldtiHlicMl Aa^iociation plans to provide a 
journal of high calibre that will carry inat(ub\l of broad general interest. 
For example, the article by Walcl in the Rejkember issue of tfio JASA 
is of potential interest to members of many professional organizalioufl 
in the field of pure and applied aeience, lienee progress is being made. 
However, we still have a long way lo go in developing a welbthouglit- 
out plan for reaching tlm thousands of scion Usts in diflorent subjeeb 
matter fields. 


TIIRKE WAYS OF flEUVINO TUB FURHC 

Let US no^v coiiHicier some of the ways in which Htati.sticians servu 
tlio public. As already noted, it is eKsenlial for the existence of a strong 
profeshional organization that the public ree<)gnizc to some extent the 
service rerulored by itn meml)or«. If, for exannilo, the public beeomtiH 
aware tliat by extentling the use of HtaLisLicH in many fields of resriareli 
the potential oonlributions of that research in Hati.sfying Iiumaii wants 
may bo maximi'/ed, it will not only appreciate tlio Hiatistician but it 
may also luring prossuro to l)ear wherever necessary to sen that dosirablo 
applications of statistics are made, 



10 


AUeitl<‘A!< fiTATir{l« AI- Af*<M lAlKtN 


Since, as already noted, Uic profr<iMrinnJ wentifir Kr<n,iw in (.he 
separate subject matter fipitls mninly determine the esWul, Ui ^vhieli 
statistics will be used, I slinll \iw tlin llure-fciUI rliwiricalb-n mn- 
tributions of research that ere cBBCiilial U> llie pul.jir in Hr. 

Bush’s report, These are in the war against di.ftrnt*e, in llie uiMnU uariee 
of national security, and in increasing public wHfari'. By adopiiriK ihiH 
classification we may more cosily see how the need for lin* c'‘)jlTil.u(i>in 
of the Blatistician fils into the pieliiro of the need forfdeiililir pr<.p:r('«,s 
presented in this report and now Hung difc^ll^!>^<l k>* eAb-je-ivily in 
Bcicnlific literature. 

H''ar Aflainsf Disease, The study of viliU elnli^l if.?, irieludinR: the 
study of epidemics nnd llic*. causes of clijfea.«e, wn^i one of the eHrlir^r-t 
fields to w'hich slalisticianR contrihuled. filalifflirnl j‘liidie<<, to «i»*ler- 
mino hci'edilary susceptihility to dkeaflc have lone of inloreMl 
from the viewpoint of preventive riK'dinne. The ilvJeruiirmli<.<ji «f dm 
effects of drugs and medical Irralmcnls is inherently n very roiuplirnird 
sampling process. Statistical methedfl, of eoun>e, have Ixen long uh**! in 
studying the cITccts of specific drugs in the lalMirnlory. Here slnli«lira 
plays RU important part not only in the interpretation of rf.-idts but 
also in the design of efficient experiments. Htniisiles nbo (dnypi an 
important role iu the study of the effcelH of diffen ul kiiuU «d bnelerin, 
climatic conditions, and the like, on licnllli. K shniild not H< hard In get 
across, even at the high school level, some nppreriiition nf siirh ii“«*h nf 
statistics. In the whole field of foods nml dielelirs tin* publie r»iolfl Im 
made to appreciate something of the iinporlanre «f |lln(i^tie». 

National Security, For yearw goveriuiient agencies Imvn rmitlnyt'd 
most of the statisticianH. Their eervieem have long Imen rernKnijU'rl tw 
of great importance in llio collecllon and asRombly nf faetiml inforniri' 
tion about tho supply and demand of labor as well «s (lit* supply ami 
demand of innnuracliircd goods nnd agriciillurnl priiidiirt.s. The statis- 
tician hna for years played an important part in ngrindhirnl exfwri* 
mentation, in the Bliidy of Boeial lix'iitls and in the geni-ml field id eco- 
nomics. In so doing, ho has made available inffiniialimi of gn at value 
to those responsible for planning nalioiinl semirily. 

However, at Hie beginning of the prewmt war there wjim lUlle ap- 
preciation of the vnliic of the slnliHlicinn in guvei iiiiieiil ulber limn in 
the fields mentioned above, Uven iu selling up the Xaliminl IbiJ^'ler, ihe 
profossion of slalisticB was given liUhi rticoguilh.ii. I Imvcver, diiriug the 
war this situation was greatly modified. Within siu'li ngi'Mcieir on ihe 
War nnd Navy DopartnienH, Uio War IVoduelioii Hoard, the nflice of 
tho Surgeon General, and the Nationall lefeime Umun cli t’ommiiUu«, 
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stalisticians weio givun a chanco to make important contrilmliona. 
These extended beyond the businesa and aocltd fielda into the fiekla of 
background and applied research in the natural acicncea. If and when 
the record can be made public, we will find a surpriaingly large contribu- 
tion to the war effort in the fieklB of pci-«onnel pincemcnl, oiioralional 
research, development of improved war matGriula, and the control of 
the quality of much of the material used by the Armed Forces. 

However, the organization of auch alutialiciil effort depended pri- 
marily upon the initiative of ainall groups of stalislicians. Had we had 
at the boghining of the war, a strong prufcHsiunal organization in- 
tcrcsled in all ffeklH of applied research, I think that our coiitriliutiou 
would have been oven greater. Prior to the war staliHlieians had not 
given sufficient atlenlion to the developing front of BtaliBLie.s along new 
lines, particularly in the field of applied natural science. Drganized 
planning was so inadequate that there were not enough sLatmliciatia 
qualified even to teach the large numbers of tecliiiicions required. 

From tlie vicwjioint of future security, aatrong professiunal organiza- 
tion is needed to keep building Buflicicnt public sufiporl for the many 
nets fields of up]illcation that are likely to be of use in developing our 
national security. Moreover, if the potential con tribu lions of statistics 
in this field are to be realized, much remains to be done in getting across 
to a large percentage of the pulilie lint purl ]ilayed by slulislies in this 
war. Professionnl organizations in other lields of apiiliial science have 
already taken sU!p.s to get rocognilion fur their work. In the Ainerieaik 
Statistical Association, the officers and many <jf llie members have 
given much eoii.sideration to this problem. One of Uie steps In’ing ctin- 
fiidered is the juihlicution of lochtiicni nrliek^s in the JA,^A to ac<|unint 
all slatislicians with war-time conlrihulions. This, however, is not 
enough. We need to reach great numbers of people irho never see llm 
if/liS'/l. Through short articles and editorials in the iire.^.s and popular 
magazines, an effort should be made to indicate in an understandalilo 
manner not only the conlribulions that slalislies made in the war luit 
also the nece.ssily of conlinunily developing sneli apidications ns a part 
of any plan fur sccurily. 

Public Wcl/nre. In a democracy, public oiunion and nlliUuk.'.s play 
an iinporlnnt role. In so far as juiblic polieios arc dotennined upon Iho 
basis of pnlilie opinion, it is cerlaiuly of interest to everyone ll>at sueh 
o|)inion lu! ineusunsl in (hr brsl ptmiblr. xmiy. All of you are W(‘ll aware 
of th(! (Hinip)ieal(sl statistical saiii|)liiig problems as well n.s thi; pHyehii- 
higical, eeonomie, and ollnsr problems involved in lIk! moasurement of 
pulilie opiuiiin. However, it would not be extremely diffmult, I believe. 
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to make most people liavc an appreciation for of Ihv mnra fUj- 
mentary BtutiBlicol problems involved. 

Even a group of men sitting around an old pnPbelly jttovo in a buck- 
woods general store could be made to m-c llio falliwy in tltc LjUrary 
Digest Poll. If llic public can Im convitict«rl of Hie iinpnrlancx- *.f iif-ing 
adequate staliBlionJ care in micli work, is it not rea^onablo that Ho'y 
would support a profos-sionnl organiRatiiin ibat woid«l a-wsmt; Jlio u-.. 
Bponsibility for providing ndcquolc alalislrenl IccImiiiuixHi f«r ib'fc 
working in this field and for ocriuoinling tlit* public ivilh tofxTinatinn 
that will help individuals to form valid jmlgmcnls on rjiswli'ni** in- 
volving public opinion. It scerns to me iJint litis ia ono of Uic public 
services that the Association can render. 

Another cxamplo of the ueefulncus of wUitislicft to all individuals! if* the 
establishment of consumer slandarda of qualily. (lire (uiiw-ct of lids 
problem of particular interest is that it rcciuircfl the cmij-wTaUun not 
only of applied natural but also of applied social Bcipnlbl{*. Much work, 
of course, has been done by mcmlntrs of the Markeling U<»»<tar<!h As- 
sociation, by certain govornmcul agencies, and liy alondtirditiing 
groups. Success in Ihia field is, of coiinic, closely Uwl up with fureems in 
solving the probleins involved in ineaKuring public opinion nnd nl- 
titudes. So far, a largo part of the work in conaumcrKlandnrd* hifc»lrf‘cn 
in determining preferences botwocn things known to Iho e(in«iuriu'r. 
In many coses, more needs to be done by way of dclcrnduiiiR what 
might soil, and what might give oven greater Knlisfoelitin It* ruBUuiii'n*. 
Hero I am thinking primarily of what might Ire done at the Hpidicil 
research level by a team composed of idiyidclsta, chottii«l#i, p^yclirdo- 
gista, coonomista, market rencarcli men, KlatMitic;iiuiff, aiul fUMwibly 
physiologists in solving some of the problems of wtUblUliing cxinwinuT 
standards. During the past two yonrs, these problem# have dis- 
cussed in several issues of the ^h//c/ih of lire Aineriran fUreh-ly fur 
Testing Materials nnd the American Standards Afwts'iatiun publicn- 
tion. 

To make further progi'cas it ia csncnUnl that slalislician#, familiar 
with what is known nt the present time nboiil the Pciencff of iiu^osuring 
opinion nnd atliludcs, cooperate with profewioniil grtni|Ks likelhe 
American Standards Association and the Atirerican Hociely for 
Materials to establish standards in lerin# of physical, ciiemiciil, and 
other properties. More llinn iliin, it would be highly tli*#ir«bli* if we 
could find somo objective physiologieol nreaaiire of human reaciiniiH 
that would bo more reliable! in many inslnneca limn verlml CiXjircitxiioii, 

Tlie problem of etandnrdiKulion ia dilDcult oven when counidered in 



TnE ADVANCING BTATISTXCAli FKONT 


13 


terms ol tlicoroticftlly measurable characlcrislics of a produefc: wlicti 
we couple with this the problem of determining in a quantitative mati- 
ncr the cori'elation between Inunan reaction and physically measurable 
characteristics of manufactured goods, it is obvious that the problems 
arc vastly more complicated. All of these problems arc inherently 
statistical and unless statisticians os a professional group assume their 
responsibility in helping to Holve them, statistic will have lost one of its 
great opportunilles to serve the public in a way that tlic public cau 
understand. If, on the other hand, these problems are attacked in a 
half-hearted manner and are muffed, the day of full iniblic recognition 
and appreciation of the stalblician will lie greatly delayed. In other 
words, wo liavc here a frontier for a))plicd statistical research of the 
liighost order. Wo have here a problem in which the public is greatly 
interested not only as individuals but os organized groups — wo have 
here a problem that the public wanfs solved. 

In closing tins sccliou on public welfare, let us consider briefly the 
question: What can statisticians contribute to general education? The 
recent rcjiort on General Education in a Free Society, publislicd by 
Harvard UnivorBity, gives the following definition of general education! 
'‘It (general education) is used to indicate that part of a citizen’s whole 
education which looks first of all to his life ns a rcHiionsiblo human 
being and citizen; while the term 'special education' indicalca that 
part wliieh looks to the citizen’s competence in soiiic vocation,” 

I have recently read not only the llarviod report but many other 
discussions on general education and I am pleased to find that several 
emphasize the impurlnncc of some knowledge of scientific method as a 
part of general education. In a fesw cases, the aulhonj mention stntistica 
hut not in a way that indicntcB any rclationsliip lo scientific method, 
Tills is not surprising bcoauso there lias been lilllo effort in statistical 
leaching to cnip]in.«<izc how stalialical method is related lo the three 
steps in scientific inclliod, nninoly, hypothesis, experiment, and test of 
hypothc,si8. If the student were made to appreciate that, because of 
the statistical nature of obficrvablc phenomena, it is often necessary to 
replace the three steps by statistical liypolhcscs, statistically designed 
experiments, and stalLslical tests of hypotheses, lie would appreciate 
the dovclojiing growth of scientific method and the contribution of 
slalislicH lllereto, 

From the vieAvjioint of general ediiention, slaliHLics is not simply a 
tool us is so often stated but a scientific way of looking at the umversn: 
stalisticnl method is not something apart from scicnlifio melliod but is 
scientific method udjuslcd to tlie generally accepted view that Bcicnco 
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ia not exact but only prohaltle. SLftt!*Uc« is like Ibe l.riJe 

in thfttBtaliBtica "wearK" ; 

Something old; scientific mclhrKl. 

Something new: im'provcjncnis on rncfi of iho (hnr tUp^ ii>fifvh’Jk 
method. 

Something borrowed: ^fatliomnliw and higir. 

Something blue: Conlribulum» in the “lilm* chip" dasw in every euh- 
ject matter field. 


CONCUt’Dt.MCl nRU.VUKa 

The Btftlislical front is the avIuiIb field of jiciniw. (UiillMdjtifl i.f tlirtt 
front exist in every subject mailer field of n H arch, Many mUjuuhlN 
are manned by small Bcoiiling partiw* of pionwritig k<»oK; »4hvr» nro 
well-organized groupn like the Uiomelric-sfitTlion »f thi’' Aoicrican Sja- 
tislical Association, the Econometric and Pajirliomclric (he 

Institute of ilalhcmalical Slalislics, snd the American Markclitig 
Association, Some of IhcBC mitprwLs have nirrady ndvanml out of 
sight of tlio others; in no instance are the lines «»f comrrmnmalion tide- 
quate — even worse, there is no nvailnhlr* map showiiift Ihf location, 
pemnncl, and ohjcctivca of Iheso outpmU. 

Picture tlicsc out|>ofits on the sciciiitific frontier r<nch w’iili n iids>^i<in 
to porfoira that in of vilnJ interest to Uio public, hut wiihout any o«c 
headquiirlcre statistical organisation to which BP|M-ab» can I.m« rlir«‘ri<^l 
for tliQ latest statistical resnUs from the similar outiUMda in (dlicr fichh 
of pure, background, and applied research; willmni. floy oni: head- 
quarters organisation to stimulato Urn training of iicuv recruits in the 
separate subject matter fields; without any one liendquorlorx urgnuis.;!- 
tion to maintain adequate public suppiirl for their work vittU to our 
national seuinity, war against dificase, ami public welfnrt'. 

To insiiro conlinuod ndvnncomcnt on (In; hlntislicnl front, we niN'd n 
strong professional organization bucked by oW. ■’lathi icimiH working in 
the many clilTcrout subject matter fiohln: an (irgiuuzjtUun wlutso piirpoMs 
shall bo to foster in the broadest manner the sffrncc of stmi^iiw iind its 
applications; and to promote a unified, eflective, orgniiizotl cfrorl in 
advancing tho common intercstH of nil professionul MaliKliriniiw, 

To this end, suclr a professional orgnnizulion neetlH in coiolm t joitit 
meetings and conforenecs witli niiuiy organiznlioiis in ilio lit-ldo of pure, 
backgi'ound, and ai)plicd research with whoui ofliciul eonlnel. biiM uevi-r 
been mado in tiro post; to cstuhlish joint cummil.lism with oilier Hcioii- 
tifio groups wliorovor necessary; to produce and dialribniit imblieiiiions 
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devoted to Btntisticol mctliodology and atntiBticiil knowledgn of com- 
mon interest to all professional Btatisticiaiis; to proviilG tlm ])ublic 
through tlic press, leoturo platform, and radio with rclia))le informution 
about tile science of etatistica and its contributions; and to stinuilate 
statistical rcBoarcli and promote Iiigh professional Hlundartl.s in all statia- 
lical work. 

I hope and lielicvc that the American Statistical AKsociatioii with the 
cooperation of other organized societies interested in sLutiHLica, can ho 
developed into a strong organization to serve the common intcrcals of 
all professional statisticians in these groups, 



ON THE DESIGN OF A SAMIT.E Foil 
DEAlJilUS' IXVKNTf Htll 


Bnrcnu r*J ih iMpi 
Offvcc vj Prirt 

1. fiTATfiMKsr oif THK mnwLr.M 

A DMINIBTn/l.'noN of llic (irp-rnUcinlniC proKrarn irruiiiir-l nirm nf nn'l 
fcliablo knowlecluti of ihfl nHiiil»Prf« nf psw^ngi’r, inifSi, flivi Kilir-r 
cWilian-grudc lirca lickl by ilonipra, niniw cliKtrilailorw, rsrt'i mwinsfs^r- 
turora. To fill this nml, invmloripH of lira tlruIrrH ttrrp Jwkm onrh 
quarter, whicli together with monthly teiMirlA fnmi lire iiOiitiiufrwUirrrH 
and mass distribulona gave fairly com]ilelt* infommiion ri^np^'niirtK 
stocka of lirca available for civilian ccinwimptb'n. In the inUTeat tif 
speed, accuracy, gnarariteed rcliabilily, wnl economy, the qiiarti’H.v 
inventories were eventually taken by snmplinji!,. Tliofc B»!vnniaK<'S of 
sampling have given rise to incrcnaerl uftngc and to iha tie^i’r'lojmu'iit 
of new theory,' l)iit it should bDalntt-d that (heannijiring plan fWeribrd 
hero depends only on compnrulively aimpla Ihwiry. 

Purpose of Uiia paper. The immcdinlo aim of lliuii paper M In d<':’>eriba 
the sample of dealers usetl in cMiimoling the Mnrtb liMO tire-inw rdory; 
more specifically, 

i. To state the reliability dcM»irod; 

ii. To doscribo bow this reliability won achicvcKl Ibnrm^h (he np{di> 
cation of basic principlt^ and Rirnide procwlurca; 

iii. To describe how available knowknlgc concerBing dpalpfift' Jticck!* 
was used to minimize the number of dealers in ibn Bnnipki and 
the work-load of weighting Die rcsiilla; 

iv. To describe the estimation of the preciaion ncUially ntlnined, and 
to compare the cBiimale of the actual prerwion wilb the ainu^*!- 
at precision. This was done by cxoinining a suUain]de of the 
returns ; 

V, To estimate the gains in efficiency necornidifllicd l»y slnmifirnlion. 
The methods herein described may be profitably imed in mlminiKtrn- 
tivo problems of business and government relating to inveidtiripH^ 
sales, omployjncnt, or traffic, wliercver emidiUoivK are »(iniilur i.r*., 

♦ No^ in ihft U. B. Oltlieo af RtluctiUon. 

* MoitU it, Ifeiuan uni! WilKivfn N, ’U<^(tU'vA * 

/iFomor fl/ rAfl Amoriean fifoTTjfwdT AiwiMivn, vuU ai, HH3: pii. TMH CHt *i\n nU \Wiy ssT 

Ttom flnlla popwlnUona/ virtnoTi oj ^fufA^wieficdT vdI, ilv, ltM3: pp- W 
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where a coini)Icte list of poBsiblo rcHpondents i« available along with 
otlicr information aiich aa size or typo, wJiitrh may serve ns useful cri- 
teria for strati ficalion.* 

Dcfinilik)n of Die universe. The univoiwo to he covered was by defini- 
tion the list of dcaleis on record with thn OI’A. This list contained tlm 
original registrations at the beginning of rationing (October 19*12), jjIub 
denlera authorized suljsequcntly (“now autliarizaliona”), minus delc- 
ti(jna that were made when notice was received that a busincKs waa 
defunct. Changes in name and addr<‘s.s, ami unreported defunct busi- 
ncs«c,s, created the usual problenm in interpreting nonresponse.*?. 

Evils of nonresponse; advnnUigrs of sampling, Nonresjamses wtadd bo 
harmlc.s!) if it were certain that a nonresponding dealer is out of businesa 
or hits no tire.s. lint unfoilunately a nonresponse may mean other Ihingfl 
ns well — moved, change in name, or busino.ss as u.sual at the same nd- 
drc.s.s, coupled with inaelvcrtnnoo or inability to fill out the. quotation- 
nairo. Tilvcry ciTort should thcreforo bo miulc to kc(5p the. list trimmed 
of dead wood and to ovalunlc nonresponses by pemonal calls on asub- 
eample.’ 

Tho minimum in nonreapoasca can bo reached mucli cosier with a 
aample than with a complete coverage because there arc fewer of thorn, 
and tlie dislriot onicc.s arc not bogged down with more cults on dcalcm 
than is humanly possible to make; and moreover, the sample almost 
always, by the principle of optimum allocution (viilc iiifrii), contains n 
])rci)onilcrnnco of hig ileulcrs employing hookkceiicr.H able to supiily 
tho figures and even taking pride in doing so. In illustration, tho “com- 
plete count” of iSejitember 10*1*1 resulted in 2*1,015 noiu'c.spiinscs or 17 
per cent of (ho 140,089 rpiaslionnuires mailed onl, whcrcaa in tho 
Dcpombcr 1044 and !Maich 1916 samples the noni'ea])oiiHcs worn only 
1.2 jicr cent and 3.0 per cent raspcctivcly of tho 10,000 fiuc.s(i?>nnnirea 
mailed out, and bo it noted that I)olh tho.se samples included a sainplo 

Inrurmnllon on nlt« nnd iy^po ia nol for iiampliiii;, hut nrtlinnrily nuch informAllDn will 

mokn po^Aiblo n conKideinhla rMluclIon in llio alie of lunnplo rrqulrcd lo nttnin tba iell(il>ility d{«ire<l. 
GlralincAilun by ttren nloiio caii bo eipootod lo nliow noino eniMI gninii in onmplinR efndeney. ftoparAtion 
ol di’A\r‘ra into groups witldy dliferonl in typo nnd hIkom ol Ibo liul inventory wiil Imn^ furlbcr golem, 
provided llio invfjiitorictA of dcAlcm on Iho dnto of Uiq tMiinpIo ntill difTcr widely in lypo and elio, in 
wliicb cniio ilio nddiUimal cnicioncy gniiicd by Applying llio priiiclplo of opllmuni allocAliun (vldo 
lofrii) of ilio Biiinplo lo llio vaHoua rUaIa In often utrikiiiE, I'otlunnlcly, niiy largo )Ut inuBt bo arranged 
In Mirno Bynlrtiiallo fusliloiii auoh m by city, lypOi. hIio, mid order of rc(^lpt< wlinlovi?r U 1 b lo bo uao< 1 fur: 
And liUlo or rvo nddillonid InlKir nirty bo riraulrcd tti group tho dcnloio idcidiy fur BATiipliog. 

> A Bynlcnirttlo proRittlutu for dInrovrriiiK tlio dio of Aubmiinpld of iioiiroiiiHnvArA lo ho followed up 
by A field Jnlrrvicw him boon worked out by Williiun N. Ilurwltx of the CloioniA. 'I'IiIh prorpiliiro vlirilA 
thfl groAtoAl miirnini of InforMinlion for a glvcii nllotled coaI (inniled (iiieitlonnnirn phiB bold 

foltoWMip], Uld bdng Inlrodtio^l liilo govcrnmoMlnurvoyA nl coiiAlilorAblo AAvIng nnd kaIii In roll Ability. 
It WA 4 firm flk|K)Uhdeil by Mr. HutwIIa aI ono of Uio Hominiirn in HiaITnUcaI Inforaiico At ibo CirndiiAtA 
Hrhool In WAAhlnglon In 104(1. nnd lAlor piihllnhcd ab Apiimtlix C in tho * Working plnn for tho nmnial 
coimtu of bimbor producotl in 1043,* which lo oblninnblo from cllbor tho CoTUiin or Ibo Forcnl Borvlco. 
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of the noiircaiionHeii of Scplrnilwr. IncKJrnHallv. !l.r- nomUr rrf 

tU'ca per dealer woh 50 per rent liinlier in Iwllt nn<! March 

for this group timn <hti averttge ittvt'nw.ry of oil o^flior drnl. i?., f,l,us 
pretiy well clcflnling (ho i)rw*aihlo inUrrprrJalinn in r^luRo i*? 

oftcu taken, that oonresponKeK can l*c igntirr-^l i<ii iho juitjn x'. ihn? llir-y 
are avernge, or arc cotniMwed iiiwily of f-nifill ilf.-Hli rt*, t>r no 

stock at all. These rc.Hnltfl hoar mil an ohN-rvM’x in nhus had 

been made in lalnilaliiig the n-turnw fmin (hr- A' 3 >!«onl<rj nomj.lide 
count, vir,., Ihal llie lout. 0000 ilonlf-n* lhat f-uhxrtpn MS iho 

second follow-uj) Inller sent lir dolin»|iiehl!«. ftruuilly h.vj f<n han-l an 
average of over 10 tirrs per ilrnk-r aKaiiinl. nii ovf r-nll averjifto r»f G 
tires per dealer for the 113, (KKl ilcalern llial htwl already rifj-j«.ri<!iT>l. 

(Sonic history of the quarterly Tim firr-t invrjiU»ry nf Jims 

was accomplislicd simnllancously with regiafrati'*!!. ffilhiivini{ uliirh 
quarterly inventories wore taken, at firwl Ity the “tuirifT"' mr-llusl hy 
which small dealers were not aakerl to it«<|Kind. llecmme Uie U-i i-f di al- 
ers showed not only nainea and addrewi.*, hut the niiml»<”r nf liri's hy 
size and typo on hand and consigneil os of llm latrel r’lnopiH-r iu^ mlnry, 
it woa passible to cut cifT any elaaH of dealer, or to t-hcufify I la- dr-tih-rfi 
for ellicient sample design. In Juno 1943 n roinideir* I'ouni ni* 
templed, following two inventnrica l»y nitfirf Ihni liad lakrri in 
December 1042 and Morcli 19-13, KUl>ae(|U(fUl to ihe fiivJ i* RiMtrntii*n 
(October 1042). The quarterly cutoff wna rejteniMl in H.r j.ii ruhi r and 
December of 1943, but 6nm|)ln< were taken In March and Juiu- 1941, 
followed by the attoniplcd complete count of 8».‘ptei«dmr Hill At Ihiw 
time, Uvo number of nonrcaponHcs wok huge (24,015). and pr-iH-r (mI- 
low-up was impOBsiblo lieeaURe. of the ehr-er rnuriuijly ui >he (.•th.k. 
Worrisome discrciraneica njipeariHl Imlween llic rrunph-k- ruunt of hh-p- 
tember 1044. and the earlier aampIc-M taken in March njid June, ihe 
explanation of which turned out lo In- Ihu more eiu-rg» lie and miitcss- 
ful follow-up of iJtc nonrcaponKCK in (licH«m|d(‘a. Tldw explnna'ii-ti was 
not at fiml accepted, and indeed was not (It-monMiratf-d iinilit (lie Miniph- 
of December 1944 waalnken. Meanwhile, nhtudy of tlui-iMliw n-j-nnrir-s 
had led to a rc-examinalion of the entire repotling; ay-^iem. as n n-cult 
of which sampling wna reeonimeniled agiiiti for the Hm-mhi r 1911 ami 
March 1045 inventories. 

II. I'lmr.iMiN'AnY roNatTiKii.^iiONH axu tub 
STIlATIKKrATlON OP DKAW51i« 

(Scope <?/ dtifl description. Tliiis arliele. will Im Umiitsl to a vh-.ttfriptiiin 
of tlio sampling jilan iw revised for Mnn-h 10-16. Tim Hiiiuple fur llie 
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previous quarter (December 1044) was planned along the Hftino lines 
and will therefore bo mentioned only an its results were used in the 
plans for March. 

It is important to bear in mind that data were needed concerning 
several types and sizes of tires (of which theie are new piusKcnger tires, 
now truck and bus tires, motorcycle tires, used prussengcr tires and 
tractor-implement tiros). Now' a dealer in tire sainplo was cximcted to 
report his stock of all types of tires, Imt owing to the dilTering disper- 
sions of the various tyjjcs of tires amongst dealers, some handling (e.g.) 
motorcycle tires, artd some not, some linirrlling truck nird Inis tires ivnd 
some not, atrd sonre handling all types, a sninplc of dealers that will 
provide adequate precision for ottt! type of lire miglri not do so for 
another. Analysis of tiro disircrsions of tire-stocks dciironstrutod that 
a sairiplc producing adequate re.sulls for new i»assenger tires rs'ould 
prolrahly suflicc for other types of tires with a few minor adjustments 
(Part IV). 

Tire ])arlicular kiird of sampling to be dcsci'ibed Irero lies these char- 
acteristics ; 

i. Stratified sampling; 

ii. Optimum allocation of sample, to provide the aimed-at precision 
with llio minimuitt number of quosUoimaircsj 

iii. Simple syKlemnlic selcciiorr of dcah^rs within strata; 

rv. A definite preei.sion-rccintremenl, eon-sislent with llic itscs that 
were to he made of (be data; 

V, A prcdctPiinrncd proecdurc for weighting tho rc.sults to get un- 
biased estimates; 

vi. A delornrirration of llio preci.sion that was actually attained, 
liascil on a samiilc of tiro I'clurns (Part V). 

The slnUificalion. SUtdy of jrast quarterly irrvent erics revealed two 
main groups of tire dealers: Group A, coiilirining dcalei'S rciiorting 
stocks of now Inrek and bus lirc.H in Sejrleinbor lO-ld; turd Group B, 
containing dealers reporting no new trrrck ntrd bus tires but reporting 
stocks of new irnssengor tive.s in SlepLember 1044. Tltis division was very 
effective in reducing the variance iir the e.slinralcd total of trew truck 
and hits tires. Similarly, it was effeclivo for now paasenger tiro.s, heeauso 
the larger deulci's were automatically thrown into one group (Group 
A). This is so because dealers that handle now truck and bus tins 
usually aim to kccji good sLoi^ks of all types of lirc.s; actually, those 
dealers held ulmut K.*) pi'r cent of tho new piusscngcr tiros, iuh wi'll a.s 
praotically all of the new truck and bus tires. On the other hand, lire 
dealers in Croiq) B consi.sted mainly of small stores and sorvicc stations 
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handling rclalivclj' few popular sine passenger Urit’« usually inr-klf niaj 
to tlic main business. 

Beaitles Groups A and B lliore «er» five «imv isj vb^.rril«*<l in 

Part IV. Samples were drawn from lluw ftix-rial l.u* tin y wen* 

relatively unimjiortant; the ttiain coiif>ulnfi1if’H «!w A and II, 

which contained practically all of the 
Dealers in encli of llitwe two groups were rlasstfwd n<'r<irdirifi to (hp 
numbers of tires lliftl they hold in R<?jiltnd''rr ItlH in tiiHrjt.3iilfs i>f lo 
tirca, i.o., l-Olirca, 1049 tires*, '20 29 tire*, and forth For Group A 
this olosHifictttion waa linsml on new Inick and Itiif* »»»<"■», rimd fur (5r<iup 
B, on new passenger lircs. 

MeUwd ofexpatmon. From Class i, con.n«fing t-f .V. d».fi!r>r!», uparuple 
of Ji( dealers was selected (cf, Bcniark 3). A’l watt kiiMwti - w, waw th-PT- 
mined from. considurationB of oitlimtint aUwation at* fnrlher 

on. If S denotes the total numlxtr of (tf.g.) new pfutisriiger tire# on hand 
in March, then 

3 = Niiii 4- Ntiii 4- Bitnilar terma for the other wiUda^^wa 

through all grou|m (1) 

where m is the average nunihcr of new* pnasengcr tin™ held |ier dealer 
in Class i, wliich conaiata of Nt tlcaUtre. 'Die stunple give«t, not m, but 
08 an unbiaaed ostiinalc thereof as u* indicatwi in lU i««Tk 1. 'riw 
comparison is disclosed by their dcfinitionii, 

gr = — (®a + a?<i H' sitnilor terms llirouah all Ab dcoliTfl of C’lnjtw i) (2) 

Nt 

St = — (la + atrt 4- eimilar terms lliroiigli ail the nt Minple 

7l{ 

dealers of Class t) (3) 

being the number of now passenger tires held by the jf-th dealer in 
the t-th class. Because is nn unbitwcil eslimalc of p, it ftdluws tiuil 

§ = Ni£i + NiSi 4- aimilat terras for the dcalere of flit* wiinpln (-1) 

is an unbiased estimate of S. The mljcclivo “unhifuted" rigriillcw Ihul 
if all poseiblo samples of dcalm were drawn by the iiwUiimI dn^mb*'*!, 
and if the responses were independent «if llie iiii’IIkhI t*f tlrawiiig the 
Boinplo (which is nut true in practice, except when siutiphw nn* •irawn 
from files of cards flircady containing tlie riotponst's, or in an ideal ex- 
porimerit wherein the responso is a number written on n eldp), thin 
the average value of all the catimalea so obtainwl would be ideiilienl 
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with the roHultfl of a c()mi)lotc count. A matliomatical dofinilion of Ibifl 
concept in given below. The practical prol)lcm in dcaigning a flamplc ia 
to attain the dcaired band of nampling error for 5 nl the lowcat po^^^iblo 
coat to business and government* 

Remark U An unlnnE^ed untininU! in one wlioflo "expected” vnlne is tlio 
(junntity being oKtiinutrd. Mullienmltcnllyi nu "expoeled” vahio ih cleriuetl 
ns tlio BUin nf Urn produnls nf nil vidncH wliieli could jioH.'^ilily neciir in n 
given f^nmpling plan nuilluilird by Lbeir rt?spectivo probnbilUlrH of occur- 
rcnco. Thus for the CHliJiirito in Kf|. 4, 

rS ^ H' "h Hjjnilnr terms Uirdugh all clne^iofl) 

=» N\RXx -h iVjA'ii H* airnilnr lerins. (C) 

Now from Ec|. 3 it followa tbnl 


Rxt “ R — (jn -h xii + f^iinilnr lormB Ibrougli all 

sample dcnler/i in Class f). (0) 

The proluibility of including any particular dealer in the paini^e la rn/ATf, 
wlicrcforc Iho h\im of all p(>Hfliblo flamplc values of inventorica muLtiplied 
by Ibcir probabililUiS of occurrence Ih 

1 / Uf nr ttimllar lerma tiirouglj all \ 


J_ / m 
n/VNi 


Uf , nr 


N't denlorn in claufl 


Kb all ^ 


(’^n d' + Hirnilar Utiuh tlirougb all Ab dealera la ClaRS i) 
Ni 


RubHlIluUoa of pf for Rii in Kq. Ti givcH llq, 1, Tlnm the "cxpectisr valim 
of Ibe CHtinmta is equal t(^ iS, wliieh is tbe huiu of the invealurU B of pjw- 
Benger tir(?a of all dealirra. 


HI. TilB SAMPbE IN aUOlIl'B A AND B 

The principle of oplimum allocaiiou Tlicrc arc two fundnmentul prin- 
ciples for guidunce: 

-liL » ^ (8) 

N, k 

Ni — 1 7lf 


The first is the priueiplo of optinunn alloralion,^ whicli says tliat to oIj- 
tain tlie greatest olTieifUK'y in Humpling for (o^g.) passenger tiros, ilio 


I OpUnuiTa nllorAlI'in KfLu M|><)UiubO by Nrynmn for filittplo iitrAtieNl uninDllDK In litu nrllrlo 
tnUllcdi 'On llin iv^o f1iai^r.^iil (uipcnlfv irf Uiri rcvr^unlutlvo iiiflhoS," Jovirjiiil of Ibn llnyfti HlMlhUcai 
Borinly, vol, x<;vii. vu, afiS fllMj r»P< MO 80 In rnrllrnbir. ArlUhUy. Eq. fl nn Kiven nixjvn In not 
llrlelly o|Ulmnm ullDrntlon^ tim fnefor tlio rlgblUiAiul siOd nd (ilvcii by Noyinmi liM 

l)Qda omIUdd for oaiivdnleiic^, 
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proportion {tii/Ni) cif donlfmi to be flniwn >n<o Sh^- (tom th« 

i-th clnsa hUouIiI be pr«p«rtinna.i to ih*- tftaridsrd 4<^V!tttbn of ih<j 
paascngor lircsi licld b}' llio denlcm of ibis' rlsw* ifTi tior 4!il< lb"? f>ani* 
pie. The word “elattH’’ in uwd bore in Jhf Rf ntral It tniKhl mrflft 

aaizQ-clopa within a grtnip, or it niiB-M niran a whi.J*' stoup, "j bi' M-inbnl 
fc in Eq. 8 ia a fnetor of |>rojH'rtion.tliiy and wsil 3^<' thi^'toimr'l laP-r 
by condiliona fixed by the jnneeifion ibal. bt mnsrjJ jil Ivijn, Ifl rind 
21). 


Rtmnrk 2. flnmnllmrfl llip ^ 2:rf/ iTi^r rj j-pj 

couRulcTftUoui^ «( coftC (awtl sw h^'n-* stn r'pp.Ti'j. 

fiucli problcjiw It I» convrnlirfti (<i imrjw SHwi llbr V *^ h i5vf 


value 


ia which ciiflo Efi- 8 gives 




n» 

ni!) 

“n " 'i: Av;r 


TIub cquatlou fi'iCR Iho, eiiitnpW. n< within u dasift in *4 lh<' 

tij BUppased known. In the prnhh^m nf Ihii^ orh'rh^, ihi" wj i •at.PiM (u'^rn 

Lhts other direfition-— iv deKln^J fir<i^eWnn wfifa stiimd nl, iin4 A 

cordingly (cf. lCc\s. 10 ftwd 2th Th^* i^arnph* wi d 

/rojii Etp 22. They of eonm' Kq. Ilj hut n rj<;l Ih^ 

fu wore coTuputed mid added up. 


In symbols, the filniidnrd deviation ». in Ivjt*. R »n<l 0 U d^fini'd by 
tlio equation 

1 & 


<T.' 


‘jTj- E (-./ 
A , 




:i2j 


Eqs. 8 and 9 arc iiUendwl (o refer in eondilion* rxi^linK 'd f lo" dale of 
inventory. AcUifllly, o-, is known only for»on«r‘f'ar)i<‘rtlari' fin ihi’. ^.^'.|^ 
the prccodinK September and nmimlter), ho it in nvv»-.Mtir.v to jijq»roxi- 
mate e,' for tlic date of thcsninple (ef. I4), h^p 0 uivt'S llo* variaiii'e 
of tlio mean number of tires per dealer fw wtnibi be obtaint-*! in nn idi id 
experiment in wliidi repeated samples of n, denlors .in- ilraw n o! Mindosn 
and without replacement from Die N, dcnlem. Ivarh c'|{i.hh pf .ii jih-r will 
contribute nterni (eco. I5q. 13 nltend). 

flejiiorli S. The «( dcftler* fmta imy cIsm wen’ Hrh rU'd ^>vi«rO)>«if '*llv l.y 
BtsrliiiB at a random point In the rtnU int.Tvnl iu H,i* fd^* mol lato.K dji i-rn* 
card nl a time nl n cniisUnl Ind'rvnl UinniRlmut ihf rtb for Pin!, rl.i-*. A 
Byalonintic scloatlon Is nuich nruflrr Lo enrry niil (linn «nv nH<-iiipl 

at random nelootion. ^^<Jrer»ve^, BVBt.’iiMlie irk<rlinri in MU. r.f prolo 
loin may Ititroduco nllBlit. BAlriB over a miicloinsvU'ellnii, fur llo' n fiMin Uml 
systomntlo hcIdoHoii aaaiiruii nearly propnrtiimale re|io‘**-n(«iiijo of iknl, m 
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from each city ami Hlnte, hiTcauHo of llio arraii^cmont of the filcH, Tliin may 
liavo been of BOinn Importance l)ecmisn llin invoiiL4*ri('H in one hroml locality 
UHUally differ from Uiose in another both fiualitalively ami (juanlilutivoly. 

Oi\ the otlicr hand it iniisL oIho he recoKiiizcd that Hyaleiiiatio fiolecLioii will 
sonietiiuoa iiitroilnn* Iomwjh. The llicoretical cnlculatioiiH made by the 
Mndow/s liavo not [>ecn apphed to nre exactly wliul the Kaina and lonaca of 
Byatornatic RaiiiidinR iniKlit be in Lliitt type of problenu The eipialioiiH for 
raiuloni pamjilinK are iikoJ instead niuler the nHUUiiipliou lliul they iiiflknle 
the approximate level of the variimce of tliiw dortlRn. U Hlimild be mded 
that even If the vnriancf? of the ByHlemiillc dcHlKn were riH much a« 2ft per 
cent higher lliim the variance of a random Haniple of erpuil hi/e, the \iHefub 
iiOBH of the ijivenlory oltlninetl hy the inetliodH nf Lliu) pitper wonhl hardly 
he alTetiled. Tlie aiiUiora Iiavi5 had Uiu henefit of {(uidance from Dr. Madow 
in tlioHo qucHlioiiH, 

All assuviption for arriving at vnluas of cr,% Tlio symbol S in 

Eq. d denotes the lc)( al numlior of i\nw |)nfl,songor timn ns c.stiiuutccl from 
a Hniuplo. By tlio law of projiagation of vurianco.^i^ the vavinricc of S 
will bo 


cr,s'^ = iVrerj^^ + + Himilar terms for all ullmr claHscH 

throUKb nil groups 

jYi — Hi <ri^ — ni . 

iVi^ + Av ^ " + similar tiuins 

A'l 1 Hi iVa — I 112 

.. H- Av(l - y) - 

\ A'l/ Ml \ Ni/ Jij 

-f- Mmilar IcniiM. 


(13) 


The scfoml lin« ft)lh>WM from Uio llrst hy (lio inlroilucUon of J'ki. 9, 
iinil llid Ihinl lint* is nimply tv closo appruximalion o])t niiiud hy (IroppinK 
tlio “1 in eftcli denominator. I.aler on, lOtp 13 will ho. nfiotl n.H it HliindH 
for llic cvidiialiou of Uio pn'oiHion aeluallj' nlliiinod; thi.H will ho done 
by cvalualinf^ oaeli cri from aHuhsampIo of tlio roturriH (Part V). AI<^an~ 
wldlo, OkhikIi, in tlio ])lannini; of tho Hiimplo, Kuitahlo vuIuc.h of ir,-, at, 
do. nui.st ho Kolllod upon from oonfiidorntions of po.-^Hihlo trond.H and 
(li«i>orHion.'i of lire iiivenlorio.'i. For tJic Alareli .lamplo tJioi’c w.’w llio 
oxporienro of tlio Decomhor Hiiinplo to full hank on, which liolpod i;un- 
Bidonihly. 

It HooiiiH roasonahlo to niippOKO llial. Iho ohiiiif'cH in diopoision tiikiiif' 
pliioo in Oio ill vent nrie.s of a kiouii of deidiTH over a 3 or (1 ihoiiHuh' 
period will he roughly iiroporlionid to llioir avi'inge inventory of the 

* Vr'ipAHteiim id vnrinrii'i' H iirntifil in innny nuriloi nri 1rn.«ti niid ctirvo rktliiiK; (or fxivinjkV, 

Chi III ill llMiiiuH’ii A<ljuilfHfut itf (Wlli?y, 11)1?)). 



24 


AMIKHU-A!* OTAnrnrAJ, A-WOt'UTIOJt 
bMo date (Scpl. *44). Tl)i« i« «nl.v»aj-ing fhai ,4 ^ . 

will usually olianRc more in rilhw 

dealer and alioiil in [»r(.|.«rli.,n Insiirriw mr.,-u.„,n.§ J.,y ,-nv.-tn„r 
Indeed, lIcR^rs. Hniim'Ji and Hiirniis. in rnsjdrka! «»,.,•=>, numv lilli 
of work, have found t\m In h, a vrry l IT. 

breaka dmviun the amall siEo^-laKM,^ {, f, thr, ,4 ,j,., 

flubcl^ m rnbic IV ; and llie (reainiriH .,f u,., 1 >„„ yf} 

Wilh tins in mintl, it wna iH'rreivrd »I,ar jn jh., Hw \ w.' ‘ 

tor flaniplc, cr^ wrw roiiRlily r.-iiManl in iba .Jifh.rrni! J 

m Qroiip B. To allow for Ktill flirt her di«|«<m.Nr, dimnjt'jli,* oddrtioiuj 
3 monllis between r)«<.en,l«.r and Afarrh it 'h J 


2 in (irmip A 


« 1 in firruip nj 

Tlicsjo approxinmtioiM luti ailniittridly r^iinh •«« iu ,,.. 3 . , , < 

from Tnbica I and 11. ^ ^ •d.v'o.us 

TAiii.i: j 

fewer than 40 I mi t1lW-K ami M « 


AMI M « i,||„» 

lUi»KD p^m^l^.s<cmn 

sr.«d „ 

ffwm rAf^i ^ 


No. ol now 
truok Autl 
biu UtM 
fn Bcnl. 


1 ■ ■ ■ 




10-10 13 , J J J g'* * 0 «-» B.a I fH j JI (i, -J I -,., 

20-00 21.1 2.9 12 M O 13 J l\ *'•' '**« M aio 1^3 

_ 04.0 2,3 a“;S ; -^ 0 |M 4-10 1 ;.^ 

tionnnircs only rcquiri>« LlmL dm n/' iiiimhir of ipini. 

rtovintiona L SS Id '‘'»»dard 

»-i..cd to o^r' io"^i CoTi' r T" 

«« n.gn or tgo low. Of pounw,, ,f 
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osaigna too higli a value to every o-j, and coinpiitca tlio size of sample 
required to give the precision aimed at, the precision actually attained 
will be ncoclloaaly high, which in not desirable an it cntaiLs a heavier 
burden of rca]ioii 80 and heavier cost than wna actually necessary. On 
Ihc other hand, if one consisloivlly nsHignn too low a value to each at, 
the preeisioa actually attained will not be os good n« the precision 
aimed at, though it may msvorlhcb'.SH lie good enough. In the aecond 
place, it is a fact lluit llie efliciency of the sample (as measured by tlio 
inverse of o-fl’) is only feebly nllercd by moderate dc)>aituros from the 
optimum ratio.s betwe('n nj, ni, ole., iw given by ICq. 8, wherefore a 
sampling plan may still be very efficient oven If some of the assumpliona 
and appro.simiitions are crude. 

In tlio third phum, rcgnrdlosa of what nosumptiona and approximon 
tions wore mnd((, or wliy, lliero need ho no guesa-work in the final 
results, because an aiialy.si.s of (he returns will show what preciaion was 
actually attaincsl (ef. Part V). 


TABLK II 

COlU Klt'lEUTH OF VAIUATION KOU 8Et*rEMnER AND DECEMREa FOB onoUP B 

OKOUl’ D: I)EAJ,Ena WITHOUT NEW TRUCK AND HUB TIUES 
JN aEPTKMRKR RUT WITH 

IT WFR TUAN TIRES 

ll.nhll IllA.N RUS TIREJJ 

xr And 9i nrid f loin n <4 ftlHtui 100 rolurtu iitkon ayatomnllciilly 

from chcU 


NVh (jf nflvr 
pfWhffcr 

In 


NKW THIJCK AND l^UH 


Ni:w rAHHDNClKR 


Htpifrnhfr 

Dtrmhnr 

H ff 

H 

/)rf<?m 6 pr 

n 



■ffl 


IQ 



— 

1.0 

3.0 

a . 00 

N 0 

— 

— 

mjm 



4.0 

2.4 .00 

fl .7 

8.3 

1,22 

lO-lO 

— 

^ — 

■nl 


EKI 

id.i 

3.1 .24 

la.o 

0.0 

.70 


— 

— — 

■Q 



24.0 

2.7 .11 

24.7 

11.4 

*40 

DO :io 


— — 

.8 


Q| 

30.0 

2,0 .00 

32.0 

12.4 

.30 


Evaluation of k. To fin<l k we note that Eq. 8 gives 

(Ti® koi 

7li Ni 


(15) 


which when u.scd in Et|. l.'l shows that 

ASpi •'Crma I (10) 













20 ^Ml^ntrAN Rf AttfKTir-Ai. .nfiistKiiAttem 

Now BUppORc lliftl wn rcwirirl r<ia*i*lrr}ali(.in ta A iwrl n 

fixing tlio ainiwl-at. prcritfiim bo lha» il Bhoififl aiSjisnrvj from 
two groups ttlonc. The rdativriy fmall rnti'irihiilious- i.f tirm 

froni ollior groiijM of tlrnlrn! rPart. IV) wiJI only «3iRht).v iurfi n.*.^* iho 
precision. This i»rr.K'«l»ro i.R not BlriMly oplimsjuj allM-mjon over all 
strata, hut is not fiU' fHiin il. Ono furtln'r :HfnphJirn(i<rti siiP lufuip- 
the finite nnillijjliw l-n,/A\ in rsuh Imii of lj,j. ir, •miil U 
(i.e., nsauinotll«)hr!rii'anniily. OKil wonKI WJf Jhr'pnu.r,p)im 5 r/,ii„ 
were small). Actually, llinealnilniiiui'^h.r J!r /vi.io iofrsj f i« ih„'jw 
have heen rpjionttMl lo gel n M'ninfl |»v n s.-ijoing |]|«> 

finite raultii)licr« in Iy|. 1(1 with rouRh vdnw ..f o./.V,. 1 he r.,. fniiem® 
of and jSo in Ii»q, 17 would (lirrrhy )inv«» l»<'<-n «lf-rri'..v*fi<l, hni ii wok 
supposed tliftt the effect wos sliglii itn<l no! worth llse r-fT*"!!. 'Mio next 
step, therefore, wofl Lo igntim iht* finiM* niiilli|dji n« and (or *nil fli/ji, 
for Groups A and B separately in ]v|. 10 to ImkI (Ijh! 

its’ = **“ similar termR in fJroup A) 

+ 'I' similar Urinw in (ir^-.ujt ll|| 

= i{2fi'A+Na| 

bccaiiao yp,-.(o-/p)^o.2 for ClronpABnd 1 fr.r tinuip 

B according to a previmia dccMon (1->|, M). U folUnv*. (hwi iho 

2,S4 d" Niu 


(C.V, N)* «! -■ ' • 
.S* 


k 


,s» 


HR) 


whore C.V, ,§ douoles the crM'ricient t.f varinlinn of .'Q. ..r ilw Ainridurd 
error expresaed in units of N i(w*|f. SoIvhI f.,r it ihi,, ,.,p, 

, .S'»(n.v. .S')* 

^ tea , 

2‘S'a + A's 


( 10 ) 


“'■‘il''""' '■•'"I 

I, M f “"J >■ l'-nrKi,.i|,lKily i, 

division 111 Mnrcli would he whnl il wrw in Dwniher, vis:,. 


•Ss!‘S'fl M’ 8:1. 


(20) 


Ala ell 46, and after Homcdolihernlioii itwns dcridMl ilr,» i s i,ii||i„n 
could not bo far wro„„, Tl.i. muobor /i,„l 11, a „,:s, „ll t » 
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1.5 nml .2 uiillion mpwtiv*Jy. vtlimupoii A: coiikl be obtainetl from 
1->|, 15 aKHocm UK llip. aUnnl-al prerls-ion C.V. 6' waH decided upon (next 
Hcflion). 

TAlir.E 111 

8WE DP POR onoup A 

A ii in Tiilff /} 


Ptj/i BfvJ hu* 
(>>N m 

tff 

fij 

fi>'*^f'kdp4 

fiiie a/ 
inmfiit 

upm 

of Jialcfi 

in (Afl 

UrtiF^rjte 

A’c n( 

I- » 

%h 

ir.% 

1 In 6 

10, »W 

3,317 




Had 

3,250 

flsg 



anl 




m vjf 


36/ 

1 In 0 

1,013 

&3B 

4(K 

46 

461 





66 

Aft) 

1 J»9 

8Di 

447 

60 arA fivftr 

— 

100 

All 

1,002 

1,002 





TolAl 

27,200 

6,275 



TAnl/R IV 




etxB OP 8AMPIJJ poH onour » 




iatffup n i» in Tclfi 11) 



n/ 


0 / 

AcCuaI «iio 

//umber of dioUtM 

nw 

frtf iicifl pa4»e*i0rr 

jAmpfa 

of inmple 

in 

(^e 

(ur# in 

lufji; tiMnmrd 


Jrci Jed 

C/iiiverae 


Jtf ;^4'w6rf 

/tpr Morth 

(Kg. fl6) 

upon 


nf 

0 

1 

M% 

1 In 20 

0,310 

317 

1- 0 

7 

0» 

J In 25 

2.7.050 

040 

10-10 

13 

o| 

1 In 12 

Q.AOO 

0-12 

20 20 

2d 

121 

llnd 

J,a73 

220 

30 3Q 

40 49 

36 

4d 

17 1\ 
821/ 

1 In a 

1,130 

227 

WI^OO 

00 

30 

lina 

308 

IIU 

70 09 

Bd 

421 

1(d2 

103 

fl2 

100 And orrr 

100 

nil 

108 

108 




Toul 

40,148 

2,030 


• Thft ftftmpifl upon wwi UrK^r Ijidu co^npul^<l (nr ihln eliO'clnna noL only bccniiAO lUi 

d(Aper«(on tvim rniirh hiRlier ihitn tbe dilicr Aiie-ci-itbeca (nro Tnlilo 11) bul bcouUAo Uila cIam of Ocukr 
U eubioct Ui moie liujMinnnl relniivo ftliiflfl over lihie. 


T/ie aimal-ai pneision. It w/is decided Hint n cocrFicient of \'fti-i)ition 
of 1,0 per cent woiil<l be deKirnl)le. Tlii-s cc)rieHi)Oi\dH to n S-nigma tinoi- 
band of <1 or 44 per cent o\itHido of whicli errora of HampHiiR pvaoticnlly 
never full. Thia l>iind of error Bnoint) to bo amall ciiourIi in view of Uio 
UHoa to bo inad<i of the dntu, and in view of other errora and liifusoa llial 
ariao from diilicnlli('.H in eoiinlitiR lii'e.s on )i«i>d and eonHiRnoil." AlatJ 

' An nltcrmiit At clnwlfy^iiK n anitibfsr of fln<l iiiifl jtiiblJ*ibfvl by ICdnorcM Dpininj; 
in A pApor erUllliHl "On errors In Aiirveya/ American ^i>cio/(?tfi‘c^l Woticip, vol. U. 1014: pp. 061)^00, 
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there waa the slock of unlinown WBKni'.o/ic hcM h.v sii7'i?nnj?hHrxrjj:<^t dtjaf. 
era, Allogclher, further rf-Bncnient of iBajTir»li«f!i err-n „s,| 

place, becnuftc it would entail addin i-urdem oJ irer^5i<*rsi*c- on the 
part of dealers, und ineretwed the Ro^^insvirsa*'. and woyUl 

moreover enkaiire linliilily < o errors furisiriK from Horirn."! jmd ri!|jr<r 
sources, most of which. Jif» Him-ms nre jri'jally <ai7kd »-!3t. l/rfomc 
more iroulileaome «« llw’ samide ir^r r<>a.w^''. mvl i*-.vh 
iu altcmpls at cumplele rounM. 

With the aitned-at ciK'lIir-ieol of variati^<» rd ,s‘ prrt ol I ^ jf-rr rent, 
Eq. 19 gave 

i.8» X 10” X I..V X in' 

k no ■■ ■ >« 20} t2l) 

2 X 1. 0 X in* + .2 X K<* 

If the finite multiidiers in I'>|. IS had nnj. l*w>n nr#3.lf^t<M0 , i WifniM have 
turned out to bo n Utile grc«icr than 2H. NVvt rthcW.^, f»>r cd/tc in 
computuliun fc was RxctI at 200, from Ivj^ A ar*d J l 

“ ^I^ clircriJy in iwr rcnl for Gjmip A J 

Aff ^221 

. f 

“ Ifti dilvelly in per cent ff^r It " 

And thtiB Iho sa.mplc wan aUocal«d in rirouj* A and is, wha h nrrmmt 
for most of llio now pwwcnger linst (inick nnd lum wl«nS 'riddw IH 
and IV show Iho calculations and rccoitiniendwl aarttphn^ rnii«»Ni. 


IV. arBCiAL 0K0i!r« or »irti,KMa 

The nonresporwM 0/ Sepir^rnher, In ftiqdcmlHrr Ihen* wr-n* 2 J.OIfi tpiciv 
tionnaires not returned, even afler two “folhiw-iijT n'tliv<-33, In J liTi'Di- 
bor a 4 por cent Bampic of these nuntcj; waa drawn: in noiida:r thif 
aamplo was 097. Hero is whnlhapiKiiicd. 


Number of qncaUonnivlrcsa Dialled out »» a •} ^ aamide of llic 8r|i1*"(j)l>r r 
NonroapomDa (j^97 


Fulled to rotum by mnll end iiereonni v^ii, or e<»ijld dhI d. 

■ o II . • 


or no poraonal fpllow'Up majtji^. . ;iin 

Roturnocl , . 

Mfl.tk«d out o( 


Mnrkod 0 pftWitRctr lira, or rjornifldrly \Annk UrA^-r- 
proUsd as httvinjft no Rtqck) , 

Hoporla flbowing 1 or rttoro novf pnm!t>gi*r Ura, . , , . , 


HO 
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For March, a 5 per cent sample of the Snptcmljcr uonresponseu was 
recomincnded, Tlic cocincicnt of variation (37.9/11.9 or nearly 3) of 
thia group perhaps called for a slightly larger Hain])lc but it was deemed 
better not to risk ovcrlofuling the district offices with this grt>up (which 
was obviously inclined not to respond) and to accept a little larger 
sampling error at the gain of decreased bins of nonresponse. 

For the 470 dealers I'etnrning blanks or 0 or 1 or more tiras, the moan 
number of new ]»u<.senger tires per denier was 11.0, with n stnndurd 
deviation of 37.0. When expanded by 25 this group gave 

11.0 X 470 X 25 = MOjOflO new pasaenger tiros. 

Thia figure is to bo interpreted os n minimum in the number of pas- 
senger tires held by the nonresponses of Beptember because the 310 
that failed to return likely also held tires. Anyhow, this minimum of 
140,000 was n twelfth of nil the now ])ns.Hcngcr tiras in the Imnds of 
dealers in December and if these dealers held anything like the same 
slocks in September it is easy to see why there should have been dia- 
crei)aneics between the >Scptcmber complete count and the two quar- 
terly enmplcs in the preceding Marcli and June (os was mentioned 
earlier). The ability of the elaff of the district offices to cull on the 
smaller number of delinquent dcalci'S in a sample is rcsjionsiblc for the 
better rosponso in Dcecmlior and March. 

lilankn. In September, 29,133 dealers returned their questionnaires 
blank. A sample of 3 per cent of tlicso was used in December, which 
when expanded on the basis of the returns accounted for 71,000 new 
passenger tires. One might con)eclurc that thia group of dealers held 
enough tires in September to aggravate tlic trouble of balancing the 
books. A 3 per cent samplo was recommended again for March. 

New milhorizationa. There were 1,000 new authorlaations between 
September and December and another 1,000 were allowed for over tlio 
interval between December and March. A sample of 200 was recom- 
mended ns being adequate and cosy to draw, being 10 per cent. 

Mnnvfaclurera' otillcla. There are about 2,000 maiuifacturors’ outlcia, 
averaging for September about 76 new passenger liras per dealer. A 
100 per cent sample was recommended but a 1 in 2 or 1 in 4 sample 
might have been good enough because they were afterward ob.servod 
to have fairly uniform slocks. No calculation of their coofllcienL of vai'i- 
ution (cf/fi) was iniulo. 

Ikakra holding in Seplemhcr Jfi or tnorc used Urea oj any kind but 
/ewer lhan /fO new passenger or new Ir uck or bus Ures. A 25 per con t samj)lo 
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A&ir.ru"ns A5. AW«-|AT10» 

wM roconimcmlwl: i!vcry 4Jh mKl plartin^ »ill4 n»« M, fjr'-H rS!r4^4>ifyu)g 

Uie (Ifialcw ill interval** of Ul lirrsCifl JiO .V3, eJr ). 

Afotorcyclc lirm. Uf the iJi alf rw rrjwtrtirm n<» nt<'w n^sj^f-niier (irrs? at4 
no now Irurk ninl hua tirof* in nivl fi '''-cr 'Jh Hftf-il pa*. 

Bctigor or Lnink nml lain lire,).-. 29lt n jew**-!! lu w y. V lisK.«. aed 

91 reported used ninloroyrli* till'll. After ii«3''f *'!5Ms; #h< yx jH.rtA *.»f ikicsste 
387 (ioalcm the Kniiiplinn; I'l.m plrewn I** hnw »iia 

1^0. of rnffiorcyrk /iVrtf in « 


11 


tf a 

Tr; 

\DA\ 

wi. 


as*' : 

2^) nitd rjvrr 

JWVi 


Of course lliore were motoiryrh* Iitt-'s held hy fulhrs' l*ii! blocks 
of motorcycle lirtrs wern well rliHiw'Ried nnd the jtTr'ri!tv.»n in thii* 
gory ehoiild ho good enough. 

T)ie conlrilmtioiiH to the voriflure from thrse #|:f < j;d grouiw was 
small hccnuHC they were snniphtl «dw|imit*ly (fMjtitrajviisiately iwomliDg 
to opliimim allocatiou) ami nUo ItncHuee (.imupiH A 11 ronifiined 
ninc-lcnthH of Ilio new inwonger linw (nml even ojur*" ‘d the m w iniek 
nnd buBtiros). In partietihir, llm mnniifaHiirifr'i*' imth t h»>*' tin* di-alere 
with heavy aloekH in ClroU|>B A and IJ, cmitriluitrd ii«* a armin t*, hriti^ 
sainiilcd 100 i»er cent. 

iSiie of sample — all groupfi, Tho over^aU eaimde Tirana oil grMU|w, es 
calculatedj turned out to he H,7fi{) dnalem, whiila wniil-l have hem 
about 1 dealer in 10. However, partly by imptnki'n rnrry*«ivt r of in- 
Btniclionn from previous anm|dttit, witl portly to gaan .piiii{«lii'iiy in 
operation, bigger snmplea than «perifii*d Inkeii ••ut. *.f p<imi* i.f llir* 
npecinl clnsscFi and (ho neluul nuriihnr nf riurrKlioiiit.'airi'ta nutilod out 
■wofi close to 10,000. As mentioned earlier, the riwjHUw from the M.arali 
sample (with two follow-up lellera) woe 90,1 jn-r e*-hl. mitl (hiHsiunpIc 
included 0 6 per cent ttarnplc of the dealers that did not resjuaiid in 
September. 

V. lIBSULTfl. COMeAlUBON OF Til R l>IIR(’iainN ATr.APiJ^n 
WITH TUB PlIRCItUON AIMRM AT 

Tfie prea'sion allahml. The rffixt of elnidficiHum. Afti-r tic* i<-liirii‘< 
were in, a Hiibnninple of nhoul KW) enaea wru< drawn «yjiit nmt ienllv fruiu 
every group for the jiurprmo of eHliiiiiUiiig «r, nitd jn f«*r um* in iv|, 13 
whence the precmiim of the reKiills wtw ohlwinni. Knr ruinparii lUi, the 
coofflcicnls of variation were also eoinimtcd for the pri'a-ii-ion iw it wuuM 
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JiavQ been if no stratification hntl been introduced. In both investiga- 
tions the assumption 'was mado that tlio equations of random sampling 
can be applied to estimate the precisions of our systematic samples, os 
in Remark 3, The apparent coincidence between the precision aimed 
at for the new passenger tires (l.B per cent) and the precision actually 
attained (again 1.6 per cent), is partly nn illusion, because the precision 
aimed at applies strictly only to Groups A and B, whereas the precision 
actually attained and shown in the table was computed for all groups 
combined. Ilowcvor, ns was explained earlier, it was known that tlio 
contributions from the other groups could not have mucli clTcot on the 
over-all precision, so it can bo concluded from the table that tlio agree- 
ment was excellent — unfortunately too good for illustrative purposes. 
The outcome docs nevertheless show qualitatively the kind of results 
that will bo obtained from plans that arc drawn up with reasonable 
care, even though some of the assumptions and simplifications that 
one is forced to make often appear crude at the lime. In this connec- 
tion it should bo borne in mind, too, that in practice it is never iuipor- 
tiint to hit the aimed-at precision very clo.scly, but it is important to 
learn from the returns what the precision actually was. This can usu- 
ally bo done at a small investment, and should never bo omitted. A 
further advantage of studying llio returns is increased knowledge and 
experience to be airplied in future samples. 

The inccifiioii for the new truck and Ims lives (1.4 per cent; see Table 
V) turned out to bo entirely satisfactory, as was exjiccted, oven though 
the criterion for fixing k and hence for fixing the size of the sample was 
hosed on new pfiasongcr tires. The renson is that the truck and bus tires 
wore heavily concentrated in Group A. 

TABI.E V 


ACTUAI, COEFFICIENTS OF VARIATION ATTAINEO OVER ALL DEAIiEOH 


Pifln 

New friir^ and 6ui tires 

New pniicnver tires 

Blratldcil with opUmum nlbcfition 

l.H per coni 

per coni 

UnelrntiricHl (for compitrlflon) 


2.fi 


hUcrprelalion of sampling error. The observed ('oofiicient of variation, 
mGasiirod after the returiis are in, tells us that the iiumhor of new pns- 
Bcngor tires held by dealers on Miireh Slst, ns detoriiiined by the siiiiiple, 
can hardly differ from the rcHults of a “eoinpletc count'' by iiioro than 
per cent (three coeflicients of variation), 1'hc error liniid for truck 
and bus tires happciuH to be about the same width or smaller. But to 



32 J\MKmCA3< «TA’rigtirAII, JlwottATIOJJ 

interpret tliwc error bwiflft it mu»-« l.*<! *lia! tl»»- ibr-on^tical 

comploU! count with wliich the Fiunplc i« Utir n wUJi 

the same llioroiiglmrsi* ns the «aniplo. incJijrJindi i«Twi5fr «fi>n ihe non. 
rc8j)ons(?8. Moreover, the eomplelr roim» lourt rovcT Hhr* s-nunf iinivenj* 
of deniera, and not inrhide (e.g.^ n«a«Miori»wl uhilo lh« 

sample contftiiw nrunpling errots. and is !!)errf«.i»; j-nf^rixe ihiui a 
complolo count, it ia untlmiMwIly more nrnuftlr thw n *'o}«sjdr.j,<* cminl 
would have been in prnelicc. 

\t, NOrB JN nEOAHD TO RTIlATH'irATlOK AKW r(»K«jr,!l5%'ATkj>; 

OF INFOMUATION fhom FOMJT.Bn? r«J:srs» 

It Ib obvioua from Table Y Ihnl llif plr«iir»ra«i<iifi on Ibe fnrn- 
plote count of Eksplcmlw Increoml the rlTirirtir.v of i^nnKjdinK rnor- 
mously, even though considerable diHperfi'ion of inventtiirii’iii Itwnk place 
between Scplombcr and December, and atill mrnriR WliRreJi iWcnilwr 
ond March, Unstratified, the rwiuirtd sample b»r new nj’t-r tires 
would have l)ccn 2J lirnco a« large; nnd for Un* n^w inn h rM»d bui« lirea 
it would have been 5 Umt* as large. U ebould Jve explnwcd tlml Vlw 
gains in ofllciency atlribultsi here to stralificflti'm wrOf' a«iinnlly the 
gains of slralificalion with optinnim Bllccrjitinn. The gainn that siinihl 
havo been mode by slrnlilicalion with pr«|H)r(iormie smopling nnuhl 
not havo been aa grant — pcrhtt|Ki two-lliinln »a grrnl in lht« survey. 

This oxporience ftcema lo l>c lypimi in many aBn»}d»- pujveva nnd 
teaches an important Icascim in rcgattl lo roniwKrvinR wlmlc vrr infurmn- 
tlon is available concerning tlio univenMe. Thus, the 15HO (VnsuK of 
Population providing slalistica by bhwka, traci«, nnd city n-m- Rruuj«s, 
oven though now out of dale in many iH-cnutwe of In av y pinuda- 
tion fllufta is nevertheless nlill cffeciive for pnriHwcs tuf »>liaUiioathin, 
oven for saraplijig blocks within cities, as e.s|HTienro and ihr-xry denum- 
Btrato. jjimilar remarkfl hold for the 1930 Cermis uf Ibifiro^iH. J^nme of 
the roQsonfl nro found in the Hccticm cnlillctl “ItcniurkM regarding aa- 
sumptions." For example, optimum alhmntion w ill imimi }«rMdiliiiuH,l 
even though the census or lalest available complete rrniiit ludy iitdi- 
catea relativo sizes (of firma, blocks, fanim, etc.) and is cniiridy wmng 
on absolute values. But Ihia is not all; a cimiplctr* mint, nllli'tugh out 
of date, will often go a long way lowaitl acgrcgaling tlnd may 
havofluffored important ehanges, nnd whifh Ity th« priiifiph' i.f upii- 
mum nllocntioD should ho anm|)lctl in higher prnfwrliun. M'Iuih, in Urn 
footnote to Talilo IV it ia cxplaincrl that the (l-tlawt waa piuuph*'! 
heavier thaii was indicated by the nil« that wiw uml ftir lh<* nllu-r 
clasacB. Similarly, in the eamplo censuaw of certain ctiHK«Tplr<l ritii-a 
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taken in the spring of 1044, tho blocks were stratihed into dosses ac- 
cording to the mimbor of dwelling units in 1040, and every n-th block 
taken out for the sample, But tho "0-blocks" (those that had no dwell- 
ing units in 1040) were thrown into a separate cinss for special investi- 
gation as a safeguard against the enoi'inous change that can take place 
when a large housing devdopmeni goes up on land not previously 
occupied. Another illiisti'ation of tho conservation of nvailahlo infor- 
mation is found in tho best practice in sampling in industry, wherein 
the lot, shipmeut, shift, or even order of rccei|)t, aro usually ciTcclivo 
for subgrouping even though it may appear that llic [)rodiict must 
have become thoroughly mixed following production. It never is thor- 
oughly mixed unless there has been a deliberate and skillful attempt to 
mix it. 

It is not to be inferred that promiscuous stratification will get results. 
After the main assignable causes of variability have been removed 
through stratification, further stratification may avail too little to 
repay tho cost. 

It i.s a pleasure for the authors to record tlieir indebtedness to Messrs, 
Morris H. Ilainsen and William N, Hurwitz for their early work with 
the autliors on tho design of the sample as it was first used for the tiro 
inventory. It is a pleasure also to record the Bplcndid cooperation of 
Messrs, S. Schotland and M. K. Robbins who were in charge of tho 
Inventory and Control Brandi of the Ollicc of Price Administration 
ill Now York, where the saraiiles were drawn and tabulated. Valuiiblo 
profescsional as-sislanec was rendered llirougliout the work by Dorothy 
Gottfried and Miss Sylvia Wolo.solI of tho New York Ib'ancli. 
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t>. fJfU v.*7u'« 
ftcwn-.'fri/rfioii Fif“nw* * 'n f 

T he btart of llie national flrfrn,!'** ftru'Ri jwh in fn’iimA sJir I’nitoil 
States Kovernment willi fr-w vkonjaaii art4. at 5< jii sh<> fw;* of 
fllumiiiuin,' lltllc knnwlwluc of llin raw to rnnScd 

iliofic we ncc<le«l. Moreover, llio RoVr-rnnifn!! virJojtSSy no ijifurnia- 
tiontoeliow Ihcoxlentlo wliirh (Up I'iiiJmI .‘'tntea j^onw-fr-n-i M-rii’atinR 
cfti>aciLy In fulfill whatevrr iIk* luatorial oot-J*'- 1 r. rn fom* 

the war, the Bureau of Mi»ir« rollKlr<l aimtinl «ir 4 ia on vstrso filinoiiuim 
protluclion ami HPftuulary rerovrry ffrotn 4>er«)*]i. an-l s|jo 1 Vj<,'iirinjpnl 
of Commerce lalrvilnlwl our imimrla timl pxp^He. lost *liat nUou! all. 
Tile lack of a comiirfllifm'iv*' Rr»vcrftiisvi(t,i! for the 

aluminum intUislry coujilwl with ilm ftBsftiro ««f n ir-v!r* a.>i!>‘?*‘iation |tro* 
ecam that miglit have acrvwl a* a leniirtuary msl-mtjiluSy’ jornrit not 
only tlinl now Hlaluslical aiirveya litol to l»o |<ijt into oi«» ra- 

tion, anti refined, but also tlinl «j»|irn]»ii/it« r*Ti"r-atr'fb try boi'jui* nnd 
raetiiodB of analj^aia had lo Im workril mil. Tim drvrlcj.nm-ns of lluse 
tccliniquca and melluKlB under the unrornjiromn'inR |«r«wury* of ilic 
war will bo tbc major lliemc of tliin prm-nlntion. 

Tlio fact that in 1040 the. Mumimun (hmipany rsf Aio'-ro a (Alr'»a) 
won (ho only producer of virgin nlumiiuim ne well ilm |<rinri|’:«1 oiniiu- 
focturcr of aluininunt itemifabriral«l prmlurM fnril)!ii{y.<l the in-k of 
obtaining tho information nctnlwl to begin the but'ines's «.f nati..nal de- 
fenso planning. Kven wilh lliis eenlral nourre of )nr«>nimii»n the iii/ili 
WM far from a painlt«ts one, anil it was mil until well intn IB-ta ibtd 
lack of adequato ulvimimmi atatu^ties reruMMl i«i t«* a. nui}««r «"»uree t<f 
difficulty in the work of (he iVar Prmluciion Board (WlTIf. Althnngh 
a comprcheiiBivo Blatialienl reporting sysletii wfw iut<(itHt< (} ity the 

* Thft opinlolm aIo IHp AulJirir f e|yi*f«t 1 4 J l1 r i fill 

clil viowB of Iho Wot PioducUoa Ik^antn < 1 *# jujw -r.ni^aJ, r.fri lU rw n iHu-- 

Udii Fjonneo Ck>rporallon< 

' Aluminum m ufie<| m a nAwwie term *11 iiW/JwJr qrti J* 

maJo of comTAOTcbUy yjnirt ASqmlnqm M a'jFCj^ hV/A 

or utlfnbrirAlct]. .Hfurninltin pig, atmI o^i»o4i«iiS(«!i ictjpi'd as*' k Jjau tiitpri v'‘'''ir1 

lo ropreftcnt unfikbrii^ied meuL lUt U Iwrllef ^hH\, Ihiit^Atirr. a ty^wU f ^ J tr 

riolal which, when rofinG^i Aful caiV Iti tt irpt^Igl frri (piil iowji-yphl 1-^;^ 

Tnolnl (flomotlmoi rcforroil lo 64 U ftlumihurn ma.4^ 6?rj'«u!rn, -BlMfra bu-w-k'i if^ i j- 

inonly culled iMAAt/ory) in Alumiiium wwIp ffrirrt *, -,,f 1 1 

npply Only to Alumliturn fvwid* fiom nUiij* li ift* I ;■( J'«f, I bKi» m a 

fairly rcalrltitcd iwi of iho lAtTfir Klihirr r r rft.f 

produclt cnti bo Oinitloyrtl lo icpri^hl Ihw |rttl 4 liirlo of lU liHlitwUy l> MlEl t'llu Itlfr'l 

dulriHf ftlVny coiYipoahloni, formii, awl AhAtwtA: ior 6itAim|t^, aKe^i, | 1 I. tiiipn i,*, 

jKiwdor. In ihifl i^por ^nftW nml rifiotiu<iU tiiU h»T», -•uirlli ot » a. m«H ^ 

Oftoklnn tilrmtlU, nifldti jri wlmlt* lO In pari fmm ninminiini falq.,raii^'d ii r i r. ivd 

could usft n nlcMwory of HiAmlardiKi^t Mlmniniim Ufrtiimdrify, 

3i 
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OfRce of Production Management, VVPB's immcdialo prcdcce-SHor, be- 
fore Pearl Harbor, tlicre was no substitute for background data and no 
telescoping the time for trends to make themselves known. Further, 
the aluminum industry proved to be far from a siin]ilc organi.sm that 
revealed all of its structure and function under ciimorj' examination. 
And it was found that the accounting and production planning flepart- 
monts of big business arc not so flexible that they can readily conform 
to governmental reporting requirements that must be tailored to fit 
also the potentialities of some 1600 small aluminum cstabliHhmcnls. 

INDUSTllY STIIUCTUIIB AND COMMODITY CLABBIFICATION 

Tlic aotivitic.s of WPB in channeling the flow of materiiiLs, scheduling 
production, and guiding the ojiciations of industry generally required, 
for administrative even if not for statistical considerations, the careful 
definition of the commodities and industries under the cognizance of 
cacli of the Board’s separate organizational units. Because of the pre- 
ponderance of the productive cajjacity encompassed by Alcoa and the 
Reynolds Metals Company and the close integration of operations 
within each company, it was natural to define the alumiunm industry 
so as to. make it coincide os far os passible with the boundaries of the 
aotivitic.s of its two ])rineipal moinbcrs. At the same time the produc- 
tion and accounting practices of the smaller producers had to be taken 
into account. 

This approacli proved on tho whole to bo salisfactory tor both ad- 
ministrative and statistical purposes and brought tlie aluminum prod- 
ucts and facilities shown in Figure 1 within the definition of t]ie indus- 
try. Alcoa produced all tlio produols included; Reynolds, most oftlicm. 
A limited numlior of iiroducls made by Alcoa or Reynolds cither were 
too widely manufactured and distributed as finished products or were 
too difiicult to control ns aluminum products to be included; for ex- 
ample. screw machine iiroducta, collapsible tubes, so-cnllocl Hooker 
tubing, processed foils (laminated, printed, cmbo.s8cd), and stampings. 
Empirical judgment would indicate that rivets, cable, and pigment- 
type powders, all of which resemble finished components as much n.s 
semi-fabric ated in oducl.s, might also have been excluded from the defi- 
nition. Distributors of aluminum products and dealers in aluminum 
scrap completed the industry's coverage.® 

■ ’J'lin iniiiliiR fiiiil hruf'driitlloii of liniixito (llio only inliirrnl ronuncrclfilly irril nh n nourre of 
ol\imlnuiiO nnd (lin prodiirLion of uliiTnllin (nluinliiunt oxidr. rxtriHilril from limixilo niul rcdnrnl tn 
itUnnliumi Mrclrolylirally) could bo included ilh purl of llio liulurilry iiudor rt f{oiicnd dclliillioit, }juL 
iian-maLnllio iniitciriiil/i nucli m thcnc, no fnr rornuvrd from iiiuiiilioim producMon. vsero hubjccti'd lo 
Ibclr own dlfilributlon nnd conlrol tci:liid<p*rs In tlio llOAfd. 
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While Figure 1 inclicatea the principal hcndingn under wliich alumi- 
num i)roduct8 can be clrunsiried, it does not reveal llio detail to which 
useful claasiBcation could be and was rcGucd in the administration of 
the aluminum program. It ia almost a truism to say that the greater 
the detail available on requirements and aupi>lics the better they can 
be matclicd. For instance, early in the war rod of small diameter be- 
came critical, but without knowledge of capacity, |)roduction, and re- 
quirements according to diameter, it was dilTicult to ])lan for tlio relief 
of the shortage. Moreover, plant capacities wore dclcnnincd to a great 
extent by the alloys and otlier speciricaliona called for by consumers. 
The capacity of an extrusion plant is much greater poundage-wiso 
when working on heavy or soft alloy sections tlmn when producing 
light or hard alloy sections; and the capacity of ft foundry falls when 
specifications are so rigid that ordinary practices of repairing defects 
in costings arc outlawed. 

The decision ns to the aluminum classification scheme to be used 
by WPB in the operation of the Controlled Materials Plan — the plan 
which governed the distribution of aluminum, steel, and copper from 
1943 — became a contest with the statisticians and supply planners on 
oho aide and tlic administrators of the overall plan on tho other, Tho 
former wanted a detailed classification broken down by alloy, size, and 
licat treatment; the latter were fearful that a detailed classification 
would unduly burden industry with pai)cr-work and causo tho plan to 
become enmc.shcd in "red-tape” and break down. The result, ns might 
bo expected, was n compromise. Instead of over seventy categories of 
aluminum — the maximum num])cr ever propo.scd — it was agreed that 
bills of inalcrials (the ultimate sourco of requirements data) would bo 
prepared by industry on the basis of a thirty-Uirec-itcm classification, 
that requirements would bo calculated and submitted by the procuring 
agencies on the basis of a more consolidated list to vary according to the 
agency, and tiiat allotments would bo issued in eight categories.* Tlio 
eight categories were also used for the public release of aluminum siiip- 
ment statistics by WPD in Uio Faclsfor hxduslry series. 

The limilnlions imiioscd with respect to allotment control and re- 
quirements data did not c.xtcnd to tlic collection of statistics on tho 
operations of llic aluminum industry. Accordingly, throughout the war, 
data on aluminum production, shqnncnts, and past-due unfilled orders 

* Tbo clflhl enlcKoH(^« uned for Mtimliiuin nllolinonlfi compnro witli two In At eel niul aix In copper. 
As oiporiniico wna f^nined, Ihd nluTnItium cJiuwlfi cut ions were condonncil luilll ronuiTcincntB wero pro- 
Acnlci) iji eifflit ci\Lcf(<)riot< nrul ntlolmciUn wero liiAti»l In oiio. 'I'lio nlrorftfl Industry, by fnr tlio principal 
Qoiif^uinor ol nUiTnliium, wob Atibloclml for noino llino lo moro daiiiU ibnn olUcr coijfiiiinorBi liowovor, 
both In lonnA of roriulroinQiila onloulnllon and allolinoni nccounllnir- 
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wero collGCled in more deWvil Umn Hip i tKht craeKfrir-s f<,r ii. v a** fruutd 
that analy.sin of aliii)iiiealn in lerniH of nlloyfl, niul Ii^ hI Irmliiit iilM 
rovcnlecl Bigniflcniit IicihIh in flic i mil r-rn (*f »ltff wore iiunl- 

unble in laying out produolion nml fm ilily cxpnuHon pmgri»uiH. In ^ 
senfle, dclnilwl KlaliKlifiil rcporlinR nnd mialyi-iri «>f I hr* pa'.f, ji 

BUbfltitutc for detailed controls over llw future. aluiitiuuin I'.i-e;,,!,,. 
ensicr in supply ii rouiI deal of thin tlf'l»il w:ih dispeiifisl and ihc 
reporting job of iiidiwlry was rcHlueed ri« nun U bk poiwcililr*. 'J lu* iiuinl*t-r 
of roporling calegoriea wns gradually eundMiHiil from forly-tiiMi lo 
thirty-one.® 

nKQUjnB.MeMTB DKVKI.OPMBNI' .\XI) A\At,YOI« 

The fulfillment of the refiuireiuenla of the nrme«l fnret *«. ilic foreign 
nations entitled to Lend-Lease lusislnuee, and the ^^Jlr-^■up^lllr^irlg do- 
mestic economy for inalcritiLs ami fiiiislietl priKliiris euiuiiiniift] ijm 
core of the rcspoiiHiliilily of Wl’fl. TJie Hoard tU'hguled the r*'5*jfonsi- 
bility for the compilation of retiiiireniciils to tlic so-rnllfHl 'Vlaiiiiriiit, 
agencies’'— tJio War nnd Navy Dciiartinenls, the Forficu hifonomie 
Administration, the OfTice of Befenae Transportation, flie Xufii.nal 
Housing Adminislralion, llio I’clrulouin Adiuinislralioii for tV«r, nud 
the other b'cdci'al agencies under wlKHtn eogriiioiiiep ilie I'riiiumih' |m- 
tcntial of the country was mobilirxHi. Wl’D nssume*.! the ri pn^-i rd.'Uion 
of thoao indiiBtries which producwl comiumenla of mieli uidi* iiMige 
that they could uot be liarullcd by any one of (be otlicT aB«'nrif>,, 'I’lu? 
WPB Office of Civilian llcquircments rcprwciilwl the rivihun pujudu- 
tion. 

Under CHIP, tlic calculation of reriuircineitls liegau uiili ihc plio'r- 
mont of a iiriiuo coiilraet for iiu citd-prcMluel, heuriiig spic-ilu alinns in 
tciTOB of materials, pcrfoniinnco, or both. Tlie prime t-milnwlor pre- 
pared a bill of iiuilcrials Hliowiiig Uie amount of copper, aluiidunui, iutd 
other commodities, in designated hIiujich and eizc-s n (luiri d to produce 
a unit of tho cnd-prodiict, making ajiproiiriato alluwaucis fur mtup 
losses, spoilngc, and spare partn, (A bill of niultuials wa'* ohn pn-itav- d 
In some clrcumstniiccs by the subconlraclor and wns MidiinilPrl lu )li(> 
prime coulraclor for incorpornlion in his bill of nmleiials.) 'f'Ji,. M„,i. 
mary bill of materials was Iransmitlcrl by llio prime roinractur tn bi-^ 
claimant agency, where itbccuiriu one of llio iiuuiy uscil in calcnljUina 

t Tho jraWcr/i ]a uaeil to rcpiriH'til I'lf* iH.i. pc , ^ 

to iliofiUdfl, HduuOH, nlloiTi, bfnl Irr^Alniuniu, rimaLr,,*, hnvil Kih^T mn. 3,9 , 

• Tlionliiiiilnumneoilcuor ibo IJ, R Httmhr*! t r iu i 

from tliu flcliomo mucA by vvl'IJ, liiii ihn nm Im lirmiKlii i' i. n n Idr.’i.l I 
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tho innterlalH roquirctl for that ageiicy’H (iggiPKiile of procuroincnt pro-- 
gi'ums. The claimant agency compileil the material requiroincnlH for 
all its programs, taking into account the lca<I-tiinc (lenglli of manufac- 
turing cycle) for each end-product and the expected change in contrac- 
tors' unprocessed nncl in-process stocks, and Huhmitlcd the resulting 
figures to WPD. The requirements were submitted quiirlci'ly atul in- 
cluded not only tlie data for the one quarter umlcr immediate consid- 
eration, but also for as many as five additional qiuirltM’H. 

Tlio Board, witir a Blaft of economists, statintiinuns, and indimlrinl 
epccialists, analyzed or “screened" the rcquircincnls submitted by eucli 
clnimnnt to determine initially whether the requirements were reason- 
able representations, in terms of malcrials, of the agency’s procurement 
programs. 'When total screened requirements exceeded n\'ailnble sup- 
plies, tho Board had to investigate tlie conllicting dumnnds, Avcigh the 
coiiBcqucnce.s of alternative program reductions on each of the armed 
forces, on tlie civilian economy, and on tho Lend-Lease recipients, and 
decide how tho available supplies should ho allocated. On some occa- 
sions, wiicn tlic competition for materials was finally narrowed to tho 
armed services, tiie question as to tlio programs to l)c cut back woa 
refoi rcd to the Joint Cliicfs of Stall or the Under Scci etary of War. The 
final dcri.sioii of tlio Board was embodied in formal allotments of each 
commodity, is.sucd by the Chairman of tlie WPD llciiiiircmonls Coin- 
iniltco to the various claimants. 

Tliis leiiglliy chain of events had a marked effect on bringing ma- 
terial rcciuircmenl.s out of Die cliaos in wliich tlie beginning of tho war 
foumi them. That i.H not to sny, liowevcr, that the requiremouts were 
wholly accurate descriptions of the mnleriu].s really needed. Figures on 
aluminum, for example, show that for nearly every ([uarlcr of the opera- 
tion of CMP, slupmonl.H wore suiislanlially bd(MV origiimlly staled rc- 
quiromcnls and allotinenls, and yet past-duo unfilled ordoiu showed no 
Hubsianlial cliange. It is evident that rcquircincnls were usually in- 
flated. Tliorc arc many reasons wliy Ihi-s wn.s so, and a few will be enu- 
merated. 

1. Tliorc wore numerous clmngcs In production sclicclulcs for end- 
products mode between the lime the requiremont.H were calculated and 
the quarter to which tlicy were applicable. After 10J2 these schedule 
revisions were usually dccrcnsca, ratlicr than increases. 

2. Sparc parts reciniromcnts were usually calculated very generously 
to allow for liigli combat 1o.h.so.s and diumigc. ICxpericncc hn.H shown tlnit 
thc.so allowance^) wore too high. 
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3. Scrap losses were actually lower than iiianufncInriTfi rfilcii laird 
them to be, probably Ijcoaime of the iin-reaHwl rkill nrid rffii -ieiiry 
achieved in maniifacluring operations, 

4. Shoi-tagcfl of components cftuswl iiiiliiKlry to fall bebiml |ir(wlur- 
tion echcdulcfl for cnd-pnaUicls, nml tlm.s tin’ nlnininum whii Ii vamld 
have been required had the compnntmlK bwn ftvailabh! wivs no! ordered, 

B. The human tendency to ask for jii,sl a little more limn tlio inirii- 
mum MceBsary, either tor the sake of safety or fttr the sake of in Rolin- 
tion, was iindoubtoclly present, nltlioiigh it must bosiinl in all f«iriii->»‘« 
to the claimants (hat consrienlitiiia conservatisin r»V( r*shudow»'»l any 
apparent inflation of rccinircmenls for harKniniiiR lujrpwes. 

Even if the claimnuts htwl been nuwl auc’cessfnl in catriilalinR lld.jr 
requirements, thcro umloubledly would have been a eiiiiill ainonnl of 
attrition* caused by the atlminiHirnlivc opernlions »jf l^MT. 'I he iran;*- 
fer of allotment paircrs through so many luinds and the temlenry lo 
establish small reserves of iillolmimls nt each link in (ho eliniii would 
have, of Itself, prevented the total uhr of allolrmnia iiwucnl. Allotment 
paper followed the reverse eoumc of rcquiremenljs imper nmi p.’v^s.fd 
from WPB to the cliiinmnt agency, to the, prime, cuntriwlor, tu (ho sub- 
contractor, and to the moat remote Nitb'Aiibconlractrtr, (lov\n (In' line, 
Attrition wna I'ccogiiized early asacojicomitnnl of C'.Ml’ and W!i« rom- 
ponsalcd for by alloltiiig a small excess over avnilnble j>uj»|dy. 

The procedures and tccliiiiquM used by the claimant iigemdc*, in ( hojr 
operations will make an important narrative that shmild l.e piosi rved 
for a future emergency. Porlmjis the Army «nd ihe iXnv.v will eoniinnr! 
to calculate maloriol requirements in the same way fur |te:iee-tiiiii! 
programs, thus preserving a skeleton of their war-tinut mnlcrials plan- 
ning organization. Although the ideal inelliiKl of eniitpiling retjuii,*- 
ments wcis described above, each clalnmnl agency workiHl mil nnsljli- 
eations and devised Buhslitutea for the bill of mntetiid iirttfc^hire to 
meet its own circumstances, 

BVALUATINQ CAPACITY AKD FOnr<?ARTIN() PaODiarJ ION 

One problem that defied complete aohiliun nnd bernim* a recurring 
source of difficulty in aluminum, and npjmrently in oilier mateiials 
planning was the dotorminalion of capacity. I’erliniw no m her a^pI-el nf 
WPD operations was fcaturctl by ho much eoiifu.'^ed lliinking tiiul iiii*.- 
understanding. Port of the cxplaimlion for lliis Hiik in ihi) uhh of an 
unorganized syslom of nomcnclalure, The many lernm Uni'll in lliis 

* A tlrition Ib n ahofi lorm datioUiii; Iho bii-aI 

pt&ced. 
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field were never carefully defined and thus became crudo tools of ex- 
pression, vague in intent, iinplicntion, and interpretation. The use of 
difterent terms to represent the same thing and of the same term to 
represent different things is symptomatic of an cITort to finci a short-cut 
through a complicated subject but there is probal)ly no short-cut to bo 
found. We must recognize that in capacity studies, ns in other statisti- 
cal work^ statistics are meaningful to the extent that (i) tlicy are de- 
veloped to serve a specific puri) 08 c, (ii) the assumptions on wUicli they 
are based are clearly understood by both the statistician and his audi- 
ence, and (ui) their probable error can be dctemiincd. 

Capacity studies served two principal purposes in aluminum plan- 
ning: first, to determine the need for building new plants to meet re- 
quirementH on a long-range bawvHj Bccoml, Lo determine how much mar^ 
tc]’ial could be i)roduccd in the facilities in operation to meet require- 
menta on a short-range basis, In each cose a plant-by-plant study was 
essential; indeed, for some commodities the study of the potentialities 
of each piece of operating cciuipmcnt within a plant was called for, In 
studies initiated for long-range planning ))urpo.sc8 the answer to this 
question was sought; How many pounds of commodity X can the alu- 
minum industry produce monthly at peak witli the pattern of businesa 
that can bo forecast and with its present plants and tlio additional 
facilities already authorized or under construction, if there are no 
limitaliona on availalde manpower, production matcviivla, maintenance, 
repair, and operating supplies, trmisportnlion fuoilities, and power? 
All the factors of production, in other words, arc xissuined to bo at their 
optimum; the unknowns arc the pattern of business inherent in tho 
requirements and tlm polentialitios of the physical production facilities 
in the light of tho pattern. Tho reason for posing tho question in this 
form 5s not obscure. There was no point in building Jiew facilities if 
those in existenco or already planned could, under the pro])er oondi- 
tiona, produce the amount of material required. If a shortage of labor, 
for example, were anticipated ns a limiting factor in production, it lind 
to bo tomediod directly. New facilities required so much construction 
time and critical materials that tlicy could not bo authorized if any 
other method of increasing production could be found. 

The short-range study posed a different question : How many pounds 
of commodity X can the aluminum industry produce in a given quarter 
with tho pattern of business and uiuler tlio operating liinitatioiis with 
regard to maniiowcr, raw materials, etc. that can bo forecast for llie 
quarter? (Maxiimm practicable prodiiclion is the most <lcsoriptivo term 
to represent tliis concept.) This question was easier to answer in aomo 



rcspcctR, (iml more ilidicult in ollirrH, lhati <)n' lojiR-riiiiRf' riii»«tlirtn ot 
aujiply — ciwier hccnuHo it]md l« lt<* iiUHwcrnl «inl\' Iwit nr l litre ntnudit; 
in Rilvunco of the tivjivrUT luulcr foii^i*lorii(ioli, loiH timrr iliniroh Ue- 
causc of tlic nuiny vnrialiIc,H to In*. Inkeii inlo n^etoint flml wrre mil 
svisccpiihie of irmtuu'nl. The prineijial uitkiuivvtt \vru« mim- 

power. Whftt urgency rating wiiuhl llu* iii(iu.'>fry Im grjiiilr<l fur tncli 
of its plnnta? IldW clTcctive wtmlil lire rnliHK In* iu iijrrcjL'^uiK rcmiit- 
ment of labor by (be United ,St!it(‘« Kirii‘|iiyjiieiif Srtvire? Wnnl«l inJi r- 
I'cgional iccruUiiK’aL bo iicriiiilUHl by ibc Wnr Muni'io’iiT t'liinniiK- 
eion? What would be llio iiujiacl of cluiiigi'h in Kcleriivc Servire n-giila- 
lions? Would Ibe Army ftirlniigh Holdictw lo work iu Oic |iltiulf<7 Wtnihl 
tho War Labor Board ajijirovu ii iiiuiding wuge iiierciiM*? Would (flio 
National Houfiiug Aibuiniuf ration oMiiiii nceilH IraihrdinUfduK in 
tirno? Would the ManlialUiri rnijecl on one fide <<f Kunxvilh* niiiiimif. 
to coinpelo with Ibc nUmiinuin Hhtu't milt on Die oilier fide? To ubal 
extent would Bctifional faclow ulfoct labor Hipply? And bow roiild (hi* 
anawera to nil of theac queatioup, if olitaiiiwl, be lrair‘»lali-<l irilo nn 
estimate of mnupors’or on the job mid prculucing abimiiium? 

After the maiiiiowcr unccrlniiilios wen* resolved fw far ow limy i iudil 
be, tho next point of invealignlion wan the rale al wbicb (ho irirbn>(ry 
could accelerate ila prodnetion from the level at wliirh it won expiTb^d 
to bo opcrnlinK immcdittlcly prior lo Lhc lu'giuning of llu* »|uiulcr. 
fluctuations in the demand for aliiininuin produela wcie vrry mnrkHl 
during the lost two yeurw of the war, nol only beeutinv tif vlumj'rjii in 
procurement progratnti for end'prwlucta bul abn bcTiuiKc of cbmim-n in 
tho inventory policy of tho airrraft induMtry. T'hv ycur-t nd invi mitiry 
clcnn-up drives of nirerufl miunifaelnrrrK chukiiI (dumiiium nrdi-rK mid 
mill Bchcdules to ahrink in the liwl t|uui‘liT of tin* year niirl riiir* aKnin in 
the firat quarter. Thin was imrticulavly aiiparcnl at lln* f-nd of lIM-l, 
before tho reverses in the Ardeius, when Dm aircraft indimi ly. vsiib fun* 
eye on tho headlines and llic olhcr on aircr/ifl niibucks, livnl nff ibeir 
Htoclcs and kci)t new oi-dciu at ft inininiUTn. In (In* face of micli IIih'I na- 
tions in denannd, the cniculatkm of inaximiim prmTicnlib* |iri>doi linn 
for a quai'tci' folb)win|r one in which ibe mills wun* prialncini* ui rc-la- 
tlvoly low levels, bad to bo tempered by llu* knowhsige tbut Imilding 
up maximuiu sjiccd in nn induslria) jilnnl was a gradual pntcirss. Ni w 
workera, assuming that they could be Iiirisl, hail in be traiiicd and b:i*t 
to develop ekillu on tjic job, iwodiiction lines laid lo be cxlcmlcd, new 
shifts established, working slocks built U|», and ho on. 

Tlio gathering of data for capacity nluilics was n joint la^k of llu* 
WPB production Bpccinlisls «ml Urn slftlislicnl-plauner. li was muni- 
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fcfitly impoH,siblc for the latter (or his slaff) to do the job without tccli- 
nicftl eonsultation. The statistician, liowcvcr, laid dow'n the ground 
rules so that uniformity would be aclucvcd by tlie many people cou^ 
trlbuting to the task. The produclioii specialiata studied plant records, 
often visited the plants themselves, conferred with the pvoduccii^, con- 
tacted other government agencies, and submitted a preliminary reports 
The statistician coordinated the data contained in all the rci)orLs filed, 
analyzed tliom in tenns of past pciformancc in comparable periods, 
brought to bear the manpower data available, and reported his recuuv 
mondationH to the executive in cliargo of the whole alurniiium supply 
program. The comniitmciits on supply >vcrc tlica marie, usually aftt?r a 
final conference with the production specialists and the statistician. 

The concept of maximum practicablo ])roduciion was not infre- 
quently contused with csUmdled prodiichon. For example, one researcher 
proposed to mensure tho reliability of su])ply forecasts by comparing 
quarterly CMP supply commitments — tho equivalent of maximum 
practicable production— with actual 8hij)mcnts, The results of such 
a comparison would be meaningless, for one variable that maxi- 
mum practicable production figures did not take into account was 
the amount of orders Ihatwmuld bo placed on the mills. Obviously tho 
mills w^ould not ship more llinn their customers ordered, with the poa- 
siblo exception of relatively small amounts preshipped against orders 
for delivery in future periods, Tho forecast of production (or Hhipmenla) 
as diHlinguishcd from maximum pvacUcal)le production tlrns reciuirod 
a furilicr leavening of the capacity concept liy the introduction of 
another variable — order placement. Such forecasts wore prepared by 
analyzing the requivementa for a commodity nnd deflating or oc- 
casionally inflating them to realistic quantities to represent csLimalcd 
order placement. When this figure was flubatnnlially lower than the 
maximum practicablo production forecast, and it usually was, it w'os 
used to represent estimated production. Reports l)y inclusiry of order 
acceptances for future months, wdiilc not a complete JGprcsonlatioii of 
the actual production load to bo handled for more than one or two 
months ahead, were also ol value in developing estimates of order 
placement, 

Tlio nature of tlic task of dGVGloi)ing capacity and production esti- 
mates varied, of course, from product to product. Virgin aluminum is 
produced by an clcctrolyiio process that rccjiiircs continuous opoi’ation, 
Thus, the cpicstion of the mmfimr of shifts to be in operation during a 
])eriocl did not enter: a plant unit either operated full-time or it sioj^ped 
operating. The piiitcrn of luisincss was not a factor; sliglit vai'iaiit)ns 



may occur bccflUKC of the dianKing nntls Iti iirrHluco *'rirli alirtyH” in 
the rcductioii ccllfl or polfl, Imt tlin ofTcirt of iIhm in nrgligililt', A t»mall 
slump iisiinlly acciira in tho sumnu'r numtlne, huJ nflirrv'.iM-, rxrhi'ling 
curtoilmonlH causiKl by policy dcriHioiis f»r severe hbor nr pi-n t-r slutrl- 
ages, prodiiclioii is very slabh;. .Sccoiitltiry iiiclnl in a rlnsw by itHr'If. 
While the cnlciihdion of srnollrr cnpacity nnd rnaximiiin priiflirablp, 
production luesent no unUMual problems, the furoriisl t)f smeUer pro- 
duetioa and of not scrondnry roccivcry is n comiiliraJwl affnir in nliifli 
Iho element of Uic informed guess iiiuhI enter slroiigly. frinrHcr |tnHliie. 
tion ia influenced by the rchuivc prieea of primary itifinl, Heeonriary 
ingot, and aluminum scrap, with llie biller being |»nr)iciil«rly sulijecl to 
rapid market fluoUndums, 'i’hn polieh*« of inlegnile*! pnsbirerj* wlntdi 
UBO large c|iianlitica of sernp alsu in fliienn* wieomlnry ri‘eitvr<rv sub- 
stantially. The mnnufnclurc of seini-fnbrieal.«.l iinslurU is mibjeet Ui 
all possible influcncca, including ibc patlerii of biminr-ss, (he number of 
shifts that can be operated, tlie Jicul of operalinn in ( lie eiiinruer (no- 
tably in foundry work) as well as laiior mipjdj'p the Mipply of fuel fur 
heating melting furnaces, and Iho liko. 

TUB COKt.'El^l' OP "KET «ri|l*MENT»'' 

Aluminum may poos through several alagw of f»l»rienlii,n nnd 
through the hands of a dislribulur before it ia shipjMni out of ibe jiuinn- 
try to tho industrial consumer.’ In this respect nlumbnini is no difTereiit 
from other metals which sen'o fllruclural purptmw. While, iiigol. ship- 
ments might be used na tlie bosia for n Hlaibliciil ayHlrni in nliiniinuni, 
such a measure, only indirootly responsive, Ui chnugtjs in industrial de- 
mand, would be of limilctl value. hlcoKUring lUuminunt nriivily nt the 
semi-fabricated product level is much to be prcferriNl, nlibinigb it in- 
volvefl sovornl problems in Burveying the indiiKlry and inifnircling I he 
tabulated data, 

rt is plain llmt if we were to add logctlier aliipinr-iit^ mndc by nil 
plants in the industry our total would be inllnlcd to Ibe estent tlud the 
same metal is counted os a shipment more limn onre. Hi vets sliippwl 
by a distributor to a cooking utensil mauufaeluror, Ui lake an exlrmne 
case, would bo counted m ingot, rod, wire, and rivets. And if disirilni- 
tora were included iu the system, the rivets would be counltsl t^vh e tm 
xivete: once when shipped by tlie rivet inniiufacliirer to (he iliHlribiilor 
and once when stiippcd by the distributor to the final crniHunior. It ivas 
appnrenl at tho start of planning the aluiuitmm prugnun Uml, while it 

» A *olftllvoly nmnll Atnoiinl of Alunilnuin fn ihmhI quUIUi^ oI Oift w ihifKl; |rf 

eumple, In ilootidiilnM AjioyInR inaKtieftium, 
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wuB essential to know how much of each oluminum iiroduct was pro- 
duced and shipped, I'cgavdicsB of use, it was no less essential to know 
how much aluminum was being obtained by military coutractore and 
other coiiaumors. Neither gross nor net figures could be dispcnHcd with. 
The problem of calculating net shipments was solved by assigning 
each producer and distributor in the industry with an identification, 
number which he was required to endorse on tlie ahuninum orders ho 
placed with other producers or distributors. This requirement was ap- 
plicable also to the aoparato departments of the integrated producem, 
each department being treated os a separate unit. With this sort of 
identification on orders received, it was possiljlo for eacli aluminum 
supplier to report his shipmcnls divided among shipments to other 
producers i,c‘‘''bcd shipments for further fabrication), sbipmeuts to 
distributors, and sliipments to ultimate consumers. The assignment of 
identification numbers was arranged schcmaticnlly so that cacji num- 
ber not only indicated that the enterprise using it was in the nliiminum 
industry but also distinguished a producer from a distributor and, in 
the case of a producer, defined the type of aluminum product ho would 
fabricate from the aluminum product shipped to him.' A technique 
somewhat similar to this was used by WPB during the war for the steel 
industry. Steel used a uniform symbol rather than an individual nuin- 
bor, however, and did not include iu gross shipments, transfers of ma- 
terial among the separate depurtmeiits of uii integrated company. 

INDUSrUY STOCKS AND TUD "I'II'BWNK'' 

Closely allied with concept of net sliipments is the concept of "iiipo- 
line.” The pipeline of the aluminum industry may be defined as the 
amount of ingot, in-proccss metal, and scini-rnbricuted jiroducts hold 
by, and material in transit to, plants in the industry that is required 
to enable the industry to sliip its products at a given level. A brief 
equivalent might lie “minimum working stocks.” 

It is a happy coincidence that the processing losses encountered in 
converting aluminum pig to Bcmi-fnbricntcd products clo.scly approxi- 
mate the weiglit of ingredients (cojiper, magnesium, ciiromium, etc.) 
added in the production of nluminum-baso alloys. Thus the net chango 
in the industry's total working stocks during a period can be estimated 
within narrow limits by subtracting net shipments of aluminum prod- 
ucts from new supply (virgin metal production, net secondary recovery, 

■ I^iJa iiioUiDil of lilcntlflcAlioii firnved piirticulnrly vnliiublo tin H provided WlMl with Lho dfttA 
for (Iclcrinitihif^ Iha cpiniillty of one nliimiiiuin pioduol rontilrcd to jiroduco n unit of iiiiotlinr; for 
lUHlAuco, Vbn uvmullty ol tubn lAunmB pior pound t>( VwblUH, ll&llnblo taIIub d( Una kind woto 

oiMonliAl loolu III all Wi'D iiioUlii rojioarcli. 



AlUr.HU’AN HTATIf4TI|-AI. A»(Hn« lATIOX 


40 

plus imports) for tho iJcriod mill mukinR iiii nppropriaic J^^lju^)IlK•nl fnr 
any changn in povnrnmodl-owiicd Rlnckfi, 'I’liiK priiiripic Uf-rorm^ irinm 
useful when it is coinliin('«l with aiuilhc-r, nnim-l.v, tliiU th<' indiii-iry 
requires two and eifiht-tfiilliH to three priutids id nliiiitiniiin iti i-ipf- 
linc to make JHont/dJ/ neUliipmenls of one ponml of ;dinni[iuiii priKlm-ls. 

Once n bimc inventory figure wa*! estnldiHlu'il it uiih 

these principles and witliont a series of inveiitnr.v reimrls. to di’ti’rnrino 
the stock position of tlio induhlry at (he end of eneli iimiilji und p;»r. 
ticularly to oljscrve, the. trend of industry sloekw over n .‘■eries of inoiil le:. 
It was also possildc to fominst with great faeilily lie* innonid of nielid 
tliat the industry ilsclf would ret|uirc for the jii|<eliiie tihal is. ovi-r otid 
above tho amount to hcshi|i]md to eonHiniiersl to no «•( iiii n .’vo-d iniii) 
requiromonts, ami, conversely, the amount of nietol llmt nmld li«* iniule 
available from the pipeline if rcfiuinaneuls fell. 

The following formulno will illiiKtrale; 


Pc = V + S., + I ~N H- (r»V ~ (Q 


where 

P,=> pipeline elurngo 
F = virgin nielnl prmluetion 
iSn=nct Hccondary roeovery 
/ =inni)orlfl 

N’nnct shipmeiilH of aluniimiin pnHluefs 
(/j=govcrnmenl'OWjif;d Hloeks, begiiiiiiiig of pei i^wl 
CI,=goverHmenl-owned utocks, eml of periinl 
=■ requirements for a desigmiled ealeiidar qtiarter 
7 Z,_iarcquiromcntH for (he premling ealeiidar rimitter 


( 1 ) 

C) 


Data to solve the.se equations were nvnihilde from ne|ion,« llli‘d by 
industry or government ngeiieies. 'rim change in llie pi|ielii)i> for a pa-t, 
period could be calculated through equation ( 1 ); t|ic fharigc in tlo’ 
pipeline for n future quarter could be foreciwl through f 2 ). 

From this (liseuasion it might appear Hint it was ti-.Mmied tlml (In* 
aluminum holdings of the industry were always at tin* miiiiniuni re- 
quired lovola and that (ho pipeline ehangeH indiciKtsl by (In* pren <iiiig 
calculations would occur imuuulialely. Itwim rf(‘ogni}:,-cl. bowever. that 
changes in demand somelimes were loo rapid mid loo csli-iisive to per- 
mit the industry to adjust its stock position in a nmiitli or (wo. In od- 
clition, domestic virgin aluminuin production could not be cuiUiilcil aa 
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mpiflly na rcquircraentfl fell because of tlic jiosHibilily that subsequent 
iiici'cnficfl would call for reopening facilities, n didiculfc nccomplislnncnt 
once the labor supply was absorbed by other industries. Since produc- 
tion curtailments generally lagged behind dccrGiiscs in requirements 
and since the government did not purchase domosticnlly-produccd 
virgin aluminum for stockpile purpo.ses, the prociuccrs of virgin metal 
carried for a substantial period of time inueli more metal tlinn they 
required for their operations. The oxccs,s stocks hold by tlvo industry 
(E) wore o-stlmatcd in consultation with the proilucers, and whilo excess 
aluminum industry stocks existed, (1) liccamo: 

r. = y + iSn + / - JV + (G 4 - (?,) + iEi - A',). (3) 

It might also appear that tlvo excess stocks of the industry could be 
(lotei’mincd from monthly net sliipmcnts data, as follows! 

B = P - 2.8Ar (4) 

where P represents the total pipeline calculated by adding the monthly 
pipeline increments to the base inventory, llclianco on Ibis formula 
would have been tantamount to assuming that the processing losses 
exactly equalled alloying ingredients, for even a small montlily error 
over a period of several years would accumulate to large iiroportions, 
This assumption could not bo made with confidence,® and accordingly 
other techniques wovo used to estimate the cx(!es.s mclul that existed at 
any time, 

The uscfulne.ss of the pipeline formulae made it \innct!c.ssftry to ob- 
tain monthly inventory reports from the whole aluminum industry. 
Regular inventory reports were obtained from tlio primary nuilul pro- 
ducers and the secondary smelters, but the rest of the industry was 
free of inventory reporting except when some proliloin rcriuiring a 
knowledge of the location of spcclGc products or alloys made special 
reports necessary. 

BECONDARY METAL AND SCRAP 

Secondary metal supply is another subject which had to be cut to llio 
measure of war-time statistical requirements. Fortunately the pre-u'ur 
surveys and analyses of the Bureau of Mines ])rovided an excellent 
starling point for the WPB program in this field. The Bureau rcccivcvl 

* In fiiclj K TDvIow of lliQ inniitlily rnlloB of showed n Atoiidy rino lliitL ctuild nol bn nittlnfro]' 
lorlly AcDOUiiUd for. 'fins IndlcAted a sinull inoiiMily illfic'inpriiiey cuijiuIiiIIiik over nlinosl four yciirn 
wlilr.ji InnAlfid NUliHtnullAlly Llio loLnl nmouni rAlculutcd lo hr In llio p 1 |irlinc. 'I'liis teiidniiry (41 n-vi'^r-’ 
nlftlo lUo plpc\tuo Vi'hti nrtlRrenl-eno«jib,bimovor,l4i ImpnU ilio nht'fnlnip^n »( lUobnnndnn for fiworbsiVfiiK 
plpolihQ dintiHfs niz or nine muiiLbii nhend. 
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loporta on all transfer# of Bcrnp comjKimVs. 'Hui rr^suUinR rc> 

covery figures thcroforo nneoinpfts.’MiHl new nrrap grni*rft<nl in lliti 
ftluminum indiiRUy, now scrfip grncratod l»y finiRluMl pnwiurl ninnn- 
facturei-B, nnd old Bcrnp;'" they ditl not rnrninpas^ m<>w J*rrii]i Hint wn-i 
used witiun the company in wliirli it wiw gcnrrnlMl. TliPf*. nt IcaNt itn- 
plicitly, tho Bureau dcfinwl secondary iffovcry ns iiii-liil nTovcrc^l 
from scrap used in a company oilier limn tlic one wliicli K- ncrnlf*!! ii. 

There is no argument that such a dcfiiiilitiTi i# saliHfin-lory fur nidi- 
nary purposes inosiiuich as llio rommercia! iisikcI of the swnnrlavy 
metals industry is ns iinporlunl on any oilier in penee-liine, Never I In •- 
leaSj an analysis of lliia approach in lerms of llio reipiisitt ji of llm war- 
time statistical program for nhiminum slnnvrHl (hat iM iv prineijiloM Inni 
to bo established, ns follows: 

First; Secondary recovery dnlA miiRl ciefude rrrnvriril froni ni-w 

scrap generated in llin eniirse «l pradneing any «eini-ln)<iiriil< il nliirii)ii<irn 
product within Ihc dofiniid acniir, n( ihi* ahiiainiint induKliy, even il iiurh 
scrap Is BokI l>y one ctnnpany to aiiollier. 

Second: Secondary recovery data miial inWin/s metal rcrovered l>.v iho 
oluminiiin industry from new scrap genrrnieil in ll«< cniiipe ,.f r'lrii^iniiing 
(for example, machining) fcnii-fiihricaleil nluminurn priHlueliio, even i( 11, n 
scrap is goncralcd by a comimny which n'tnrlls aurli yrrap it«>'lf rind iht«n 
not sell it to Olliers. 

Third: Secondary recovery data roust Incliidn all irwul rccuvi ird l>y dm 
aluminum indualry from old scrap. 

The first principle calls for the cxchisam of certain ly|M-:K of wrap ia- 
clucled by the Bureau of Mines, namely, scrap geinTaltMi in dm aliiini- 
num industry and sold hy one eotniiany to anntlier. Tim nnrliil em- 
bodied in scrap of this type was never incorporalml in amni-rtibric-aP'<l 
product shipped by the induHlry. It was cnunled as an addiiiun di 
supply when originally prisluced na yjrgin nietal and nuiimt la- 
counted again ns secondary melnl until it pnsfH's out of (he imlimtry n« 
an item included in not shipments, and then reUirnH. 1( niuwl be rc- 
mcmbcTcd that tho aluminum indimlry includes wsMi-fabriralml pnal- 
uct manufacturers as well as ingot luukerH and Hint i!n* WPli buhtm i* 
sheet of tho industry was designed In ineasuro unfabricntr^l mpjdy on 
one side and scmi-fal)i’icatcd shipinenlH on Uie oilier. All ilio iii«‘liil 
between those two iioints of mcoMUreiiuukl ronKtiLuU*s tlir* idpeline, and 
until motal leaves tho piiiclinc it cannot las enunlcil as an addilimn in 
supply in secondary fcuin. 

The second principle culls for tins incluHion of l•er^.a^n Hypes of ac-rnp 

** OM wrap Is aorflp Irfim olwltls. lir^Vidn, m 

AUlomobllQs, Ntipurap Ib bcmp Kdiicrwleil Iq itws lof nvwiufsrtuflb)^ 
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cxcluclecl by tlio Bureau of Mines, namely, scrap gencmtccl in the 
coiivfle of the ultimate consuinpLion of eemi-fabricatecl j)roducLs ljut 
Tcmclted by the company which generatcB it. Scrap of this type, trans- 
ferred within a company which ie integrated to tjie extent that it botli 
produces and consumes aluminum products, is no different from scrap 
generated by a non-iniegrated conauincr. To illustrate; Com|)any A 
manufactures cooking utensils and the aluminum sheet from which 
they arc made. Scrap generated in tlio cooking utonHil department is 
sent to the slice t department for remeltiiig and rerolliiig into sheet. 
The sheet is then sent bank to tlic coolcing utciiBil cleparLment for use. 
Company B munufacburca cooking utensilH cxelumvcly, using shonl 
purcliascd from Cojni)any C. Scrai) generated by B is sbippctl under a 
toll agreement to C for remclting and rcrolling into slicct, wliieh is then 
rctuincd to B. Comiiany D also manufactures cooking utensils exclu- 
sively, using sheet purchased from C. But scrap generated by D is sold 
to Company E, a smelter. Company E remolta the scrap and bcUs ingot 
to Company F, which rolls it into sliect for sale to Company G, an air- 
craft manufacturer. Treatment of Iho scrap in all these three cases 
must bo the same in materials calculations. Altlioiigh the scrap moves 
through tlircc different channels on three different cominercinl bases — 
intra-Goiii]mi\y transfer, toll, and sale — the material movement imd the 
contribution to supply in Iho form of secondary recovery are identical 
for llie aluminum industry taken avS a unit, 

There is no dilTercnco between iho WPB and Bureau of Mines second- 
ary recovery calculationa with respect to the third principle dealing 
with tho treatment of old scrap. There is one other point of difference, 
however. The Bureau includes aluminum scrap used oulaiclo of the 
aluminum industry, for example, in the production of chemicals. Sinco 
V/PB was comparing the supply available from, and tho requirements 
placed on, the nlumirium industry and since demands of other indus- 
tries for aluminum scrap were not included in aluminum requirements 
calculations, the use of aluminum sera]) ouisido of the aluminum in- 
dustry was not included by Wl^B in tho calculation of net secondary 
recovery, 

Tlie theoretical development of these principles wtis a much more 
simple task than llicir application to tho collection of secondary metal 
statistics and the calculation of not secoiidary recovery. To ueliicve 
perfection it would liavo been virtually ncccHsary to put a tag on each 
piece of scrap so llmt after it moved from gonoralor, to dealer, to user, 
its identity could bo determined and reported. Fortunately an analyHis 
of aluminum i)roduction and scrap trade i)racticcs revealed tliat a re- 
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porting Byslcni, not- inurkcdly diffwiil from tlin! Iw'frtrn Jlin war 
by llio Bureau of Miiiw, would itrovidn ilii- doia wliii Ji. ■rtluji 
adjuBled to cliinimilc {louldc-counlinK of now t-orap k< rsiratfl mol wild 
williinthc alurninuru iiiduatry, wmiUI givT a f-fTori'lfiry r-r,»vi-ry lipiro 
icprescnlalivo of tli« net nddilinn l« tlie aUnniiuiin Mipply piblaiurrcl 
from acrap.*' The WPD calculation j*r<K’<'wlrfl aloiiR tlir fi«l|M« joy 
Recovery of scrap by Piiiollors waj< calciilalr-d by rwIj'if tiiiR Hu ir lolal 
ingot production figtircs to climiiutle lliat jrmlifm nf Ulo- in«‘)» xbtjiirn**! 
from materials hlciidt'd willi llu* scrai» (virgin im-Jiil, *>nd{»ry pig, 
and alloying iiigrcdieiils). Tlie Mncltera figurrs wi re ab"< fsdjuhSul to 
remove the nmoiint rcroverr**! fnttn .«crn]» |irrHc.;iK<'il f>n t'dl. 'J ](is tyja' 
of scrap is usually Rciu'raled by uliiininiKrt fmiudrit h; liriiif- if is (Min- 
sidored tlie equivalent of “nm-aroiiiur serap » irml.n^iuB wiMiiii llic 
industry even IhouRh sold by ita gcjierafur, ■tn'rap piirrJuncfii iif inio- 
grated producora of virgin metal, including wraji recidvr-d frMin their 
end-product departments, less an esliuinteil nielf were rdsn in- 
eluded. Rccoipla, Icrs cslimairsi nu‘H h»M', rather limn nelmd rcjiMititp. 
tioii and recovery, were »»sed in this cast* priinnniy Iseause of n.iv 
venienen in reporting. Serap rereipls of foundries* ami eiOa r prisliurrs 
of aenii-fnbricaled priMlurls were incliulml in similar fa^liion l-rmn (lie 
total of thc.se ihreo ilemn was siibtrarlml Ihe t-r'liurntr-d iputuiiiytd 
scrap generated by producers of srmi'fnbrieaied prt.sbiels: who did not 
have melting facilities, i.e. the prorlneers uho ship nil of (heir rcr.'ip In 
others witliiu the induatry. This cstiiuate was rideidtiiletl by uioliiplyiuR 
the reported shipnienlA of seini-fahrienUtl jirtMlurta mmit* |»y Ihi'w 
producers by faoloriB ohlnined from iiidiisiry r.\|rrl« repn N-niing llie 
amount of scrap generated r«‘r pouiul of pnahiri ronimhielun <1. A 
formula sumronriKing the whole l■ulnlltllioa wuuM rr^nd a.** follow,.': 

S„ = S, + 5. d- S/ ~ (.2tiF -I- .flHA* -I- .7(17') (.'■.) 

where 

J,”*flocondnry recovery by #melO*r», uxditilinR rtcnv. ry fonn tb< ir own 
“run-nround" ecrap and aernp iiromsed «m toll. 

^{•■accondnry recovery by integrated nielal proilurei*., tiirltolina h'(''t’.'riy 
froinaarap gcncrnled In llieirowiieiid-iirnilnrl iili*, l-iU 

Uig recovery from tlicir own “niri-s round’' err.t)). 

^//"■Bccondttry recovery by |irmbiri t>< nf seini-ftilirirnO d p<rridu« O Ani bidMie 
nicnvery from serap gi'rii-riilrd iti tbeir t*wn < ni, 

bill excluding recovery frniit llu-ir own "rnii-no.iiinl" teoij-. 

Hr'fiip tlrtfn w(ir« ff<irh nliinitiiijHi M.ti' sit^i nt nl r m Ws.'rqVi 'i 

HmnllQM irt liy |1|Q Jlufr‘$t1| r»f Mtllra p.>> fur WI'H: af>,'(fr«q ejsifst I f . T ^t S’l'S* A» <1 r 

Bcmp tlftia wiirr (iblpln«<[ hy WVW » 
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/<'«ti]i[pinunU of forgliigfj by produccra wUhout inciting facillUcH. 

/d>°aliii)incnU of rivcU by producers without melting fncilitios. 

r^^Hbipments of tubing by producers williout melting fnciliticH, 

rOIlEIQN THADB BTATISTICS 

Doth for reasons of speed and convenience and becausa of the imtui’c 
of tlio Controlled Mtilci'ials Plan the data developed in WPB on tdiimi- 
iium import.H and exports arc noticeably dilTercnfc from those compiled 
by the Department of Commerce. The discropancies over the period 
1041-1945 taken in the aggregate should be negligible, however, for Iho 
differencca arc attributable principally to Liming rather limn method 
of measurement, 

Beginning in 1941, the United States, through the Office of Metals 
llcsorve, made a series of contracts calling for over a billion pounds of 
aluminum to be delivcicd by the Aluminum Company of Canada. 
Transactions under these contracts were ontcred into AVPB import 
statistics as soon as the aluminum was delivered to w'arehou.>i.cs in 
Canada for U. S. account or, in the ease of metal sent directly to the 
U. S. by the producer, at the Lime it was shipped by rail. This method of 
calculation was used because U. S. holdings in Canada were included in 
U. S. stockpile figures, and tho aluminum metal accounting system 
would have been out of balance othorwi.so. It ahouUl bo noted that not 
all of tho melal contraelually delivered cros.sed (or will cross) tho 
border. Some of it was resold to Canada, some was transferred to tho 
account of the U, K. in repayment for loana of aluminum made to the 
U. S. early in tho war, and some was sold to the U. K. 

Imports of relatively small quantities of alumiiuim were also made 
under other special arrangements, Tho U. S. received aluminum semi- 
fabricated products of Canadian manufacture for n'hich we provided 
the aluminum raw materials. On the other hand we received ingot from 
tlie U. K. in reimbursement for various aluminum semi-fnbriented 
products w'hich we provided through the Foreign Economic Admiiiis- 
tmtion and in reimbursement for aluminum powder provided through 
the Navy Department. 

Ileports of shipments filed by aluminum producers and distributors 
were u.scd in compiling export data. As far as CMP was concerned tho 
job of supplying a requirement was completed wlien llie aluminum 
iiulustry shipped the malcrials ordered out of its ])lanls. Accordinglj' 
no regular ell’ort was re([ui're(l iir nunhi to follow iq) mill and wnri'houso 
shipments to the point of ac^il nxjHi!;t. WPB 'oxp n rti tla ta 
rofleet the lime of mill Hh^ipn|slVWtli(!V Lhan'lliVlTiuJiCnOf<ir'‘ 
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Those data include TvcncI-IvCftHO «hi|)mrnM nw will ft,?., hhiitirirnta on 
direct sale; they do not include nmlcrml luirrhn^f'd liy Dsn Army and 
Navy and destined ultiinalrly f(tr slilpmrnt tor lln-ir own nun nliroisd or 
for the use of a foreign country under the InUTiiational Aid prograrn. 
Department of Commerce figiireK sire Hiinilarly DOitpilr-il, rxeepl sviih 
respect to timing and except for InU^rnntirsiml Ai<l .‘^InisMu nl ’^, w lsieh are 
included in tlie oQicinl fowdgn trade filalislirH, 

• • » 

The experience of the PrsHliirlion lionrrl Issik wrvrrnJ sigoirirniit 
implIcfttionB for the fulniT*. It showed, if fsirllirr proiff wen* ns s ih*[l, 
that "dcacriptive” and “iiinllHnnritiful” slalisli* -ssari' indisiM ii'ydilc l<ai|g 
not only of govcrnmenltsl hut nlwj of industrial rnlniiniHlration and 
planning. It showed that Llie nation’s apringlionrd for (old iirtHhiclion 
is a detailed knowledge of the cniulilirm nf iiidiislrliil inacliim; and 
that the pre-war surveys of llic In'iicral govsTnrns'nl ws'ri' not grunl 
enough for tliia purpo.^. Finally, it showed tlial n sucresj^fnl govern- 
mental sUlisticnl program must is? a cmndinalr'd program, tnoldnl hy 
a constructive and central force. The conHidendion rtlri-aiJy given to the 
integration of Federal statistics'* i»n liO|s-fiil indienlion Unit (he hand- 
writing on the wall is being read by alalialieiana. 

»&j(s 'Problcnui of Fe^lirrol UiaUinMniJ A A^ff. Austr 

Vol. 40i No. 230. June 101 A. pp. 237-04 1. ^ 



IIISTOHICAL NOTE ON THE PURCHASING POWER 
CONCEPT, AND INDEX NUMBERS 

WiRTii F- FEnopn 
BuTcaUr of Inlernal Revenue 
t/. S. Treauufy Dcpl, 

I N nis historical appendix to The Making of Index Nwnhers^ Irving 
Fisher credits to Dutot, in 1738, the construction of tlie first index 
number of prices, a simple aggregative. A few yearfrago I picked up in a 
second-hand book store in Columbia, S. C., a book publinlicd in London 
in 1707 in which the author computes n kind of mental weighted aver- 
age of relatives index of retail price changes between HIO'-WGO and 
1G80-1700. Whether the arilhmoticnl application of tlic formula is suf- 
ficiently prcciso to give the author credit for the first index number is 
open to question, as will be seen, but there can be no doubt that he had 
a clear concept, not only of the purchasing power of money and its 
BignificancG, but also of the principlfis of constructing both weighted 
aggregative and weighted averagc-of-rclativcs index numbers wliicli 
the succeeding 240 years have only refined, not changed basically. 

Tlic title page docs not discloBD the name of the author, but bibliog- 
raphers credit tlic book to William Fleetwood, the Bisliop of Ely, The 
title page reads as follows: ^^Chi^oiiicon Prcclosuni: or, an ACCOUNT 
of ENGLISH MONEY, the PRICE of CORN, and 0^/icr Commodiiica, 
For the last 000 Years. — in a LETTER to a Slxulcnt in the University 
of Oxford. — LONDON, Printed for Clmrlos ITarver, at the Flower-dr.- 
lucCf over-against St. Diinstarda Church, in Flcelatrcct. MDCGVIL*' 
Two reprints appeared in 1737 and 1746. The book has six cliapters, one 
given to a statoment of the problem, two to accounts of gold and silver 
coins, two to scattered quotations of commodity prices and wago.s ^^for 
600 years Inst past/^ and a final chapter giving the conclusion. PrcBenb 
interest centers on the first and last chapters. 

It is interesting to observe that a practical problem of morals gave 
rise to the speculations of the autlior — or did it really? One is led to 
wonder if the Bishop, having spentn good deal of time looking into tlio 
history of coins, prices and wages, did not invent a practical question ns 
an expositional device — not a blame-worthy motive. Be that as it may, 
he also found a second and a third application of liis theory in his Con- 
clusion. Let the Bishop state the proposition, as submitted by the 
*^sludcnP' 1 

*CIIAP. I. 

«r/ic CAHK 

^TIio SlaUitcH of ft certnin College (lo tlio 01)8orvallon of wliicli, every onu 
is flworu, when admitted Fellow) vacubliig a Followsbii), If the Fellow Ims 
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An PHiito in I^ml n/ [nh€riinj\ri>, nr n j^rpriuiil prr 

/In, I tlcfliro ynii wmild In* tn nii r ll i -f 

Qnufllioiifl) whon I have? firH Inlil ynn, iljnl 11 <' wr^p f-und- d U 

tliu YuJATfl M40j Aiiil HtK)* 

"L WhcitlifT Hi‘ wIkj IK 1 ] nf rin < * 7 Yrdin', 

may nnvkv, it nvet in Itu^I I'li^ n-l, and ihf Ji '7jf< ^ /nf ^*t 

ObHL'rvnllun of siicli nmniijii A r- 

*^H, Wlictllitr llo wiin Itrm nut «n Ui'al \ i| 

Tollow, may k(M*p IiLh I'VlkiWTikip l!<o’ li" ■»!//<?? ‘r^^rii a 
ol tliut, or mut?h Rn nlrr Ynhirif 

"III. Wholhur Ifo whu i» nrtunUy jK'vr^fn il f*f nu TfitrA^ , <i4 AVj f%turn!v j,rr 
An. nn Mmn\Vi TliiriR« s;ii U}^\ *f if' \y »i| nn 

prcKiJiniilitni, that VI T nawr^ ih nni wk?al V L w -ut, wLi u 

BULulo wa» miulu.*’ 

Binliop Ucclwoocl fnuml nn diffloiiUy in roining Ut a nnji^/alivp answer 
on the firijt Iwo qucKtiom. {)iily tho third iiiunitimi dif^i^irU^d llu^ Bi*fliop 
nne] in tea's U us: 

"Your Third niitl Qur'f^limi will n»nl rnr- mn-'n^ Triiu^ y'i>n mnjf* 
Patience, before wo come in llm t^nirUvimn; (f r.iu o?iV *;i!l}v 

facLory one at liwtt. Tim QiH'f^'tlon wmiiM n-rlJ^mly n^^u! uu if \\ 

naked in grosw, U'/i^thcr he uhn /w^ Vi |wr ,^n, 

has fiQl Vf When a Pomul Is*, in ImMi ^sind fia«i u ^ y 
GOO WarR) XK 0, lmta« ycni liflv« cpmUlkd it, by n l.trvjj iUn M in^n 

it will require both a go<H! CfiauUl, ami w prf uy r il 

absolutely, niul to your PiiriK>H?; wlurli in I ai ijiuw, i^f wbra 
Vnlue you may now hold an fvilale, with aabay l^i ^ h\rh 

charged with the ObRervntion of Umt v?irniv tv \\,x^ 5 , nuivdup 

of Olio who haa an pj^itiiU’ nf Iiilu'riluric^*, nr a |*rrj‘»idu«i mt f " nr V L 

per An. A bolLer Caiml«l| I own, you fuigla rrt«ily h^vr li-a, P. imy U\ 

you could not so easily Imvu fomul (Im^ wbn Uaih m l-iv. lb 
more Obscrvfllloiw on the Price nf (N»ni, mul nih^ r tVanrjn^di??' ^ r.i Mh h;id 
Times, than 1 Imve done, aH you will | trn ive by n *^iduvK, thsv' Ji.i - b i». j . 
that, for ought I know, my Ihligc iire may make you Amr nd**^ f* j wbrti w.nd 
of Judgment may ho found in uits Ami 1 do iml ^?iy X\iiy\ u4 V>^inly ?\nd 
Ostentation of jny Lalmuri but lnTauN* wilhnut a Tihri»r nf Ki,i,'iih djsii^ 
in thcflo Mftiterfl, Iho Iwist CouuiNt in ib*^ World vnu r s!)!li^v^♦ r yn^ir 
Quofltlon fldliiifaclorny. , . . " 

Tho Bishop need not have m di!^purup;ed hiu nwn for 

after a few rcniarka about the mkx*, \u iIio f ridimi ^u nl 

AiTftirs'’ llittt niny conio fnnu 'T^»lb'rliMlm *>f mo au *J hinvi". as (In* 
Price of Wheal, and OaUs, of Poultry, riinl Mioh Jikr IVovihiniif^/’ ho 
nr^cfl the case in a iimnnor that would ilo enulil [u an Kmuuiinio 
tician a century later. 

I do ndirm Lhim, with the brrit Jtiilaiiuuit I liuvi*, ni74t I i*-) T" 

Aimded, limt, nltho' you are nclimlly pON^^j^i^d of nn iMaw of VI iNuiich 
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])cr An. as Money and Tliinga go now, you may »afdy take tlint Oatli^ U])oa 
Preaumptiou tlint VI Pound now, in not worth wliafc V 1. wan then, when tlmt 
Statute wtuJ firat made. Pocause whoever Bwenra, ewcars to Things that arc 
fligniGcd by Words, and nob to 7n€r£ words. When n Word BignlfiCH tlic Bnino 
thing now in ciTect, which it eignificd 200 Years ngo, then he who Bwears to 
WordSf swears to the Things they signific; but wlicn ciifTcrcnt Things are 
flignified by tho Bnmo Word, then ho who kiiowa that dilTercnce of Things, 
crinnoL help giving bucIi Word, its proper nud intended Higiiification. A 
Pound (for iuBtance) will buy either more, or hiHS Corn (take It which way 
you Will) now, than it would in //, VI I Henry the Six tidal time. A Pound 
is therefore of more or loss Value now, than it was then; and tlic Value of 
a Pound ia truly a Pound, and not its mere iVaaic- It is not therefore Urn smiie 
Thing now, that it was in /f. VI. time.” 

Ilavo the siiececcling 238 years l)rought a better statement of the 
concept of tho purchasing power of money? Tho author even had a clear 
notion of a regimen of commodities to bo used in n weighted aggregative 
index number: 

“And that I may very houcBtly have Regard to tlio Value of V /, 2G0 Yoars 
ago, will, I boliove, appear oviduiib from what I am going to say; That the 
Founder intended tlic eamo Ease, and Favour to Those who Bhould livo in his 
CoUego 200 Years after his Decease, ao to Thos (3 wlio lived in his own Time. 
Now, they wJm lived in his Time, might, with V Poundn, purchnflo ho muoli 
Bread, no much Drink, Meat, Cloth, Firing, Books, and other NccusJjnrlcH, 
or Convenlencics: I know not exactly how much, nor is it material; I only 
say, thu Founder intended I migliL keep such an Nstate, as would sufTico to 
procure the same Bread, Drink, Meat, Cloth, Buoks, &c. as the oLlmr might 
have j)rncured for V rounds, 200 YeaiH ago, But tluK I cannot poHHihly do 
with VI Pounds, ns Things go now, nor it may be, with four UiiicH as innclu 
. . . This Is a clear X'roof, blmt Regard both may and numt be bad, to tlio 
diacront Value of Money, at didorenb Tiiiufs; and tliat tlio Founder'H visible 
Intention is bettor answered by aueb Regard, limn it would be hy a Blrict and 
obstinate Adliorcnco to the baro Letter of the Statu to.” 

The author goes on to miy that it Is not hia purpose to deterjoino 
exactly to wlmboxlenfc pricoH have risen, or tho vuluo of the pound Ima 
changed; “I leave that to Others, to gather from the particular Ac- 
counts of TIuiirh that I shall givo them, from our Historians.*’ But lie 
wan sure LluiL although a pound in the time of Henry the Sixtli might 
Im worth 4 or 5, or more, in his own lime, it was certainly nob worili 20 
or 30. This leads to the chapters on the dGHcrii)tion of gold and Hilver 
coins, to serve as the l)asis of the prices cpioted in the Bucceeding clmp- 
ter.s. CluijRcr IV. ^*()f the Brice of Corn, and other (lommoditie.s, for 
GOO Year.s Lust Past." is in trod need as follows; 

“Ilftving (liHpalchM, witli wUiil exactness I could, the CliiipLeni nf Afonq/fi, 

I am now como to spciik to tiui Price of Corn and other Commodities; which 
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la (wlicUior you know il, or mil) llie nmlirsl wny lo Iho )**>1nli<!n nl your 
Third, nnd moul niali'rini Qm-Klinn. Fitr, yo'ir HubIop*.* i« M know im or nr oa 
you can) wliol EoUilo or Biimifi of MofO'y wi» nov-n Int* njMal, or 
oquivnicnl la Jive Pounde (lei Uial fwi llic mifiiwwn-.l .Sirnrn mi 
I n tU« R«lRn of KiuR If, VF. ami Ui iKif Kml, your Cjur* »ri!l lo (in.! .mi 
liow miicli ilfinf, Prink, or f'fwA, ininlil If (o)rrlm*<<l on //. VI Uojiii, niih 
V /. and then tti find onl, liow iiinrh of llie M.oc'y rt'i» ruTiom, mill Ifi* re- 
quired lo piirclioflo the aaino qunnljl.v of .'iOni, /)ri-i};, and CMh. For, rlnro 
Money i* of no oilier use, limn ns il if* ll"f Thiiig ailli wl/o-h m#* purr lisxe the 
NcccBsariCH and Gimvenivnrii » nf I rife, 'lii ovi'lvnl, llini ii V I, in ff, Y|. 
Diiya, would piirchnat! 5 (Jufirirrn/ Whfol, d J/ttjiihrn'iii «/ P'ft^ ssnd fl }'«jrd« 

0 / Clvlh, lie who llnui had V 1 . In liia I'litrlu l, was fsiiJ as n'')i a Man aa Ins 
who lina now XX I. if W'illi Ihnl XX f. lie ran |«utflMi.»" iio ro'Oe U'Arof, 
or Cloth, limn llm oilier. I <l« mil loran licii’lty lo pi. jmlK'- ll i’ lo lu' iJ.i' I'lo- 
porlion; but u«o lliln Inalnum! lo lei you w r, lliisil lliin i« llir lOojw ii n way nf 
coming to know, wlml li^ilnle la imw nnwl ariawrrable, lo an K^iaie nf V /, 
per An. 250 Yonra iigo. , , . " 

CmiouBly enough, Ihis cimrcpt of » wed^liled B^RFfRilivc iinlpx num- 
ber, aa wc call il, ImcBinc IrnnsinuU-il inUi nn uvrrflR'-^-of-rrhtlivm in 
Chapter VI, the CoiicUmion, for llip prim inf•r^^5^ nf rnrli of .•fpvmil 
aamplo cominncliliea in cHlimnU'd nnd n iiii Mlal nvcriiKr' lahr<ii, to ex- 
press the Aiitlior'B final judgment. ArU’r<'X|iliiiiiiiiK (Iim difTr-rtutn* in ihc 
number of shillings in a pound liolwpcn Ihu two duli'ia irndt-r dim'UMiitn, 
the Bishop aiiggCHts that iimleiKl of (nhiiiK oiio imrlindnr year ill Uin 
present and 250 yeara earlier, "you mnal Uike lhi> I'rii p nf p\ rry f-nrliru. 
lar Commodity, for aa many Ycum lui you ran (1*0, if you Imvi' llmrii) 
and put them nil together; and then find nut the rruimM-u Brin-: niul 
afterwards take the same Counm uilli the I’rii'e nf ‘rhingf*. for lliesc 
last 20 Years; and acc what Proiiorliim limy will U nr In tun* niudhi r; 
for that Proportion is to he your liiile and Ciiidi*." 'nn- i-urfi-rilinK para- 
graph illualratca tlic melhiHl by aHHuminR eerlnin prirpA fur whi-nl, imts, 
beans, ale, and cloth ("GoihI Vhth, euirli ms wim to servi- lln- 1 h*hI linfUrr 
in your t/niucrsify, for hia Gown’’); hut frmn Ihe hiuRungt- il upprars 
that the Bishop believed that he Wim lining n.'rtlislir (iritrs. Wlu-ni, imts 
and beatia w'crc found to liavc increased in price l»y aliiml eix-fuld nver 
the 200 years. “But you must not cx|K'cI lluil every 'filing w ill iiiisw er 
thus exactly,” Ale and cloth had risen uliinit fiw-fiiUI in ptif'-, mul he 
had good reason to Ix-licve that 2(K) years eiirlii-r hn-f, nnilPin, |.;i<-i.n 
"nnd other common Provisions of Life, wpre nix limi s nn vln-up." ‘I'ho 
final statement is as follows : 

’’Anti thoroforo I can see no Cmne, why or 30 1, per .to, dmuhl nuw 1-e 
(icoountoil, n groAlor IShUU-, limn V /. wiw liun' Uifun-, Ih-Iw IH M if), uu.l 
HOO.* 
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Two other applications of the price index concept arc mentioned by 
the author, the first of which can certainly be regarded as important — 
in fact ft matter of life and death I He quotes Sir 11. S'pclman, "a very 
competent Judge and Aestimator of these Matters,” to the effect that 
the laws providing capital punishment for conviction for theft of things 
to the value of twelve pence were being invoked to condemn to denth 
many people whoso crime would not have brought the death penalty 
when the laws were enacted many years earlier. Finally, and to end up 
on a less gruesome note, the cause of deraocrflcy was served by inllatlon, 
when the qualification for “A'lcdors of Parliament-Men” Imd been set 
years before at the possession of lands or tenements to the yearly viiliio 
of 40 shillings. 

"Wliothcr tho LcglDlntivo Power, in 1430, did well, and wlNcly, in reducing 
the Number of Elcctont to such ns wore worth 40 b, per Annum, (which cub 
oil many hundred Ihouaand voices, and consequonlly many occasions of 
Tumults and Disorders) is not to be doubted over-much; nor yet Is to be 
OYcr-confuIcnlly afTirtned, hecausc if it had been so wise and useful an 
Ordiiianoo, it would have still been kept up, iu its due Proportion, (lecording 
to the difTcrciico of Times; oltho' the Changes of such Moment are not to be 
frcquonlly and lightly made. But iu these Affairs, it is not fit for private 
People to meddle.” 

A final bit of advice was given by the Bishop to his correspondent: 

"... And that is, That if ever you design to lake Orders, and obtain any 
Redory, Vtcara^c, or highur Dt^ai'Cy iu the Gliurcli, you he, above all Tilings, 
careful, how you make any Composition or Agreement, for nay long Spuco 
of Years, to receive a cortuin Price of Money, for the Corn that is duo to 
you, alllio' for the jireKciit it may acem a teinpling Bargain, and a profitablo 
Exclinngo, and rid you of aomo Trouble, You know not what Time niny bring 
forth, nor what great Alteralioiifl may liappon, nor what great Misehiefs 
you, unwittingly, may do your SucccsBors ” 



A METHOD OF MAKING ACTUMUAK I-STIMATV.H V(,Hl 
A COMFULSOKY HEALTH IN'.STHtANCK SYSTEM 

Tack A. I>nDn, Th,!)., 

i'ro/fppor n/ 

Vnittrt^H)f r»/ 

T he actuftrinl bai>i« of a rtint|MilM»ry limlili iii-'OrntHr f-jvlf iti, in Jhc 
final analysis, resolves Usott inU> a limMeni nf »*ijnj«lp, firillinn'llr. 
Obviously enough money luiisl be niTed under ibe (ii ^iny for 

the bonefilH provided Ihcreh}', ami briiefils proviThd HinU r ilji< 
cannot be more cslcnsivo ntid coniplefo (linn r;u( l«n tmppurlletl 
by Iho health inwirnnre fund. In oilier v.nrd‘>, iin-lcr jn <•**m)1llb■^.ry 
beallli inauranco plan, w« nilJi all oilier things, it is in0pi»?sil»h< to p».l 
something for nothing, and all (lial i» offered iiiidi'r the iiiRnraiin' sys- 
tem must bo paid for out of funds eolhmUsl from the emphiyrr, em- 
ployee, and/or the government. 

There arc at least Iwo B)H»ronrhes to l)n* hroblrni of detrrmiiiing the 
costs of such a B)'leni, One may fix arbilmrily (hr maxiniiiin nmonnl of 
contributions that it appenrs wiaci or ]»niiicii( tu lr‘\'y for (hi* I'hin, 
thereby determining the amount of money with w luV|| w-rviri- n i‘»n Isj 
bought. Or one may clelermiiic vvlial nppcnnK to hr (lie ininimnin iinin- 
ber of basic services xvhich slmuld be ulfeml in biinKing bns<ir nn dii nl 
care to the desired number of iicraonH, and llirii, ii|hiii n leihis of ihofi^* 
needed services, determine how iiuirli nionoy will In? lu'rdrd to (my a 
fair price for those services. In either cime it will l«i ru*<-rwmry py i-.ti- 
mato na accumlcly os poKsilde (a) the lolnl or js-r <’n|ii(w rof^i c»f bit^ir 
sorviceff to he afforded, and (h) the tolal or per rapiin ('(tiUilhuiimi 
which will bo collected to pay for the fservici'S. 

Sinco compviisory health inKurnnro is a. new fudd to llio (*011(111* iif Ihli 
country, both ibo amount of the levy uhieh eon and duiuld be t’olh-i-lt'd 
for the support of the scheme and ilic iminbpr and rmluft* of whal itrn 
to be cnilcd “Ijiisic medical services” nfforded to (he. Inrgc^i (lov-ihln 
number of the (yoiHihilion arc innllers llml, for (lit* wniil of n I(l■ll 4 -r 
method, must be more or less arbitrarily delermintd. Hut a stiirl l“i 
needed, and enough serviccH under the licallli insuranci! sysPm be 
offered to mcel nt least the basic needs of Iho largest imiiibi<r of [yeO’onH 
possible at a cost limt will not be over-burdensonu! ftir (lie individiml, 
the omiiloyer, or the stale or federal goveriimenJ. Olher uii e, tin* plan 
cannot survive, and cniinol bo inKinimciiiul in luecliiig Ihi* bojiic dif- 
ficiillicB oncouiilercd under ilio syhlem of ihc (.iivatv iirm iii i* i.f 
medicine. 
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Several compulHory hcaUh insiirance plans wore presented at the 
last session of the California State Legislature. Even thoiigli no coin- 
prehensivo compulsory program lias yet been envoked in any Htato of 
this country, in vie\Y of the widespread application of the hcaltli in- 
suranCG principle in most other advanced nations of the world, and the 
imminence of its application citlicr upon a stato-wido or nation-wide 
basis in the United States, it SGoms clear that a sober and sound a}j- 
proacli to the actuarial basis of a compulsory plan is already long ])tist 
due. Inasmuch as an American plan for coiniiulsory health iiifiii ranee 
must not only profit from tlio mistakes that have Ijcen made in lids 
form of social insurance abroad, but also must bo Iniscd upon American 
experience and American standards, an approach to this problem has 
little to build upon as a foundation, 

In order that a start may bo made in tlie development of a sound 
actuarial basis for such a program, this discussion will suggest a inolhod 
of approaching an answer to the question as to liow much revenue 
could be expected to artse under a compulsory health inauraucc program 
such as that proposed for California by Governor Warren early in 1916, 
Several basic computations arc involved in the development of a 
method: 

1, Kfltimntcg of taxable oarninga iiiitl tax revenues, by yenra, during tho 
ten-year period 1038^10-17. 

2. Kbliinatca of tlie number of emplo^cca and dcjiondonls In California who 
would be brought willihi tho scope of llio system oulliued in tho Gover- 
nor's proposal (AHHcmbly hill No. 800), or its counterpart, and introducod 
in the Stale liCglHlaUire early In 1045. 

a, KsLimatca of tho average per capita amounts mado available tlirough tho 
lionltli insurance fund and covering, in tho main, approximately tho same 
working groups as are now covered under the unemployment compensa- 
tion low, but including dopoiidont family mombora as well, 

A fourth basic compulation, that of estimating tlio amount of 
medical benefits that can be olTcrcd under the proposed program, can- 
not be presented witliin the confines of this paper. 

I 

Esliinalca oj Taxable Earniiiga and Tax Revemies in California 

1938-1947 

Any Bound ai)proacli to tho actuarial baRis of a compulsory licnlth 
insuj’ancc BysLcin mimt start with tho Federal CenHUH of Population and 
an analysis of tlie numbers of pciHons gainfully omjiloyod. Tlie miivdmr, 
sex and ago distribution of employees to bo covered by tlio compulsory 
provisions of a hcaltli iusurauco plan for California have been made as 
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of January 1, 1035' and for 1037, > niul llir nirOiml devoir,] nwl ml 
1)0 rc-proscnled here. IL will, uf rotiri'f'. I^r nrrrKMry U( j-r<*jrrl ]u>]tiila- 
tioii treiulH for the Hlntc from tin* ljU'l I'nlrnil (’iTtMif* pejiiwl KUHfl) 
for Hcvcriil yearn, Ah initiralcd Itf'lfw in InlJr ■!, lid'-- fdndy }»r<der'l,H 
thcfle trends throuRh (lie year 1017, i»(. wliMi Cshsr* il i - rMirinded Jhc 
state will have n lolid populatinri of «,'14n,l«K» riM-li-rd eh ilinii«. 

Tlic age and sex dint riliid ion of (I»« pojHiljdixn. niol site nmjur w- 
cupntional groupings of (lie jiojtiilnlifiii nre i rwly olihiinsildo frtnn llm 
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vaisccl by means of a specified jniyroll tax schedule as stipulatecl in tlio 
health insu ranee proposal. Tlie.se data are presented in Table 1, ivlmrc 
phenomenal increases in total income pnymcnle received by persons 
in California between 103S and 1947 are indicated. In 1935, for 
instance, persons in California received an estimated total income of 
$3,952,000,000, or an average per capita income, after federal taxes, of 
$650. By 1043 this estimated total had increased to over $12,000,- 
000,000, or to an average after federal taxes of $1,336 per cai)ita. 

TABLE 2 

HtJMDEIl OF EMPLOYEES WHO IIEOBIVED WAGES IN COVERED EMPI.OYMENT 
CUNEMPLOYMEN'r INBUIIANCE ACT) DDUINQ J040 AND 1043 IN CAUVOIINIA 


Number nnd PcrconlnRft of Employ cca 


Group 

lOiO 

L043* 

Number 
(In 000a) 

Por Coni 

Number 
(fn OOOfl) 

Por Gout 

S 1 lo IDD 


20.4 

D2B 

24.4 

200 lo 300 


n.o 

400 

10.5 

400 lo COD 


8.0 

260 

7,4 

000 lo 700 


O.fi 

213 

5.5 

800 lo 000 


0.0 

170 

4.8 

1000 lo UOO 

311 

15.6 

400 

10.8 

1500 lo 1000 

202 

)2.0 

314 

0.0 

2000 lo 24D0 

144 

0,0 

201 

7.0 

2SOO to 2000 

57 

2.7 

270 

7.3 

3000 and over 

Oi 

2.0 

, 183 

12.7 

3000 lo aooot 

10 


145 

3.8 

4000 (0 4000 1 

10 


145 

3.8 

5000 and overt 

20 


103 

5,1 

Tolftl 

2,101 

1 100. 

3,800 

1 100. 


• Wiigos for 1043 repTCflcnt waged until Bcptcinijor 10, 1043, 
i EAlimatecI clUlrlbiiMon mndo by tho C.E.S.C. 

Souncu: Iteporl of Actinties for iho Monih of January/, iOAdt'* Caljfofnfn EmpToymonl SlabillBA- 

(lon Coinmiltco. 

The most reliable estimates obtainable indicate that in 1040 total 
‘'salaries and wages” in California approximated some $3,380,000,000; 
by 1943 they had exceeded $7,800,000,000; and in 1944 they had 
reached a peak of some $8,350,000,000, This latter year the estimated 
average jicr capita income payments (after federal taxes) also reached 
a peak of $1,405. Thc.se data also suggest that while the total ‘‘wages 
and salaries” in California had passed their peak with tlio paHsiiig of 
1944, fltill, by 1047 they ^Yill probably approach an cHlimalcil total of 
some $5,050,000,000, an amount 06 per cent above the level attained 
in 1040. 















AMKIUC^N WATT^rirAJ. AWorUHON 

In Table 2 are presen led havie tiala rrlafive lu Jh*- «lif.(ril,uiion ( 
earninga amoiiR ciii)iluyed workers who wngea in rai- 

employmciil in California during JP-IO nai] jfijn, r,K»i ^ 

pulsory lioallli insitrunrc iiroiuu'alu are mlvan' rd oreirr Jbe fiSMiPTiitU**' 
that sonic minimum earnings level nnn-l la^npj.lied Jon‘-lnl.!i;.Ii eligjl^” 

rAiii-K a 

TOTAl, WACIEfl.TAXAni B WUIKS.AKH IS<TIM\ ti lt TOr^J.TAJj U.I.r wjrii B 

. Tttl; M Aluti;s IIKM.IH ISM’lnXf'K M ‘ 

jrjdmsfM //fliMi yp™ ce*»ritvi^t 


Yeur 


j r c* 1 

Toll>IWB«r»t TM.II»Wl*r,i rM,,i„u t 
In «npl«,m.,nt < i 
(ovci<«lhy "t I wn-P ; ml.. »%,, : 

llifl C.U.I. Art 1 Art ,r»1 JWp, | 

(S^OfiU l»i9jiM j 


)!.iV 

H l\ 1 

i ATi-J 

l;>« f:?nr i 

A, 


-p IVW'l I ^ 

rwi 


K.rd4^.1 

t »«« 

f 9 


•^r II I, 

Ini 


im 

1039 
lOld 
1041 

1043 
1D43 

1044 
MO 
104 ft 

M) 

1040 

(Ml,) 

1017 


( 


MO 


''■^> 5 ^'*’.^** • n.iwtl .•»« tr„| •» 

2,053,137,013 3,0^3,n3,fH9 j m r^n ■ 




2,052,137.013 3,03*3,n3,fH3 \ 

2, 30S, 113,011 2,(i;?5,aW,3Cir7‘ 

2, 073, 4 049 3,0if9,or4^ 

4|3RO,,'107,Oyj 3.Fil*3,47flJ3a" 

*.7l8,H17,ft&a e.lK-li.OIS.aW' m?\»II(.r. 

Ail00,lKO,000^ A,40(l,orHl,(iCIO', l70.air,M|' 

<,207.000.000 a.Wq.OtW.DOO'^ ISl.Ktt.titx; llA.SW.tW S,W/r«,rv.« 


P 1 ,7f^ ,ft9 1 ^ 'C-’^ . rv a 

I I |iM,74 4,'l'lC^'n 

1^5, |tw,m \ 5.A« ^4^ II n 




r<. 

n 

IB';* 

II 

b;/i 


.ra,<ee 




a,W3.000.000 a.370,CXW,CWO'^ 

».:fl2.ooo.ooo s.aoo.ono.o«,.j uo,m.J 


* Doea Moi InHiub^ «AB{e» \u fririM* lif u (fwift ^ ^ 

ixrcnt W 1! 

'roinl TBxnolr vl^KM IJITLIj ''' >’^''1 e. 1 »' 5" 3. 

AV.,c,, B propemon .^InTn 10^;'“'’ I-’ l-ul p '-Uh-ri, Iiu4 

Europo will b« UrrlliiBlt,! I.y July. l^-'arWBi tn*(dl"Br '■« I! rtll) W>ttn 

llAl o, whleh l,BV« p,.v,ll„1 b.,w»l» L, '»' 

wi‘°„’!r.w ?,?, ''.""■“l" ""^ 



ACTUAIlXATi ESTIMATES TOli HEAETH INflUHANCB 


03 


3 per cent payroll tax would be levied for the health iiiHurance fund. 
These GsliniEites are prcRentcd below in Table 3. CoiiBidertible light on 
the situation, it will be observed, has been shed by the records of the 
California Employment Stabilization Commission, which since 1938, 
has been collecting a payroll tax on all taxable wages and salaries in 
covered industries. By projecting the same relationships ^vbich tlie 
taxable wages (subject to the California Unemployment lusurauce 
Act) have borne to those total salaries and wages (Table 1) and total 
w'agGfl in covered employment (Table 3), it is posnible to c.stimate the 
probable revenues flowing into a health insurance fund year by year for 
the ten-year period 1938-1047. Under thn proposed 3 per cent com- 
pulsoj’y lioalth insurance payroll tax, a fund of probably more tlian 
$100,000,000 a year for the next three years could be anticipated for 
ilio purcliaso of medical care under the program. 

II 

ISslinialcs oj die ATinuber of Employees and D(^pcndenis in California 
)Vho Would be Brought Within the Scope of 
Ihc Cover nor* a Proposal 

Obviously the number of workers included in any health insurance 
measure will depend upon the income levels established and the extent 
and nature of specific exemptions that arc made. The most reliable 
estimates of the number of wage canicvB Llivoughout the stale re- 
ceiving earnings of varying amounts have been made by the Km))loy- 
nicnb Stalulization Commission, and arc set forth above in Table 2. 
As previously noted, many thousands of wage earners working in 
covered employment in California make uncmplo 3 nnont inHurunee tax 
contributions during the course of the year even though their total 
earnings during the year do not reach $300, the amount stipulated 
under the Act as being the minimum earnings wliicli qualify a worker 
to receive benefits under the program. 

The figures presented in Table 4 set forth, upon a basis of the records 
of the California Department of Emiiloyment, the actual monthly 
average of the total number of workers in covered em])lo 3 m\eut coming 
within the scope of the Unemployment Insurance Act of California, and 
the estimated number of workcra in covered iiidustvicH with wage 
credits in excess of $300 (and w'ho arc, therofore, eligililo for the receipt 
of unemi)loymoni compensation benefits imclcr the Ciilifornia Act) 
for the years 1938-44 incluHive; and cstiuuitcB for the years 1945-47. 
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TJig Governor'a bill specifically included ns dependents only tlioHc 
who are legally dependent spouRca or dependent children under the 
ago of eighteen (Administration Bill #800). It in extremely difiicult to 
arrive at a fair estimate of what these numbors will he per insured 
worker. Perhaps the simplest and moat logical approach to this calcula- 
tion, at leaat until more accurate cfltimatcfl can bo made, would bo to 
base the computations upon the ratios tliat prevailed at the lime of tlio 
last Federal Census (19d0). 


TABLE 6 

COMPUTATION OF UAlTO OF AVEKAGE NUMIlEn OF PERSONS NOT GAINFULLY 
EMPLOYED TO AVEUAQE NUMIJEIl OF PERSONS GAINFULLY EMPLOYED 
IN CAIAFORNIA, 1038-1047 


Yeiir 

Totnl Clvilinn 
Fopulatloa 
(UcBlUcnt) 

ToUl QftlMMlly 1 
Employed (Covorocl 
and NoD'Covorcd 
Employ) 
(Civilian) 

Tefal No. 

Noi Qaiii' 
fully 

Employed 

Ratio of No. 

Not Employed 
to No. Em ploy Oil 

1088 

0.087,000 

2,311,000 

4,310,000 

l.M 


0,755,000 

2,304,000 

4,301,000 

1.80 


0,843,000 

2,482.000 

4.301,000 

1.70 

IDdI 

7,000,000 

2,730,000 

4,270,000 

1.60 

1042 

7,315,000 

D, 072, 000 

4,243,000 

1,30 

1048 

7,610.000 

3,404,000 

4, (MO, 000 

1.17 

1041 

7,880,000 

3,418,000 

4,432,000 

1.20 

1045 

8,004,000 

3,302,000 

4,042,000 

1.38 

1045 

8,343,000 

3,170,000 

6,173,000 

1.03 

1047 

8,440,000 

2,076,000 

5,405,000 

1.84 


Thcac census dala show that in 1940 out of a total civilian population 
of 0,843,000 a total of 2,482,000 poraons B’cro gainfully omifioyod in 
both covered and non-covered employment throughout the State. This 
meant that there wore at that time a total of 4,301,000 who wore nob 
gainfully cmployeth In other words, for every [icrson gainfully em- 
ployed at that time there was an average of 1.70 ])crsons not gainfully 
employed. ProjeoLing this relationship analysis through each year of 
the period (1938’47), we find that the ratio of the persons not gain- 
fully employed to the total number gainfully employed dimmishccl from 
1938 fltoftdily down to 1043, ami uxmn a bnsi.s of ouv estimates for Lho 
coming years ^YiU increase again to lho point ^Yhorcby at 1947 it will 
have regained its pre-war level of approximately 1 to 1.84. 

Another molhod of estimating the total nvunbev of dcpeiulentg to bo 
included under tlio Governor’s proposal is to examine tlie rolationHliii) 
between the numbev of persouB gainfully cmyiloycd (in both covered 
and non-covoi'cd oiniiloymeni) and the total number of familicH 
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includo only the legal spouse and dependent cliildrcn under tho age of 
18 years.* 

TABLE 7 


estimated AVERAOE number OV DEl»ENDENTB (LEGALLY DEPENDENT SPOUSE 
AND DEPENDENT CHILDUEN) PER QAINPULLY EMPLOYED WOUKEIl IN 
CALIFOnNIA. 1038-1047 


Year 

Total Population 
(IlcaidoDl 

Civilian) 

Total 

OnlnfuDy 

Employed 

Avor. No. of Dcpriidcitls per 
Employed Worker 

(Dep. spouHo and dcp. 
children under 18) (AD #800) 

1038 

0,087,000 

2,341,000 

1,01 

1030 

e,765|000 

2,304,000 

1,31 

1040 

0,843,000 

2,482,000 

1,24 

1041 

7,000.000 

2,730,000 

1.10 

1042 

7,315,000 

3.072,000 

.07 

1043 

7,610,000 

3,404,000 

.82 

1044 

7,880,000 

3,448,000 

.01 

1045 

8,004,000 1 

3,302,000 

.07 

1040 

8,343,000 

3,170,000 

1.16 

1047 

8,440,000 

2,076,000 

1.30 


Tlio 19 dO l‘'cdcral Census showed that out of tho total resident ci- 
vilian population of 6,843,000 iicraons in 1940, 2,482,000 were gainfully 
cmi)loycd. Another 3,006,871 were reported ns married dependents nob 
gainfully employed and dependent children (not gainfully employed) 
under 18 ycura of nge. In other words, ivt the time of tho last Fcdeml 
Census, there existed an average of 1.24 dependenia (as defined in lino 
with the provieions of Governor Warren's Bill) for each gainfully 
employed worker in California. 

It should be noted also that the year to year ratios have been cor- 
rected for the increases brought on by wartime eniploymcnl opportuni- 
ties which have had the cffccl of (a) increasing the proportion of tlioso 
gainfully omplo 3 md, and (b) reducing the proportion of the numljcr of 
dcpendciils, Both of these influences have had a considerable effect 
upon the amount of tax contributions into the proposed health insiir- 
nnee fund, and the average amount per person available for medical 
benefits, 

( Aa provided for In Aclmlnlnlrution Dill /800. 

■' Tho yenr lo yenr vnrintiona In this eoL of ralion Imvo been computed by InkitiR Uio rnliofl of de^ 
poiidontH per employed worker dolormlned by the 1040 Fodernl CcnBiw (wlicii llio rclalioiiflliip between 
the lolnl number not employed lo llio totnl number employed wim 170 lo 100) ao 100 cent (baoD 
year), and llien nOliiAtniK each year lo n correH|>oiuUii({ rclulivo ratio. Tbiin Uio link relallvea boe«ino 
1038-100, 1030“100, 1040-100. 104J>81). 1042-78. 1043-00. 1014-73, 1010-78, 1040 03, nnd 1047-100, 
Tliim iba rnllo of dopandouta pnr worker In 1010 (1.24) bocornca ibo baao, and Ujd acljunlcd ratios for 
1038 niD LOO per cent nf 1,24, elo. TTdn aiibwlment has Vhn cBcni of correeUnK (or Ibo uiiUBUaily 
cmplciymcnl Jovcls during iho peak war years of 1042-4fi and theroforo rcAulla in oonnorvallvo rnllior 
than Inflated o«limatcA rolallng to tlio siio (per capita) of thn licallh iTifluranco fund, 
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BatitTKif^a <’/</(<’ Aivrrajf PrrCnpjirt Arjyiui,!/^ 

IknrfilR Thrminb Ihr ilrnVk h>Wfir,ff iu->,4 

Ifc now bcconiPH iiOfJHiblo lo driiw llio \3frii»iip' win i.i>f r.'f’i iiijftjfvii 
gethcr ill dclcmiininK lliR «|iproxirii5il.i! f^r foiiiUt h w hi-'h puili a 

plan would have avnilal'le for rovriiUR tlii- Uinlif al 

benefits under the projiwal. This l»riiii?« Ihe bi Hio 

crux of the comiiulsory health iiiHiiaiKr' f^r suit' fl»l"ij'ialc 

funds are availnhlc, incdiral mvkr'M rnnni.S i-r* «>Urir/l Ut U nrfi''iajic!i», 
and the systeiii is fnrwl witli fumnrial iliwt^-r. 

TAtur; « 

COMPUTATION OT EflTIMATKI) AVPKUiV- NTMUm *'lf /VKUlKPUM AND 

DErENDENlH)EI.KilllI.P;F<*U MKItlCAl. OKNl FI Is* !■ i sw<MV ill Al.TH 

INSOnANCB PIlOPOHAl.* IS CAlll'tsKNIA^ 7<."iiKrU> I! MIIIl I':«J A T|:.J* I'XK 
CAPITA AMOt’Sra AVAI1.AIII>K toll KXMVNIUII MIJ r«‘H 
MKIUCAJ. M'.NK»'U?l 
»OA 1»U 

EMIin*l«j Utallcd Ift TIhiw Ktraiox t'lWM kw) loo* Iml j |3Hrt!£*s«JI A*'*i Pw 

j^jir in ] "'i-'iW , 

Ywr j I ritffvi'/d-w'-iii* , T>j5aJ ! '3-*^ M«n-J 

im I,M7|CKK) | f 

IWO J,flJ3,WlO 3,iftis,ciarj ; ' «« 7 ? 

IM 1,601,000 3,00q,tilXl tJi 

IWl a.QOfl.OW 1 IJf 

im a.aTPiOoo 3,$o?,cjfW \ | ^9 

iwa 3,7^tl,«)0 3,M,OCiO \,m,m j SMI 

mi 2 , 0 H ,000 3,406,000 ,1 7/1 

lp4fl 3,401,000 0.3:;(0,tKiri 4.M0,<¥KI '| 7?> I? 

mo 3,603,000 4,o?)i,wio ,< m,'s?sc4,n«i "-xi p 

1047 2, wo, 000 o.Mi.PW I A.m.m I | :s-x.^a 

Ten'yfiftruvftr. j j 4 .4(^1^, m j ^ 46 

♦ AMviminR hamift IwlttuVry wmrmit# »* iW**- fi 

Btnlfl Vtiomploynmni InniirAnn A el* ma 

oUior groups wliiob mlglil Ims Indtid'Nl uidt&f ilwj f , 

Comprtrifioas of Iho rjf^linnitixl tnUil niiiiild'r Mf inMJrrfI j'l r t^ns it)- 
gother >vith Ihc lota! lux contriluUUiii*^ in niveri'i! nrulr r w 

compulsory flyuLcni, nnd per cftpita uvumgit"*!*. l^y yi !!!irnu| 4 .li»»ut 
tho ton-j'eor iioriocl uru soL fori, 1 1 in Tiildi* 1^, d in 

view of couRluivt llvivluulumH in empinyinml nwX ruinin^?^, Uom* dntii 
iudicato a muriked vurialion from yvax In year in llu* i-i^iinnin^d lohd 
tax conlrilmtionB accruing to llic llcailli Ini^urniirt^ jMind, tri l)ic fun^ 
of inovUaMo cliangca In llio CAliiiml4:td inul niiin)»rr^ f<f !?» in lirinrii-iJ, 



ACTtlATllAL B6TIMATBS FOR BBAI/TH INSUnANca 


60 


these clmngea mcaa variations in tlie average amount per beneficiary 
available for the purchase of health services. The cstlmalccl per capita 
amount, for instance, which would be available under the general pro- 
visions of A.B. |800 increases from §16.76 in 1938 to $16.79 in 1940, 
$25.49 in 1042, and $33.70 in 1944; it then declines to $22.66 in 1047. 

In a critical analysis of these basic estimates it is ini]iorlant to 
examine the averages that may he expected to maintain throughout 
the entire ton-year period. Especially docs this appear to he advisable, 
since wartime conditions Imvo already brought, and promise to con- 
tinue to bring, basic changoa in the economy of the State. Averages 
over the full period 1938-1047 tend to minimize both the highs and the 
lows of individual years witliin the period, and present steadier esti- 
mates over a longer period of time. Hence such averages might ho ex- 
pected to indicate with reasonable conservatism the conditions in gen- 
eral to bo experienced during the starting years of a compulsory health 
insurance plan. 

These ten-year averages, sot forth in Table 8 above, fiuggest with 
reasonable certainty that amounts in the health insiii'ance fund will 
average, year in and out for the coming few years, substantially more 
than $20 per annum per insured person. In fact the yearly estimates 
(demonstrated previously to have been made conservatively) during 
1946, 1940 and 1947, fall as low as $20.47 during one year only, and 
average over the ten-year period more than $23.00 per capita per year. 

The.se data indicate strongly tliat for the iinmcdiiilc years ahead 
there should be available within tho Health Insurance Euiul under the 
Governor's propo.sal some $20-$22 per beneficiary (bolli worker and 
dependent) for tho extension of medical benefits as provided under llio 
plan, and oxcluslvo of administrative costs, 
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Jwrrn nrRi(i*mv, J>S P 

Divition of Hiomt.lry anA Mtliuol .Si'jJjKfi'r*, Mayo fVtnii.', 

I F A, function Q Lh fillwi l« apcrin'i rtf Mi>.w'Tvr»I TftUini <?, Ihf^ v«|«p of 
chi-Hquttro for tho itli rale q, lin^l on «, i'lnrih it* 

f.Y - m)’ 1 

“ — - - =« n, . . <fr/. 

w l\ij, ' 

In Iho incilhod cniplojJHl l»y Pliiat,' nii<| Hlw njvl Ji, a 1 wlor® for 
fitting tlio integral (tf the normal curve mini tlic ww r4 n iinenr Irans- 
formation iw "probiln," lliore is iniplicil ttn aiij»ro»;inia!i«.-n 


q - QtA' 2 ip. i\} 
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in which 7), niifl /Vnre th<! proliilacorrtwimn'linR Ur^wni'l y wjirciivcly, 
tho probit being 6 pIuK i in the normal inl'Cgral 




..J r,. 

V 2 irJ.., 

Z ifl tho ordinalo of the normal curve at * for llir fuiH rvUe y ni„| 
1-Q. If the approximation (2)for (g-Q) inmihttiihUml in tl), «r- Imvf 
a« an approximation of dii-iK|uar« 






In the melbocl of BIibh ami rinlipr, tlm rpinnlitv on tJio right of Ci) 
flummed for all Ihn ol>Bcrvntinn«, \h nihiiinir^Hl. TIiIk itr nrrMmpliHb.-d 
by oblaimiig a leant otiuarcH nolmion for mJiid, h ^ nroiKi,i,|ii,c 
function of tbo log dewe, tho weighUt for tlinniilution ln-ing 
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The logiBtic may bo fitiwl with lli<> ukr of logit.., by a nii.(ho«| pr,*- 
cmcly analogouB to llml nm\ for prohita. TIm- npproxbnu.ion rorre- 
sponebng to (2) would then be 
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in which I and I, arc tlu> nlssurml and fiiSnl hvjaiiai h'3«jh'< fivriy, Hh*. 
logit being ^ 

P - /' 

i » In - ' // *^ In - - 

V Q 

If thnappmximarinn (d) {uriq-Q} m /i>. v..- bm** n«lhe 

npijrDximaUon for clii-<ir|iijirc 

The quanlily on the rifthl of (>1) ^unnmH U>r ?*)1 t.hr>4 ,vn«i<'n.>t it< 
then to 1)0 lilinitniwHl. Thin ix «rn.ri()dir.hi^J Ity ««} iH ?, j, J 
Bolulion for t whicli Lh n Mraigbi lino fuiKjjoi, „( n,o 
wcighlH for the HnUilimt being 

In (5) there i« aximiiHfiralion nw riiin|mrt>4t wiHi ?:t) iH-rniioo Z. whirh 
19 the first derivative of the hinclion with In iSi.< lim aV 

fonnntion ami for the probil i« i>(pinl to the nrtrnud ordsnad*, i^ f»,r (he 

Jogislic equal to PQ, and mi caneeb oni. (hat value in tbr >if n*.i.,iiia!or 
of (1). 

If "corrcctctl” logite are to Ik- iiwl winlogou« (n i,wil for pro- 
bila, a flimilar almpljfieatirin in i-ffeetwl. 'Hie "rorrertt-,)'" prutdl is a 
value p'r subfllitutd for the nlwrvwl p„ mkIj hp !*» fulfil n-^j i sartlv 

instead of npproxitnnlply. For tho proliii ihhi rKw 
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If anologously wo cvaluole n “corre-etd” l..git V for the 

^ '***''* ‘ * *’' "r^TfortMl ■’ 

(if - Q) 

“ PQ • '•> 

In the method lulvanced hy me in a former tmii-le f,.r ibr- biKihtii- ' 
a dilTeront npproximntjon than M) is ulilimi ^ 


V « I. 


7 ' ' ^ . 


q^O r-.l ~ VimJ'Q a /,). 

ciS^fbcT'';'"';-? '? r..r 

cm-aquaio the Hiim of whirh is to )«. riiiuimir^^l 

X*-* -- /„)* (.,) 

v'rj o? '?’■ 'r 

vahlOB of />(5 winch arc requird for tlm m. igbla ♦! 
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ill the solution, If (9) ib used, no preliminary fit is needed Binco the 
'Weights are in terms of tho observed rates Tlie use of (9) therefore 
conBiclerably simplifiea tho solution. 

It is however pertinent to determine the relative precision of tho 
approximation of chi-square (3) utilized in tho probit method and (0) 



used in the logit mciliod. This has been attempted by taking some 
specific hypoilietical examples and aritlimetically cvalimtiiig tho com- 
parison, In Table 1 is shown for a range 'of- q and Q, where q is conshl- 
ered the observed and Q tho covrcsponcling "true" ratCj a eompnviHon 
of each approximation witli the actual chi-Hquarc. In Figure 1 is sliown 
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flUmlllini. vUflrl, /flSjf, fftilf®!. if })' illjfi, lKif« 
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SEDLEY ANTHONY CUDMORE 1878-1945 

T he death of Dr. S. A* Cudmore, head of the Dominion Bureau of 
Statistics in. Canada on October 17th while aitending tlic United 
Nations Food and Agricultural Conference in Quebec City brought to a 
close the career of a distinguished Canadian public servant. Ilis mastery 
of a Avide range of economic, statistical and historical knowledge en- 
abled him to carry out the responsibilities of Dominion Statistician 
with great success. He came to the Bureau shortly after its fonnatian 
in 1918 and contributed much to its rapid development in the various 
positions lie held since that time. 

He was born in County Cork, Ireland, on November 27th 1878, and 
was a son of the late Thomas Gardiner Cudmore and his wife Caroline 
Ellen Sedley. His maternal grandfather was Lieutenant Colonel 
Anthony G. Sedley, a veteran of the Pciunsular Wars and Waterloo 
and Governor of the Military Knights of Windsor. 

Emigrating to Canada when he Avas nine he lived in’ Brampton, 
Ontario, wliere he obtained his public and secondary education, His 
insatiable thirst for education had to bo satisfied the hard Avay, his 
high school career having been interrupted by pecuniary difficulties 
Avhich led him to become a pi’intcrs' apprentice at the age of Lhirtcen. 
After resuming his studies ho matriculated and won the Prince of 
Wales Scholarship for general proficiency, 

In 1899 he entered the University of Toronto utilizing his training 
as a compositor during vacations and for shorter periods to earn the 
funds necessary to defray his expenses, In lOOB he graduated with liigh 
honours having won a gold medal in. cln.ssics and the Flavclle Travelling 
Scholaiship. At Wadham College, Oxford, he studied hi.slory and neo- 
noniics, taking his B,A, degree and later his M.A. at that University. 

Inclined towards journalism he did some work for London papers 
and was, for a time, a sub-editor on the London Standanh In 1908 ho 
returned to Canada to become instructor in Political Economy at the 
University of Toronto. By 1917 ho had become assistant-professor. 

In 1019 he gave up teaching to take the post of Chief of Education 
Statistics in the recently created Dominion Bureau of Statistics. From 
1920-1935 he Avas chief of General Statistics and Editor of the Canada 
Year Book. Under his leadership ilic latter steadily gained in compre- 
hensiveness and quality until it ranked among the best in llie world, 
TJie good reputation AvJiich the Bureau of Statistios had won in other 
GOuntricH led to an invitation from Palestine for Romonac to assist them 
in the organization of their HtatiBtics, Dr. Cudmore was loaned for tins 
piirposo in 1035. He remained there as Government Statistician until 
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1938 and organized their Bureau o( Statistics. Hclurning tn ('niKiflu in 

1939 he was appointed Assistant Dominion Slntislicinn and in lfH2, 
on the retirement of Dr. R. IL Coats, he became Domininn filnliH- 
tician. 

Less than a year ago his Alma Mater recognizing liis disliiignidird 
services, oonferred ou him the honorary degree of Diirtor nf I 
He was the author of two hooks: A Ilislcir]/ of Ik. (.kth 
mem and Applied Economics and contributed many nrlicli'H W 
economic journals and other |iuhlicaliona, 

Hia extensive statistical and economic knowledge led to Ills nlleml- 
ance as economic adviser to the Canadian Oovcrnineiil delcgalifin at 
the Imperial Conference in London in 1920. lie was a itkiiiiIkt of tlii’! 
American Statistical Association, and served as Awilstnnt 'rrrasiirtT 
for Canada from 1941 until bis death. He was a fellow of tlm Uoyal 
Economic Society, the Royal Statistical Society and tlio Iloynl 
Society of Canada; one of the three Canadian members of tim Inlenm* 
tlond Institute of Statistics and a member of the Inter Amcricnii .Sin* 
tistical Institute. He had accepted tho position of Serrclary am) Vicr*- 
President of the Canadian Political Scienco AsHOcialion and Pn-Mdcrit 
of the Professional Institute of Iho Civil Service of C*nnftdn. 

In 1910 he married Phoebe Amelia Magee. His eon w'rvrd 
with the Royal Canadian Artillery in Europe. 
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BTATLSn UOTEL, CLEVEliAND, OHIO 


PROGRAM 

Thursday, January ^4, l9/f0 
— 9:30 A.M. — 

FACrrona DETEHMlNINa IKCOME AKD iSwriiOYMENT 

(Witli Ecoooinctric Society) 

Clmirmnn; Arlluir Smithies, bureau o{ tho Budget 

A Macro-Economic Systcnit C/. 5- A,f lO^O-lOJi-l 
LawrencG 11, Klcini Follow ol the Social Scionco Kceonreh Council 
Inicrrelationships of /ticowkj, Pr^cca^ Demand and Production at Pull Employ^ 
merit 

W. D. lOvanu, Jerome Cornriold, Mnrvin Iloffonberg, Bureau of Labor Sta- 
tiBlicfl 


— 2:30 

pACtoim Detbiimjmikci Incomb and FMri,oYMEKT (coTdinued) 

(With Ecoiioinotrio Society) 

Chairman: 0. Ci Stiiie, Bureau of Agriouliural Economics 

Some Factors Ooverniny the Length of Inventory Cycles 

Lloyd U. MoLzlori Board of Governors of tho Federal llesorvo System 
'iVic RcloHonahip between tho Rate of Savinga and Naliotkal Income 
Wladimir Woytinsky, Social Security Board 
Cajnial Expansion and Full Employ mcni 
Evsey D. Domar, Board of Governors of tho Federal Keservo System 

Lauoii Foucb Mbarurement and National Employa\ent Policy 
Chairman i Howard B. Myers, Committee for Economic Dovelopmcnb 

Objcelivest Uaca and Types of Labor Force Data in Relation to Ecorwviic Policy 
liOiiia J. DucofT and Margaret Jcirmau Ilagoodt Bureau of A.KricuUural Eco- 
nomics 

Recent Experience with Problems of Measuromcrit 
Cierlrudo Bancroft and Emmett ll, Woloh, Ilurcnu of the Ooiisun 
^HaiUlics in the Planning of a Full Employment Program 
Olmrlcs Stewart, Bureau of Labor SUtisticH, and Loring Wood, Bureau of 
the Budget 
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NUMBHIOAL SoLTJTIOI^ of IlEaRB88ION EqUATIOKa 
(With Institute of Mathomntical SLAliBlica) 

Chairman; W, Edwards DomiJig, Bureau of the Biidiccl 
A Machine for the Delenniiialion of Correlation and Rrgrmim CorfriciirnU 
Guy Orcutfc, Massachuaotts lualiUitc of Tccluiology 
A Square Root Method for Ihe Solution of Regremon liquationB 

D, B, Duncaiij Boynl Aualrnlian Air Force 
Error Control in MoiriX' Caiciiifl/iort 

r. E. Satterthwnito, Aetna Life InBurniico Coiiii>nuy 
The Compact Qojnputaiion of CanoriiVai CorrelaiionB 
P. S* Dwyer, University of Mioliigaii 

Friday, January 1940 
— 0;30 A.M.— 

COWSUMEU EXPBWDITDREfl AWZ) SAVr^fO^ 

Chairman: Morris A. Copolnnd, Nnlional Bureau of Economic llcJU'errli 

ikfeflswrmff and Forecasting ConBumplion 
Frank GarQolcl, Board of Govoniorfl of the Kcdcrnl Rci^ervc Hyfllcm 
Estimating Post War 

George Katona, Bureau of AgriculUirM EconomicB 
Deierminanls of National Purchasing Poiccr 
Everett E. Hngon, Ofhco of War MohilizAiion and Rcrorivcnimn 
DisouBsioD; Margaret G, Reid, Bureau of Human Nutrition and lluuio Kct>' 
nomica 

Margaret Soaitergood, American Fodoration of Lnlior 
Ubb3 of Btati 0 tical Anauais in WAOK-PniOB PoLict 
Chairman: Winfield Riofler, Institute for Advanced BLndy 

Uses of Stalisiical AnalyscB in iVafioiia! Wage-Pnee PoHry 
Harry Magdofl, Department of Commerce 
Uses of StatisUcal Analyses in Industry Wage-Price Policy tlllutilraliim: auto*- 
mobile and steel) 

Harold H. Wein, Department of JubIicq 
Uses of Statistical Analyses hy Labor in Wage-Price Policy (llluHtraliun: Cien- 
eral Motors) 

Louis H. Bean, Bureau of the Budget 
Biological Assay 

(Biometrics Section of Lho ASA) 

Chairman: E. J, doDoor, WoUcomo IlcHcarch Lnh oratory 
Experimenlat Design for Stopc^Ralio Assays 
C. I. Bliss, Connecticut Agricultural Experiment Staliun 
SlaitsHcal Aspects of (he Measurement of f'lrufl Ac/ivili/ 

W, C. Price, UnlvorBity of Fillsbiirgh 
Clinical TaU on Comparalivo Effeclmnsss of Analgesic Drugs 

E. M. JolUnok, Ynlo Univoreity 
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An Analysis of ColIahoraHve Chick Aatiays for Vitamin D 
Paul Horaoycrj Iowa Statu Collcgo 

Ehtihatino Helatxonh from Nonbxpetiimental Ojibeuvationb 

(With Economclric Sociuty and Inatituto of Matlioinatical Slatistlcfl) 
Ciiairman: Mordccai Ezekiel, Dcparbincnb of AEriculturo 

The H'canomist^a Problem of Slalislical Inference 
Jacob Marschak, Cowles Gominiasioa 
PrcdictaoH and jStructurcit EatimntioTi 
liconid IIurwLcz, Cowles CommisBion 


—12:00 M — 

Luncheon — Confeii'encb on CeNsub Tractb 

Chairman: Howard Whipple Grccn> American Statistical Association Ccusub 
Tract C'ommibbco 

jSoihc ProDlciiiH Inciclcnt to tlic 1050 Cervsug Tract Propram 
Howard G. llrunsman, Bureau of tlio Gensufl 
Problems of Tracting Metropolitan Districts 
C, Vj. Latschclct, Biiroati of the Gen bus 
Summary of the Questionnaires from 60 Key Persons 
Esther M. Wright, Bureau of tho Cenflus 
flow Census Tracis Have Bemi Pul to Work in Cleveland (111 uh I rate d) 

Howard Whip])lc Green, Secretary, Clcvohuul llcalUi Council and Director, 
Ileal Projicrty Invoiibory of Motropolitau Clovelaiid 
DiHcuBsionl Census Tract Key Persous and Otlmrs 

LuNciriiON“--BiOMKTniCH Kkction Buhinichh Miu/riNa 

Ciiairman; C. I, BIibh, Clmirman of the Bioinotricfl Soclion of the American 
StatiHlical Association 


—2:30 r.M.— 

Measuhement of PnonucTiviTV m the United Btatka 

Clmirman: Everett Hagen, Board of Govornors of tho Fedora) Reservu SyflLom 

W. D. Evans, Bureau of Labor Statistics 
Chfirles E. Young, Wcslingliouso Corporation 
DiHCiiBsioii: Martin II, Gaiushrugh, National Inclnsbrial Conference Hoard 

Erti MATING Helationh FROM NonbxperimentaIi OuHEiiVATiONH (continued) 
(With Enonninotrio Society and Irmtitute of Matlionmtical SttitisUcH) 

Chairman; U. L. Anderson, North Curolina Stale Collego 
Jtcrativo Compulation Methods in Kstimaling SvnuUancoiis Rvlaliona 
Tjallliig ICoopmana and Uoy B. Leipiiik, Cowles (JoinmiHsion 
Mullivarinio Analysis in /^ronomirj 
Clorliard Tinliicr, Iowa State Collogo 
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Expbuimbntal Debmnb and Thbih Analtbib 

(Biomotrica Beotion of tho ASA willi Uio InaliluU! of Mnllicmalirul 
tioa) 

GhairiDOiTii Gcrtrudo CoXi NorLli Curoliaii Stnlo Collci^fl 

.On the Vm of Ofthcgonal Fundiont <n Ihe Atuilytis of Jncomplde l^tin .Vi/uorr, 

D. B. DoLury, Virginia Polylcchnic Inalilulo 
Use of AdjusHng Fadora in Ihe Analyaia of Dola iiifA HUpropotlionfih ■'siifrrfn*,') 
Numherd 

H, E. Pattorson, Texiuj A, & M. Gollcgo 

Selection of Sample Size /or Defeciitiff Trcalmenl Dijfcrcncea 

A. M. Mood, low ft Stato CollGgo 
Rectangular Lattices 

Doyd Uaralibo-rgcr, Virgioift Agrioulturnl Expcriiiifjnt ftLalion 

Saturday, January BO, !940 
—0:30 A.M. — 

An AppHJ^IBAL op INDUBTIIY and BuSINESH STATiBTJCM 
Chairman: Winfield Rloflcr, Institute for Advanced Bludy 

Inirodiiclory Statement: 

Willard Ii, Thorp, Department of SUto 
Chemical Sialislm 

Ci W- Bell, HcroulcB Powder Company 
Market Analym SiatUlics 

D. U. G. Cowan, Cleveland 
Reiailing StatUlics 

E. V. Gault, Univorflliy of Mioliigan 
Electrical Goods SialisticB 

Stanley Holmo, Gonornl Electric Company 
Development of an International Siaiisiical Rrogratn for Pulp Prpdur^rs 
Oliver M. Porter, U. S, Pulp Producers^ Association 
Food SiaHsLice 

F. E, Iliddor, Gcnorol Foods CorporAtion 
General Summary: 

Jolm W, Love, Soripps-IIoward News pa pore 
SAMPIilNq IN THE SocrAL SciENCEB 

(With Econoiuetrio Society and Inslituto of Malhcmalicnl SlnU^lics) 
Choirman: W. Edwards Doming, Bureau of the Budget 

Problems and Melhcdd of a Sampk Survey of liusinm 
. M. n. HanBon, Bureau of tho Census 
Problems of Area Sampling in AgncuHuro 
J, H. Qoodmanj Bureau of Die Coubus; and 
K E. Houfloniftn, Bureau of Agrloullurnl Econcimlca 
Problems of Area Sampling tn Popidflftott Surveys 

B. J. Tepping and J. Blolnborg, Biiroau of tho ConauH 
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Statistical Piioblems of Perbonnel Management 
Chairman; Dwight A, Stownrt, Kadio Corporation of America 

Slatistical Needs in Personnel Adininistrali07i 
W. D. Evans, Bureau of Labor StatiuLics 
Slcilisiical Problems of Job Evaluation 
Ernukliii G. Moore, Western llcHorvo University 
Problems in Worker Evaluation 
D, J. Bolaiiovich, Radio Corporation of America 
Prepared DiscuBaion: C. II. T-.awHhe, Purdue University 

— 12 ; 30 p.M. — ■ 

Luncheon — Statistical Needs .for Economic Policy Foiimation 

Chairman: Leonard P. Ayres, Cleveland Trust Company 
Theodore 0^ Ynfccma, Committee for Economic Development 

Prepared DiscuKBiona; Andrew Court, Gen oral Motors Corporation 
A. Loved ay, Princeton University 
A. Smithies, Bureau of the Budget 
K. WilliamB, Board of Governors of Llio Federal Reservo 
System 

— 2:80 p.M,— 

Sampling in the Social Scienceh { continued ) 

(With Econometric Society and Innlituto of Matliomalical Statistics) 
Clminimn: Samuel S, Wilks, Priiiecton University 

The Prohlcvi of Non-response 
W. N. llurwilz, Bureau of the CenHus 

Uclaiiuc Accuracies of Syslcmaiic and Elratified Random Eampling for a Specified 
Clasa of Populations 
W. G. Cochran, Iowa State Collcgo 
On the Dcaion of a Sample of Dealers' Inventories*^ 

W. Edwards Doming, Bureau of tlio Budget; and 
Willard SiininouB, Oflicc of Price Adininislrnlion 

How Can Industry and Bubinkss Statiktics Be Efficiently Collected? 
Chnirmnn: Winfield Riefler, Instituto for Advanced Study 

(A panel diaciiasion by the speakorB from the two acasions "An Appraisal of 
liuUiHlry and BiiHinc.sa SlntisUcs" and "Statistical Needs for Economic 
Policy Formation.") 

— 3:30 P.M, — 

The U, S. Government Puooiiam for Statistics 
Glininiian: William IL Looniinl, Bureau of Lho Budget 
Knrl CoiiKtantiiie, Nalioiud Assneiatiou of Hosiery Mnnuracturers 


♦ SoORRBft lOof UllKiNhUO, 
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AMEUICAN BTATimCAL A&BOCIATION 

legion users of dial telcphoncB are indebted to liift inn^lery of Un- ihnory of 
probability and tho practical ueo of fitalisticB /or jnontpL couneeliorifi at 
minimum coat whenever they use dial phonca. 

Hugo Miicnck 

RookefeUer Founcliition. Grndunto of Cornell, ^yft^llinKt/inp and Jnlm^ 
Hopkins Univerflitiesj doctor of mcdicino and public lindtli. He has 
fltatisticfl extonbively in connection with interna lioiuil beallb prfdih/ruM Much 
as the control of yellow fevor. 

E* Gmvenor Plowman 

Vice President United States Steel Corpornlion, (SraduaUi of DarlinouUi, 
Harvard, Denver and tho Univcrsily of Chicago; at |irm‘iil i\ <lin»ct<)r of the 
Association; formerly a teacher and now n buHneKs ndmiulMlralor; lender in 
the use of statistics to mako buaincsB function more cffeclively. 

Lceftc B. Simon 

Colonel United States Army, Director of the IbdIiMtic Rcj^^'nreli f^nluirnlory 
of the Aberdeen Proving Grouiub Gradualo of Weftt IVdnl. R^rrogiibipig early 
the importance of quality control in Iho lufimifacluro of lrlUl1ition^^ for an 
induBtrial war, ho has been a pioneer in IhiH area uf Ibr:; nppUcalitm of 
Btatistios. 

Mary Van Klwk 

RuBsell Sago Foundation, Now York City. Clraduali^ of ('fdh go; 

former vice president of tlio Aaeocialion; and for many C'lmirrutifi of \U 
Committee on Employment Statiatictt; internatiomilly kiinwji for Iut rn- 
eearohes in aooial problome in which tho ubo of slulifelicii lian jilaycnl an im- 
portant part. 

Abraham Wald 

Professor of Mathematical »StatieticB, Columbia Univcriiiiy, (JraduaU! of 
the University of Vienna, A research worker who Imjs mnde iiiijHirlant ( nn- 
tributioiiB to the devolopmont of pure inatheniaticj^ well aa c?cummiiti htntib- 
ties and ospeoially to the matlicmatical theory of hlatialica. 

Frederick 7, iraiiph 

Office of the Director of War Mobilization and Reconversion in WnHhing- 
ton. Graduate of Massachusetts Agricultural Cullcge, Uutger^<, niui Cidinii- 
bia; teacher and specialist in agricultural cconuinics nnd Cliii'f 

of the Marketing Reaenrch Division of tho Bureau of Agricullund Vot- 
nomioa and staff mombor of tho War Food Administralimi. 1I« Uhh okmI 
statistios and statistical inothods cxtonsively in the hdiiiiiUhlriaiim nf ngri- 
cultural programa. 

Abut Wohnan 

Sanitary ongineor, A grodunlo of Johiia Hopkins Univcrsilj'j U<«rlicr iiinl 
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consultant; internationally known aa an authority on engiucoring who has 
made dry statistics fluid in the aolulioii of problems on water supply with- 
out whicli, regardless of the belief of some, cities cannot aurvwo. 

TiiEODonB H. DnowN, Chairman 
Lowell J, Reed 
Joseph S- Daafis 
Aiiynehs J. Wicicens 
IIaUOLD IIOTELLINa 


Walter Ai Shewhart, President of the Aflaociatioii for 1945, dcUvorcd his 
Prcsidontial Address/ The Adva7\cing SlaliUical Fronts after which the meet- 
ing proceeded to the business of the cvoniiig, with Dr. Bliowharb presiding.* 
Tho Secretary, Lester S. Kellogg, gave the Annual Report of the Board 
of Directors.’ 

Aryncss Joy Wiokens, author of the amcndinciit to Article HI of tho 
Constitution, winch was passed at tho 104th Annual Meeting, rose to with- 
draw licr amendment which provided that "Tho number of Fellows shall not 
exceed three luindred at any time.” Mrs. Wickens stated tlmt after a year's 
work with the Committee on Fellows, she felt tho amendment to bo unde- 
sirable, Chester I. Bliss, who had seconded licr amendinent, agreed to its 
withdrawal. However, since the amondmont had Ijecii approved at tlic previ- 
ous meeting, the By-Laws required that it be put to a vote, A vote was taken 
and tho amoudiuent was defeated, 

Tho amendment to Article XII of tlic CouBlitution, whicli was passed at 
tho 104th Annual Meeting, was prcHcntcd to the membership for its approval 
and was passed unanimouHly, 

Article XI I — 

The ConsLitution may he amoiuled either at an Annual Mcicting of tho 
ABBoclallon or by mail ballot. A])ropoHC(l amendment must he sviltmitled by 
ftb least ten moinhera of the AHBociation In writing to the Board of DircctorH 
which in Uirn shall submll It willi its rccommo.ndaiion to II lo memhors of tho 
AasoclaLloii not le«8 than 00 days prior to the Annual McoLlng at which it Is 
to bo voted upon or not loss than 00 days prior lo the date upon whioli tho 
mail ballot is to be taken. The adoption of a proposed amendment shall 
rcqulro tlio nfllrmativo vote of two- thirds of tho niembora nroBcnt and vot- 
ing at tliQ Annual Meeting at wliich it is voted upon, or if tho amendment Is 
voted upon by mail ballot, of two-thirds of tho mem hers whoso mail bajlots 
aro returned within 30 days after tho date of original mailing, 

Tho Score tury recommended tlmt B^'-Law number 2 which provides that 
"Regular Members and Fellows shall pay annual dues of S5,00 paynblo at 
the beginning of tho calendar year, . , , " be changed to read; “Regular 
Members and FoIIowb hIuiII pay annual dues of $5.00, S3.00 of which is 


* Tlio Poanl of DirocLora liuvinff roccived no correction lo tho ruliuitoe of Iho lOlth Annual Ihislnoafl 
Mcctlnic, Itioy were connldererl npr roved hb printed In the Mnrcli 104 & Jouhkal 
' Printeil ori pn^e ono of iIiIb Irmuo. 

■ Printed on pnKO 6B of lliin iuufi. 
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for ono year's flubecription to the Journal of (ho A mtHont} SMinlkal A ssodo- 
tion and 60 cents for one year's subRcriptinu lo the .IwirriVnn Sfalinitcoi 
Association Bullelinf payable at Uic beginning of tlir r.’ifendftr ymr, - , . 
The amendmont was passed. 

W. G, Cochran reported for the Rcanlutiniifi Cnniniilto' (\V, (\. Crjidiran 
and E, Grosveiior Plowinan) and pi'Oi>t)Ficd tlin fnllowing 

1. Whercaaj tlic National Biirenu of Krononiie Ih:f^^i"arrh ba^f rnnndrU it lift 
first quarter century of Borvico to tlin Nnlitin* niul 

WJiorcag, under tho Icadcrflhip of I)n W^lcy C. Uur fliirrau hs*i 

made an outalanding contribulion in ibi iiuiiicniu« lir^di'Cln nnrj 

activities, 

Tlieroforc, bo it rcaolvctl. Uml tlio Arneriran HUlblirnl A«.ptK’irtlinn in 
annufil meeting assembled, hereby approvcii lliN iirldv dr yj^vt^d n fululicm 
of congratulalioii for ivork well done, niid ( MKTlHlIyVmiinifiidM Ww liieli 
flbnndardB of atatlatlcnl technology cvidoiiced fii tin* iPUbbralioriR at iL. 
bureau. ' ' ' 

And, bo it further rcflolvcd that the Amcfrirnn Rutiwlicrd ftdiri- 

^tca Its former President, Dr. Wealuv C;. Mitrhell, fur )m grr^at wnrk an 
Director of ItcBcnrch of tho NaLioniil Durcau of Ecnnnmic rtrrli. 

2. ncBolvod that the ofRccra and mcmluTs of tho Amrrlfrin 
Aaaocmlion express their amccro npprfclnlmn of rli?vciUtl i^rrvrrMi n n! 
dered under most trying cjrcumatnncea duriikg tin* pa4>?t yrar anti (hnr irrnli- 

trlbution to Iho devolopmcnl nnU wvlfarv of tlii> AMiJcialiori, 

3. RcBoIvod that tho onicers nnd mcinlww of llii» AiiKTirriii Hlnli.,(irxi| A*. 

B4!cn’tHrv of LhIhif nml lln- Aiiliiit 
SlallstlcB for UiuJr contrllnilirtn i<i tli,> ilt-vi hii'iitr iu 

*'''' W'f'irrr. 

‘Icsplto ^fHcuU travel nnd other rondlliniui, llir Anniml Mi 
BtLdpolnt, AbsocIuUoh hnn HUffwiMilril fn.iu 

ing tho MombeJa o?Uio'proffrara Calnndltto'ff? if*'™ ^*1" lai'HIia of lliaiik- 
to thofliioBBfls of this mVtlnl,^ Coinimllco for their effrelivr n.iiiril.iitfun 

furfcbauS^^^ Aoe^ieloll,.,. 

nnd thankaXrtho^^MelRsh'nndgH^^^^^^ l«;rcl».v rrptir.h lin |iinH» 

nnpablostnIT, ita clmptoroLore aTcommllS 

The resolMtiona wero piiBscti unnnimouHly. 


r«l- 

nry 
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Pfcsidcnt: Iaapoii Lttiiin, Commwgionor of Labor Statjaticp 
Vicc-Presidcnls: F. L, CarmichaeLj University of Denver 

DonoTHY Swaine Tuomas, Glannini Hall, University of 
California 

S, S. Wilks, Princeton University 
Directors: (For the terms expiring iit the Annual Meeting in 1048) 
Waupeii a. SuEWiiATiT, BcU Tclcpliono Laboratories 
Saaiuel a. Stouffeu, Army Service Forces 
Secretary-Treasurer: Lesteu 3. Kellogg 

The Secretary reported that ho luid received no nominations by petition 
and the elate of the Nominating Committee was unanimously eloctecl. 

iBRclor Lubin, newly elected President of the Association took the Chair 
of the meeting and Willard L, Thorp, Chairman of tlio Committee on Struc- 
ture, reported on the draft conBLitutioii prepared by his eomniittco.® 

IlufuH S. Tucker, proposed the folloAving Amendment to the By-Lawa of 
the Constitution: 

"Thci'c Hliall bo a Committee on Professional Standards, composed of five 
Fellows appointed by tlic Board of Directors, whoso duty hliall be to recom- 
mend to tlio Board of Directors such aebions and procedures as may tend to 
maintain and enhance the reputation of the Association and of the statlBtl- 
cal profcBsion for voracity and iiccurncy.” 

Dr. Lubin suggestod referring the amendment to the Board of Directors 
for action and Dr, Tucker accopted tho proposal, 

The meeting was adjourned, 

Lebteu S. Kellogg, Secretary 


■ Bco report of CammUlco on Hlniclurc printed in thin iaauo. 
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Re'patl of lh« lhard oj Diredors 

The year 1946 hna been another year of elcady advance on n widCKtaliaUcai 
front, 

With the coming of peace, ivo will grAdunll.v Iw nblo to irnvcl again, lo 
have meetiiiga Of tho whole Associnlion and iU ronuniKccp, and to engage 
more actively in tho publication progrninn whirh are nn wenlinl to die 
growth and dovciopinent of tlio profeshion of alnli'tlica. The ^igl).^ nf diia 
development hove been important in (ho activities of the Aint riraii Hlatisii. 
oal Association in 1915. 


Ucetinffs. Soon after the defeat of Japan, the Hoard •*( Itircrlors and 
Officers decided to plan an annual inccling of tho Aa«r)rialion nt (.'Icvtdnrid 
Ohio between Jonuary 24 and 27, 1040, nl the saino timo ok Hu* aimuai 
meetings of tho Institute of Malhcmalicnl fiitaliatics, llin Aitirrirnn liconoiiiic 
Association, tho Econonielrio Roeiely, and the Anieric.'iti Marketing A«- 
Booiotion, Tho mombors of tho Program Conuiiillco, tin* Otrirers and mpm. 
bers of the Clevolond Chapter, the District JlcpircscnUlivc, niiij ninny 
members of the Aesociotion immediately direcleri major nlleiilinn to Uiq 
development of a program oiut lo tho nrrnngeincnts «f pbysinil t|e| nil for the 
meeting. Tho annual meeting is the Ural of the whole Awocinlinri'a iimniber- 
sliip since December 1041— tlio first in a break of more Mmn 4 years. At lliis 
same meeting, tho Board autiiorlzcd llic apimiiilniciit of a rommiHee d) jirc- 
pare programs for mootings to bo presented at tlm acosiuiiK nf llm AAAH at 
St. Louis, Missouri, March 27, 28, 20, 1040, 

It is tho sincere hope of tho Board of Uircclom limt there will never he 
another catastrophe of such cnlomitous proportion* nw to nlnp mnjr.rnelivi. 
ties of the nation's professional groups. 

Operating under n Constitiilion which did not jimvide for eiieh refilrin(i..iig 
OB the war Imposed, the Board of Directors found it imjmwilile during the 
war to oorry on oertnin Wnds of Associiilion acli^^lieK palihfrtetorily, At an 
Annual Busmoss Mooting of tho niemlwrship, ml led by Hm Ihianl of 
Directors at the time of tho regional mccUngs in WMahingUm, D. (!. hi'twrcn 

fof reWsitm of tlip (*om.|ilii(ion wn* 
passed which wdl make It possible for tlio inctiilHirsliip lo vote on iMues 
submitted by tho Board in tlie interim periods between annual ii.wdings. 
nvt J “f Directors, as in other years, lins met rrgiihirlv, nt liim-s for 

of S? ITT ° ^ Prolilei.iB 

of mtercBt to tho Btntiatical profession. 

The Chapters of the Aesocialion have liail vaUiahtn iiriigrainK 

puDiisned in tho ASA Bulletin, Imvo mdicntcd lltnl Ihn tUnipU'ra arc hlnirnlv 
oonsoious of ho probloma facing the dovciopinent of dnta, lIvlii,i,.miH. ii,|,.r. 

Washinizton 1^™ ataturo, A now Olmptor wna eharten'd in Si'alile 

Wa hington, bringing tho total mirnbor of Clmpleni to 21 nl lli i v ..r'a i l‘ 

»' .N« .imi.:::’' 

F or uifiptor ohartors may bo oxpoclctl in 10 10. 
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Publications, Following the roaignation of Dr, Frank Hoss as Editor of 
tho JoniiKAi^, tho Board of Directors OBtablislied a now Editorial Board con- 
sisting of a Managing Editor of all Association publications, a Tochnical 
Editor of tho Jouiinal, a Review Editor, and six other membors. Twclvo 
Editorial Collaborators to assist tho members of tho Editorial Board, both in 
stimulating tho writing of papers and in refereeing and reviewing articles, 
Iiave also been appointed. Tho names of mombora working on these groups 
are listed at tho beginning of this Journal, Tlie Editorial Board has lield 
two mcotings during the year to lay plans for the Board^s activities and 
procedures. Editorial policy was roviewod and a restatoinont of it has been 
proposed which will soon bo presented in tho ASA Btillclin; a restatoinont 
of the JouRNAi/fl book review policy was prcaontod in tho ASA Bulletin in 
August, 1945, 

Plana arc being made to devote oiio isaiio of tho Journal in 1046 to ^'Tho 
Bole of Statistics in the 

At ita nice ting on December 20, 1944, the Board of Directors approved a 
budget for 1945 which made it possible to introduce tlie Biometrics Bvllc^ 
fin, publication of tho Biometrics Soefcion, Tho Biomelrics Bidlciin is edited 
by tho Biomc tries Section Editorial Board, and with the aasistanco of the 
Secretary's office in production 1ms successfully completed tlie first year of 
six bimonthly issues. Through loyal support of tlio membership of tho 
American Statistical AsHociation and several uiombcrship campaigns, the 
total distribution of tho Biometrica Bulletin miniborcd 1214 aa of December 
31, 1045. 

The Monibcrahip Directory, giving moro detail about mombora and inoro 
classifications than any previous Ainericnn Statistical Association Directory, 
was issued with the December 1045 issue of tho Journal, Plans arc being 
mado to issue a supplement containing names and addresses of all now mom" 
bore in each Docombor issue of the Journal, 

The ASA BuUclin has continued to bo issued four times a year. 

Commiilcca. Tho war continued during 1945 to take a very serious toll 
ill terms of restrictions on committee activity. Heavy individual wartimo 
ro8j)onsibilitica and restricted travel and hotel facilities made a wide rnngo 
of coniinittco notiviby impoaaiblo. In spite of those difllcultics, however, 
there Ims been very important cominittee activity and substantial contribu- 
tions therefrom to statistics. 

The following standing commiltcca have continued activity and with tho 
return to peace expect opportunity for greater activity in 1040: Gommittoo 
on Census Enumeration Areas, Tho Cenaus Advisory Committee, and tho 
Gommitlcc on Occupational Classirication. 

Tho GommiUco on FcUo^Y8 took tho Directory porsonnol fotuiH aa a basis 
and have devised a now procedure for reviewing tho aocomjjlislnnonts of 
mom bora wlio should bo considered for olcction as Fellows. Tho commit too 
lina also complotod a report whioli was publishod in tho Novoinbor issue of 
the ASA BullcUn. 
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TJiospociftl comiiiittco wliich was appoinU^rl in hy Pr^pirlcnt (Jolrlefi. 
weiser at tho request of SocroLftry of halior Terkin^ ^ m wiUi Ihc 

.,tliaj]kfl^Qf.fchc BoArcl for the excellent joh it linrl floiie. 

The* Association's Coininittce on KdiiCrtlitiii nncl Tr;iinhi|^ nf Mnlif^^lirianu 
has progressed less far than was hoped, due Up tlio rrpigriatiriu of il?\ rhniriunn 

Upon special aBsigiimeiit, a com rni tier! working with a 5«indl.^ir griaip from 
tlie rnstUuto of Mathonmticnl Stftti^tLics driiflrrl n i>f ihfi 

feesion of Statistics, " for use of the NiiLiniml Hunter of Srinniiii«^ lind 
ized Persojincl of the \Viir J^fuapower Coiii)Mir<f«iuii, n giiirir* fur rulurfiing 
BGrvicemon, Pai ta of this statcnicrit have Imm widely umvI ip ^latuiucnU 
published by the Army and Navy. 

The special GomimLLcc on »StrucUiral OrgiiniKntion i^arly in HUTp invited 
rcprcsoiitabivca of a number of [mjfc.HMomd to jnrra l<i dinrus^H Llm 

poaaiLility of revising the Constitution of the Anmrir/in Hl;4ti?.iirrd Ah- 
SQciation, to make it n society that cMUild iuore effccUvrly rr^[irr/jj^r<l the in- 
terests of statistics in nil subHlaiUivc fields The reprmuilnti i.f the other 
socicticfl agreed that tho proposal was good and nnked Oir Af^M^ri/ition repn*- 
santativea to proceed with n drnft CuiiHlilviliuji nod to \mMiii ihn dmft (o 
agubsequent ineoting of tho group. The draft wan prcaem^Ml In ll<r. gpoip lain 
ill the year. Suggestions for rcNision were rercivrd and iiiriprpnrranl in llm 
draft Constitution which was prcRcntcd lo (he animal mrrlang «inl will ho 
distributed to tho inoinborehii) in 1910. 

A special Coimnittco was appointed to work jhimly uHh a mmht rmu- 
mitteo of tlio Amorican ISconomie AsKciciiitioii tm (hr jirrpnrnlinK nf n 
w u StatUtioB. Tho comniillcc wa^i rruiipfipftj of ihr fuilMwiiiif* 

WAlter Mitchell, Jr., J. Frcclorlo Uewliunil, I'liilip M. Hjiiih-t. imkI 'I'l.cMlnro 
U, znfcoma, 

Problems of tlio utilmatioii nnd (liBiiusitiuji of K..vertii.i..iil war rn-onl-i 
havofittracted a greet deal of attonlion In U.o huu-r ,mrt .,f UMf-. A MM-rial 
commit ce composed of Lester S. KoIIork, hforris A. (•..,M.|n.al. William It. 
Leonard, ond Arynoas Joy ^Vickens w(i» niiimiuUid la work on Hmjm. |,ri.l.h,m.H 
and to reproaciit the Amorienn StiiliBtical AHiiK-iiilioii it, ftii„i). r cllorh 
which may be made by other profoaaio.ml noaociiilionH. 

At the roquoafc of Secretory of Labor Krancwi rerkiiia. an AdviM.rv ( ■ma- 
^ttca to the Buronii of Labor Sin tisUcs to review iho Hurcnii'n hmii'i li-d 

tn:iT.trr' * 

» .StoH™ ?r“r' ““ 



Oiiicsi-BR I. b,,,„8 \Vai,tkh a. SnicwiiAur 

Simon Kuznetb Hbien M. Wai-kuu 
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Report of the Secretary^^ v,,. 

Tho Secretary's acfcivitica during 1046, as in all npo (^lo^ly 

related to every phase of the Afisoemtion's program. 

tho nniuml publication of a Bumiiiary of tho work of fclio Board of Direct ova, 
in 1938, the Secretary's report lias dealt mainly with mombcrslup clmngea. 

During 1045, membership in the American Statistical Asaociation in- 
crensed by 444, bringing the total as of December 31 to 3,4S0. This growtli 
during tlio last of the war yearn if of great importance as an indication of tho 
potential interest in the ABaociation'a dovclopinont. It is fitting for the Secre- 
tary at this time to provide more information than is customary on tho 
Association's membership over an extended period. 

Listed below are the liguros on total inombcrahip at the end of spocified 
years, Tho complete story ia not told by these fig urea because there havo 
been several periods of decline, eapecially during the depreasion years of 1933 
to 1935, and again in 1941 and 1942: 


1914: 

700 

1918: 

800 

1935: 

1,760 

1930: 

2,500 

1045: 

3,480 


Tlio 1045 total is composed of the following classes of members: 


Honorary Members 15 

Fellows’*' 123 

Ilcgular Members 3 , 342 


Total Membership 3,480 

Corporate MembcrH 4 


One hundred sixty five mombera wore still in the armed forces of tho 
United States at tho end of tho year. There wore 01 resignations and 190 
members were removed from the active rolls for failure to pay dues. 

Donald R, Belcher, Alfred Cahen, Erwin A. Gnuinnitz, David II. Me- 
Alpin, Kcnnotli A. Norton, Millard II. Pryor, Winfield W. Riefler and Elmo 
Roper were elected to life momberehip during 1945, bringing tlio total Life 
mom bora to 48. 

Tho death of the following mombera was recorded during tho year: 
Edwin V, Gay and. E. W, ICemmcrcr, Fellows and Senior Afoiibers; David 
Friday, Fellow ^ Richard T. Ely and J. II. Hollander, ^Senior Af embers; 
William W. Adams, C. M. Barnes, Walter W. Cooper, Sedloy A, Cudinoro, 
Tjawrunco Flinn, Lyonol C. Flonint, Harry Ij. Gale, Dorothy F. Holliuid, 
George E. ^lason, Norman Merriam, John F. Norinano, E. F. Perkins, 
John B. 8hophard, Lewis R, SolTcr, Arthur E. Thompson, Edith Wood, and 
Leo Day Woodworth, Regular Members^ and Dolphino P. Iliirnmnn, Aa- 
aocialQ Member, 

LesI’er S. KnUiOna, Secretary 

* This n^ro doDB not Includo tho IwoWe fellows elcoLod si Iho Annunl MooIItik in Janunry 1040. 
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AMeniCAS' srATjHtirAi. AftKnriATfON 
Report of the Tteomrrr 

The year 1046 liaa followed Uio genernl pnll^rn of JOM »ri(l JOl.'J. The 
budget has lind to be kept conliiuioufdy fluid. 

The 1945 budget as approved by the Board of DiirctorH ]ibnnrd for an 
iucomo of 521,385 and oxponclilurcs of $25,230. Aft tlii« yrrir rhd^d, inronic 
Jiotalod $24,430 and oxpcuditurca $26,098, r<.^f|peling n lir-fjf iL nhnut one- 
quarter as largo as that planned. The nnujor ren^^onw frjr iiirrruMt of nrUial 
income over planned income was the «iiccvhia of ft tciriUniunii^ niendtoff^hip 
drive, of incrcoaedsubscriptionB, aud the ititonic from Ihr iUilkiin 

which had not been esthnated. 

Larger oxponditurcs than pinuned were dwo roauily lu inrrruKfd 

coats of printing tho Jouiinal and the grcjUer tlmii tkhL of prinling 

the Biometne^ BulleHn. The iiicrciitic in cohI of the JnruSAb wan due pri- 
marily to nddifeional cxponBos involved in shifting the etiiO^rljip. tirraUx 
thnu Anticipated cxpcnsca for the Biometrics Baikiiu v»xrr* clui^ lu thr‘ large 
printing of onrly editione in order to obtain wide iintinl di^tnlniliun. Tim 
effoobs of eiforta expended on mcinbcrpliip niid Aul^j^rriptinn dnvr^K wrri? re- 
flected in additional ofheo oxpeiiscR, wiiicii were considerably higher Cliuii 
plannod. 

At tho oiirroiit mlo of cxiiansioii of ncUvity nntl Rrott lh in Hici((lM>rrln|t, 
it is likely that tlio lOiO budget of iiicoiiic and cx|)iMi«'eA « ill imiodlu r rl-e 
o-ver the 1046 budget oiid it is hoped Umt tlim builBd H-i|| hnve to 

bo kept continuously flexible nnd oxponsibic. 

L^hi'kii <S. Trfoiinrcr 
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Rcyori of the Auditors 

To tliQ Board of Directors of 

Amorican Statistical Association 

Wo have c:xaminod the attached financial statements of Amorican Staiisti- 
cai Association relating to tho year ending Dcccnibcr 31, 1946. Our exaiiiiun- 
tioii was made in accordance with generally accepted auditing etandiirda 
appUcablo m the circumBtancesj and inclndod such teats of tho accounting 
records and other supporting evidence and such other iiroccdurcs as wo coii- 
sidored neccasary. 

Tho recorded cash receipts for tho year were traced to tho deposits shown 
ou the baiilc statonienta and the amounts for dues and eubscriptiona woro 
tested with the niombcrahip and subscription rGcorda. Tho paid checks and 
relative vouchers were inspected in support of the cash diaburBOTnentB for 
tho year. Tho bank balances were reconciled with cortifi cates obtained direct 
from tho depoaitariea and tho cash on hand and tho eocuritica owned at De- 
cember 31, 1045 were vcriried by iiiBpcclion. Wo did nob check the meinbot- 
ship and Bubscription records in detail or make any independent verification 
of the inventory of old JounNiVi.s, tlic oflico records of which nro baaed in 
part on data assembled in prior years, no recent physical iiivonbory having 
been taken. 

Tim life membership roaorvo is computed on tho basis of the combined 
anmiiby table of mortality with assumed interest at 4% per annum and an 
assumed annuity of $5.00 per life member, in accordance with a resolution 
of the Boai'd of DirocLors on March 31, 1030, Tho aiiiouiit treated as income 
in each year represents the excess of the reserve nt tho beghuung of tho year 
plus interest for tho year and new life incmborsliip rccoi])ts over tho required 
roBOTvo at tho end of tho year. 

In our opinion, the accompanying atatomontB present fairly tho jiosition 
of American Statistical Association at Dccoinbor 31, 1945 and the results of 
its operations for tho year in conformity with generally accepted accounting 
principles applied on a basis consistent with that of tlio precedii^g yoar» 

I’mcE, Wateiiuoube & Co. 

Washington, D. C- 

Marcli 0, 1940 
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AMKUirAN BTATmtirAL AHf^flCUTlON 

Amkhican Statibticjii. A'^^tu-IATIO?^ 

]]alakce Buret 

1 31, 

/Is.wfa UJH 

Cnfih in bnnk ftiid on hand 5 1 1 ,3-^3 -i’lR 0,17^,04 

Accounts jcccivnblc * WJ ,01 2^0.63 

Inveatinonts; 

United States Sfivinga Uondw, Series D, nl nHlemii* 

tion value* . r * ' i*j,7'UI.0^l 

Stocks, ntcoBtj (at niarket qiiolnliunM $0,875 aiirl 

$5,100, rc8i>ocliYcly) 1 5 ,703. 50 

Inventory of old Jouunalh, at npprnxinmU? rirtl. , , I ,W^7 .50 ] ,083,32 

FurnituTO and equipment, ftt coHl less dcpferiatifMi. 8'«!S.2H 710,52 

isri.nn $ 21 , 275.01 

Aocounta payable 8 1,772 07 $ 1,217,10 

Deferred iricomo (collections applicable Lii»ubKcciuviit 
year) : 

Dues I n,570.W $ 5/295.72 

Subsoriptiona. ft ^5 2,711.57 

Jouhnaij advertising IKl 711 170.10 

$ I h, 1KK09 

Not w’ortU: 

Lifo memborship reserve. $ 3,2(11.75 | 2, 011,83 

Con tonary Sustaining Fund, per BCnlcinenl 0,255.25 0,111.21 

Surplus, per statoinout 1 ,004 .20 0,11 0 02 

$ll,Cl51.2n $I4.H1.V00 

$25,041 Sfi 121,27.5.111 

'• " .!■* i I .ffi V., . J 
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Ameiiican Statistic ai# Association 
Income Statement 

Year ending DccGinbcrSl, 


104r> 1044 

Incomb; 

Dues — curront yonr Si5,4I0./)0 312,002.75 

Dues — prior yonrs 101,75 47,75 

Lifo momborahipB 317.07 230-08 

Siibacriptiona 4,588.01 3-, 000. 00 

Advortifling, 807.85 040 . (jU 

UcsprhvtH 470.23 074.70 

Journal fluloa 047 .35 1 , 2G7 . 35 

Index to the JouitNAn, Bales 10.00 

Spoeial publications 50.33 

Riomctrica SccLion incoino 1,687 . 83 

Annual meeting. - 322. 8G 

Miacellancoua 103.10 12.50 

Divide nda and interest (after deducting $104.50 

in 1045 apportioned to life membership reserve) 277.11 170.72 


$24,420.37 $20,871.72 


Expenses; 

Journal — printing, mailing and reprints $ 6,074.02 $ 5,008.63 

liuUtitiu 717.02 G72.G1 

Salaries and wngea 12,157.14 11,480.02 

Unomploymont compeiiBation lax - . . 11.37 10.00 

nent 1,020.00 834,00 

Ofllco BUppllcSj printing and mimeographing. . . . 1,286.03 080,00 

Postage 871.30 078,05 

Tolophono ami telegraph 247.44 200.41 

Travel expense — onicera 270 .72 523.11 

Biometrics Suction exponscH 2,570.40 01.03 

Dirootory oxponflo 85.00 

Storage of old Jouiinai-s 72.00 72,00 

Cost of old JouMNALH sold 02.10 154.88 

DopreoiaLion of furniture and oquipmont 140.15 120,44 

MisooLlancous 420.40 301.00 


$25,042.10 $21,145.80 


Balnuco, loas, carried to nvirpluB ^ (1 1 021 , 82) $ (274 .08) 
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AMEHICAN BrATlHriCAl. ABBOt lATlOS 

AWEUrCAN BtXTIHTICAI# Al^WtiriATlOf* 

aunrt-UH BrATi^MrnXr 

Vt‘nrrn'ling tlf^r^-mbr-rai 
HHU 1011 

Balanco at bcginniiifi of year ' lnj*2 ln,'UKKlO 

Deduct — Excogs of oxpcfiHO over iiirnnic for Llir ymr, 

per incpmo staLomout. ^ iJV'l*(38 

Appropriatioii to Cciiteuary BuHtaining ImuoI of 
amount equal to not proceeds from finU;H of liitirx 

to the JovnWAL JO. 00 

i iJHLog 

Dftloaco at eiicl of year. $0,110.02 

I'-r,. I -!-■< I «■ ■ r I . , f, ; Cijjj 

CBKTfiKAnT SUBTAINIKO FUhm 

Balaace at beginning of year I/*, 070. HI 

Add— Amounts received from conlrihuLorfl on idcdgc?*. t ^ I1U7 .50 

Intoroat received on bank Bnvings nccuunl and in- 

oroiiao in rcdomplioii value of eocuritics KIO ,->l 105 .ffO 

Net proceeds from Bales of Index to (he JouiikaL. . . 4 hWI 10. (K) 

$ wi.m I m AW 

Balance at end of year $0,255 JO, 1 M .2*1 
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Cornmittee on Slrudure 

Altliough the CoinmUtGO on Sfcructuro unfortunately readied a high co- 
oflicient of Bcatteration during the last year, it has substantial progreen to 
ropovt. At vta request, the Board of DirGCtovs issued invitations to An^erican 
Marketing Association, American Public Health Association (Vital Statistics 
Section), American Standards Association, EconometriG Society, Institiito 
of Mathematical Sbatiabics, National Quality Control Society, Now York 
Society of Security Analysts, Population Association, Psychoinotrio Society, 
and the SocLoinetrie Infititubc, Inc* to attend a conforonco to discuss the 
overall problem of organisjation in tho sbabiatical field. For some years, there 
has been a tondency for spccinU/!cd groups within tho general field of statis- 
tics to set up their own specialized organizations. In spite of the subatantial 
amount of common interest, there hna been little relationship among these 
groiii)s, other than from interlocking momberahips. It ia obviou.s that this 
tendency was in substantial degree tho result of the failure of the American 
Statistical Association to meet the needs of those specialized groups. 

TJio conference came bo the concluaion that tho time 1ms come to bring 
these various organized activities in the statistical field Into a closer relation- 
ship and to provide machinery whereby hcrcHfLer the satisfaction of siiccial- 
ized needs would be given substantial oiicouragoinont, Some sort of central 
body Hcomed necessary to act as spokesman tor all statistlciuns, to cllminato 
unnecessary duplicatiuns in costs and energy exhaustion, to integrate and 
cross-fertilize inGctlngB, ])rogramfl and publications, and to develop organized 
activity in certain areas not prcsonlly occiipicch It was felt that the Amorloan 
Statistical AHsociatloii as the oldest and largest organization might well take 
tho lead and clovciop a program which would bo sucli that tlioso other or- 
ganizations might work more closely with it wliilo not losing thoir autonomy 
in dirocling thoir own affairs. 

After considorablo study, tho Coimiiittco has come to the concluHinn that 
tills aim can best bo accomplished through a substantial reorganization of 
tho Ainoricun Statistical Assooiation, In connection with this, provision 
should bo made for tho recognition of assoeiato flocietica and afliliatcd socie- 
ties. An associate society would bo ono concerned with statistical method or 
tliG statistical aspects of somo specific subject-matter field, An afiiliated 
society would bo one iiiboreated in statistics but not aa a mat tar of priiniiry 
concern. Both associate and afTiliatcd societies would bo given substantial 
participation in the government of tlio American Statistical Association, and 
tho mom bora of asHooiato Bocictics would rccoivo u rognlar bulletin designed 
for slatisticiaiiH in all fields, 

Tho roorgimization of tho American Statistical Association involvoH its in- 
ternal alructuro iuj well aa its foreign rolationa. Proposals are that there bo a 
rcsponsildo governing body known ns the Council, which will consist of repre- 
sentatives of asKOciated and iifniiatod Hociotios, incniborH olocted by regional 
groups of chap tors, the Board of Eiraotoi‘8 and tho o/licors — porliaps thirty 
individuals. There would bo provimon providing for rcforcnda, i)Ub in general 
tho Council would be tho legislative body. Tho President and Board members 
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would bo elooted by tlio Council. Tlio ConuuilU'o hui* alfo ril frotne 

length the problem of clinpter rcc|uircinenh‘*. the iiuw-wily f(.r ilicrMfijiR tlue», 
the deairability of designating a I'rcsidenU'lccI, rln., nlr. 

By the ond of the year, the CommiLlM! Imd r<unnh’t't'il a tWaii <-( a roviwd 
Constitution and By-laws. It is hoped Ihiil thrfo ran ilifirnwd rhiriiig 1 |,q 
spring at various chapter meetings, and that action f*ii ll«r can Ihs 

taken early enough to permit the now proKmiii, if and «.« n|)pn.vt'd, t<) go 
into effect in 10'17. 

^Vn,^Ann Is. Tjcfinr 


7’AcC'ow?m7iccon;j'c//oipa.«ThcBonrilof l)irrcli*rH j»rf<‘r <■«* Jj^siunry J, lUi5' 
requested the 1046 Committee an rallinva lo nn'iew Il<i* \rh"dr* |in0ilern nf 
Association honors. Lccquro tlic qucHLum of Iionrirf/ in Utr* laf.1 nnjilvip'iV Mtmi 
be based upon the objectives Bought in confrrriiif; 7 jih 1 Ui’r;;\u6(i<i 

thescj in tutu, are Qcpemlcut ujiou the obyeclivtyw i^^nigUt in lli»* n^'W Cun^ 
atitution, tlio work proBcnted in tins report can ron^'iilrroil nnl y 
It is recoiTiiticnded, consequently, that llie rnpnrl prwjitnl hrn-wilh, if 
found acceptable, alinll be passed <m llin ComriiitU^ii* rMUNlihilinri 

BO that plana may be ftcloiiLcd which will Im roiiMi^trut ll^r* idijpplivf^i^ 
of the new Constitulio7i, 

There are at least four roasonH in favor at honors wliirh idqrrlivk^ 

for a plan. These rcaso ns are: 

1 . A gesture of appreciation or of coiiiiin adalinn wbiirb \m idht jjd iit rlmr* 
actor and grautod hi recoginliun uf work nf a high quality r|nio«. 

2 . A dovico to stimulalo iuterost in ilie wurk nf ilio Av^Yrtri/jiitni (hmt 
inembors honored AYilUcd Lhciuaclvea lo be luoro di?fmitvly an iaM^gral 
part of the Association. 

3 . An obligation to the general public aiiico in Urn icmwing ini]Kjrt?inrq of 

Etatistical work it is desirable iliat llu^ pulilie |ni»k g^iu|i 

for leadersliip. Ilonora provide a mcaiii? of smiririK i^iirli h»ndM 7 ‘bip. 

4 . A device for promoting in tonm lion al gemd will Ihriuigli n hnni.r 

coaf erred upon a citizen of a foreign enunlry, 

It Bliould be noted that success 5 u thcftc obierUvr^^, i>f m oDm'Im wim h 
may bo included, is dopoudent upon a well Organized, w ialuim 

Such an organization should accept tho rcnponhiliililirM whifdi \U pM^ilinji 
implies toward problome which have now come to be oi imliMiinl ijii|jnrl;m(:e 
in a postwar Bocicty, 

In the material wtiicii follows, the rcconiincrulationH are jJri' L ?dnP^tl. 
presentation of recomnicncktions in followed by f^ir n^riljiii^ Hh iii. 


ii!rco;amcndafrari^ 

I. Follows 

Ifciarocommondod that 

a. Elootion to oIubs of inemboreliip of Lim kiujwo u-t IVlUiwf. 

ir.it..' ?' *“ ‘PPOlnlKl by l>rMjtlenl Waller A. i., f. (,irit,iue nn 

Follow, on Deoombor 11, lOifi to Mrv« for lb« Uun Jeuiwry 1910 (litouali 



PnOCEEDINGfl 99 

shaM rcpresenty a distinEuishcd honOT for work o( high quality in sta- 
tistics. 

b. Fellowship shall bo limited to citizens of tho United States and Canada. 

c. The mctliod of their election shall bo as provided in the present Con- 
stitution, 

d. Their number shall be relatively small and limited to 200 mom bora 
instead of the present limit of 150, 

c. Tho Fellows bo used in various special capacities on behalf of tho 
Association and be more directly integrated with its activities, 

II. Honorary Mombers 

It is rccoinincndecl that 

a. This class of inoinbership be limited to citizona of foreign countrie,^. 

b. Their election shall be accomplished through a Nominating Coininitfcco 
of three Fellows who shall serve for a term of three years. Upon nomi- 
nation by the Committee on Honorary Members, fiiinl election shall 
bo by the Board of Directors, and notification mado by tho PrcBidont of 
the Association in collaboration with tho Chairman of the Committee. 

c. Tho number shall not be greater than 25. 

III. Special Prizes 

It is re commended that 

a, American Statistical Assooiabion Awards bo established for mombora 
who havo not reached their 32nd birthday on January 1 of a given 
year. 

b. Tho Awards are to bo made at tho Annual Meeting, 

c. Tlireo Awards are to be conferred for not more than throe outstanding 
papers published during tho two years preceding each annual meeting. 
One of these papers is to bo in Htatistical theory, one is to bo an ap- 
plication of statistical mothods and tho third may bo either of tho.so 
types or a combination of them, No awards need to bo granted if papers 
of Bufficient quality have not been published. 

d, The Awards consist of a prize of SlOO and a Ccrtificnte. 

c, A mfimbor shall not be eligible for a second Award, 

f . No Follow IB eligible for nn Award, 

g. The Fellows should be polled annually for lists of distinguished papers, 

h. Awards should bo made by a committee of three Fellows on Awards. 
This committee should bo organized in the same way ns the Committee 
on Honorary Moinbera. 

IV. Distinguished Lecturer a 

It is recommended that 

a. There bo chosen each year an annual Looturci’ who Hhoiild address tho 
Association at tho time of tho Annual Mooting, and other lecturers 
who, in the courso of a year, should apeak beforo tho chapters. 

b, Tho Annual Lecturer and the Chapter Lecturcra may bo Hclcotcd from 
any group of the Aaaooiation moinljcrslup. 
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c The LegLurcs together with Ihc IVHdrnlml Afldri^^i ^^hr^lS piiljlislied 

' by the Association cnrly in the year fnlloxvhip < rirh AnumA Mi fling. 

d. The Chapter Leclurcra. in general, s^hnU W. irvliTlnl {x^ of 

' the country at Borne difitfUico from llie Chajd^r nt llnr hdure* 

are to bo given. To facilitate! tliifi work^ fundh f»hnnUI W, provided to 
cover travel CKpcnRCS of the ]*ccturerfi. 

e, A comniilLeo of llic Fellows apjKiinlcd hy ihr^ WimA arrange 

for these jjccluroehipa- The SdcreUry rd the ^h^il] bo. a 

member of thifl Comniiltee, 

V. Fiimncefl 

It ia recommended that eflforU he inedo to firmnee n rfirNMmiiihainos 

through special fundfli 

Pi«cimiort 

L Follows 

The baaio problem of the Fellows in two-fnld: (I) wlifth^r rrprcMjnt 
a group selected to confer nn honor for accnmpliHlin;ciiit. nr (2) wln lhr T they 
are to bo selected merely as n profo^ional of Ihn Ib^gard- 

leas of the group winch they arc to represent thrro will ftlwnyi^ 1^ dilTt-n'iiw 
of opinion in regard to the CTiloria used and ibe wi^'dnjn v\ Ihr^ riOimnUcn's 
fleloction. NevcrthclesJi, it is believed on the of pn>t rsipfrimen that the 
selection can be made with a renaonnblc degree of prcnwi^ui. If llio J Vllow- 
ehip is to rcprcBont a diRUnguished honor in lerniR wf rclHlhcIy arrant- 
plishment, clcorly brilliant younger members nro likely t-i 1^* puff-t.-d by 
temporarily. With this in mind, the propmutl of prir^H mid 

tinguished Lccturosliipa has bcoii suggested as n iimann; uf rn'^^gniliim by 
the AsBOcintion for a larger group. There la Iho further raudili'Ui that Mio 
oldei aotivo mombera of the A&aociation are likely U) be Imiivil y hmded with 
important work, If the Aaeociation can coiniimml their hil^rcf^t for work 
in perpetuating their own number and in acting m »d 

in connection with other Iiononi, their iinpnrlnneo in llm wnrh A^miciu- 
tion will be definitclv enhanced. 

As judged by the replies to the long quei^lionnniro anil Im I i IIow? 
over a year ago, there is not tho aligbtcsl doubt a bout Ui<* v» ry mil inU'tfj't 
which many Fellows have in tho Afuiociation. It niight vrry w^ H hnppt?n, 
consequently, that they could bo polled from tinie U} limu in n-f^urd in ullir-r 
important pTobloms or policiOB of the ARSoemlion, TIiuk Umy vi iMald m l ns on 
informal advisory Senate for tho Asaocialion ufTicun^, 

There is no objective line of ronfloiiing which will lr:id mM'ipii'ly llm 
limiting number for Fellows. A review of theciirly lO iri A«H<H'iwliuu uicmhi r- 
ahip, however, indicates the following fiicl«; ff the rrilnrimi nf (wii or innn^ 
check markfl in tho right-hand column of the card i^howii on dTi nf I he 
Novorabor, 1046, iJulto be used, It will ha found tlml imlutling VvWnWn 
there wm bo lisUid Boino OOO or 700 individuala. TIili^ itlMml lifiVh *d tho 
membership of tho ABsooiation. A limit of 260 would reprc^»ciit nhnul a third 
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of fclieige. In other words, about a third of tho mombors who have secured 
recognition either in ABSooiafcion activities or in publication of articles would 
bo the limiting number for the honor of Fellowship, Whether this number 
would bo desirable in the light of more critical ovidonco to bo obtained in the 
years ahead is unknown* Whenever a condition of nonbalanco occuraj how- 
ever, tho Constitution could again be amended. 

The present method of determining tho Committee on Fellows is wise and 
slioukl bo continued, lb leaves tho Committee complcboly free from influonco 
of current oniceia. It provides tlio maximum of independence and so loiula 
quality as well as dignity in tho conferring of this honor* 

II, Honorary Members 

A poll of the Follows early in 1946 showed almost unanimous support for 
the decision that the lionorary membora should bo citizens of foreign coun- 
tries excluaivclv. There was a dilToronco of opinion as to how the election 
aboiild bo carried through. Nevertheless, tho weight of tho thougliLful com- 
ments was ill the dirootion of tho dilTieulty of identifying outstanding statis- 
ticians in foreign countries and, conscquontly, of the belief that a continuing 
committee organized like the Committee on Fellows and reporting to tho 
Board of Directors would bo tho most cfTective way of accomplishing tho 
result, Here is another extremely difTiculb but important problem lor tho 
Fellows to undertake, 

III, Special Prijica 

Mucli earnest comment has been received from tho Fellows in regard to 
tho ncccaslty of honoring aoholarly work of the younger members of tho 
Association, Tlmughbful comments tended to imply tlmt tlm Follows will| 
as a rule, bo elected from among tho older members of tlio Association wlio, 
b)i rough years of oITort, had built for themselves an outstanding reputation, 
There was tho need, consequently, for aomo means to confer lionor upon tho 
younger moinbera of the Association and, in so doing, to stiinulute their in- 
terest in professional work and in tho Association. It was with these tlioughts 
in mind, tlmt the recominondations for tho special prizes wero prepared. 
Emphasis should be placed upon the intent to acouro a breadth of interest 
in tile papers and upon tho use of a two-year period. This time interval obvi- 
ously will result in a one-year overlap. Intontiou is to provide for poasiblo 
recognition of both of two papers which happen to have been publislied in a 
given year on, for example, Tho Theory of Statistics. One paper might bo 
recognized one year and the other at tho end of tho following. Another 
reason is to avoid excluding authors who happen to have articles appearing 
in Dcoonibcr iourimls. The canh award is large enough to bo of importance 
to most young men and tho Certificate probably would bo clierislicd as tho 
first of a possible aeries of lionors to bo won during a lifetime of work. 

Tho ineligibility of Fellows is cloliborato since tho intent of tho prize is to 
discover now talent, It would bo Imped, of course, that prize winners in some 
future year would be made Fellows. 



102 


AMRRICAN BTATImT/CIAI. AttHOClArjON 


IV. DiEtinguisliod Lccturera 

Several objectives arc prcficnl in llii« recr.iftmirtulari'm. Tlni nlijcri of 
the DistinguiBUed Lcolurer nt tlie Annual MeclinR in bin.K rMKRriinon U) 
members of ojlstnuding obility cornniuiily in Urn .-irc- i<f l\v«n;ii 30 

ond 4fi who have not been clcctcil l-'ellown. The inU’nl i!> JhaJ Jhi- AnMtrijitjr,,, 
will be honored iu the net of honoring llioin. On Ihf «4hr r Imnrl. inh nl uf iho 
Chapter Ijectiircflliiiia is to Blimulntn the work «»f Ik-^ rhai.J^ r,- nml nl Uic 
samo time to confer directly an honor ii|*on miy ior'iij|.,.r .,f j);,. 
who may bo chosen to deliver bMoIi n leclurc. It will I**' U-al no siteml 

cash award of any kiiuhiiddc from the diKliiinliiui nf I tij.li)>giii?hr-l lATlurrr 
has been included. Tho BuggcHtion that Imnsiimrlnlioii miw-tim! 1h< iiroviilcd 
is done with the deliberate hope llml lA!Clurur« ran Ih* inlerrhunguil hi lween 
Chapters os widely Boparulcd art New York ninl !.*•)« AngrleH, nr Washing Ion, 
D. 0., ond Seat tie, 

Tjikohohi; II, Ihuiw N, r'AaiVmen 
I.owei.i. J. l{i:r:i> 

Jnsni'Hvi. Daxh 
A llVNRMi JlKV \Vl«‘RI',SW 
IIakoi.m IlriTin.i-iS'd 

T/ic Cvowielrvca SecfCoii. Following appros'&l l»y the, Uonrd nf Itircelnis of 
the American Statistical Asaocialion, tint mnin jiMjerL nf Ihf Jlir)iiietric!r 
Seotion in 1016 Ims been the //ioniclricff IMktin, Tin* Ihltlnji.tl ^■nInu^ill^^e 
for tho Bulletin conslatsof G. M. Cox, Clmirnmn, C. I, IllipK, W, (f, Cnelirttn, 
Pi R. Immor, U. W. Norton, h, J. Uced, (1. W. Snedemir nnd Wriglil, 

Compllincntary copies of ono or built of the first two iiml rii» in- 

vitation to join tho Soction were scut to all innuilHTrt of lh«t imn-nt A^Miria- 
tion and to other potontinl iiicmbers. TIte rc‘!it|K)iirn lni.B lirni ('iK'niinigiiiK. 
As of Decoinbor 31, 1015, 1070 moiiibora and |l^Hu■'ii(le itM'inlHTB ami 136 
subscribers were receiving lite Uullelin. 

Tho Biomeln'cs liuUclin Itiia uppenred bi-iiKiulhly, iN giiitiing iu I Vhni.s* 
ary. The first volume, which tobds 92 pngM, wtuibl huvn rcpiirml td'iirly 
twice as mony pages in tho foniinl of the Journal oflhr .ImJ-riVuti .VfnftVfiVid 
Associalion. In order that the volume wunld cnitu-uU* with [l,n ttih'inl.'ir 
year, the Bulletin started without a backlog of imilnrial. ‘I’in' hha liun is 
indebted priinnrily to our very nblc FdiUtr for lilliiig ihe IhilMin dci.pite 
many difTicultios, and to tho Socrelury'K oflicc (»f the for the* 

production ond diatrilnilion phases. As the Ihilhliii Imtioih h iMlkr km»tvii 
and meetings are resumed, we can luok forward h; n nU jidy gmwth hnlh in 
its inlluoncc and size. 

Membership in Iho Section oji Dccemlterdl, Hll.l r.inn.riM-d 

and 217 associate meiiihcts, the formr-r bulniiging l<» Ihc p/in-ul AtMJrinlinii 
and paying annual dues of one dnllnr, the Inltcr Iwn ilnlhir^. 1 iitib- nf in- 
terest represented in the Section hove been IjilmliiUal from ihtla on 709 
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individuals, Of these, 05.8 percent reported an interest in some branch of 
biology with medical ecience the most frequent, 10.1 percent an intercafc 
in meteorology, chemistry, mathematics or industry, and 18.1 percent in 
the social eciencea. ExpensoB of the first year not coverod by dues and sub- 
scrip tions have been absorbed by the parent Association or contributed 
by inejnbcrs of the Editorial Coininittce and by the North Carolina State 
College. The parent Association has been compensated in part by new uiom~ 
bers wlio have joined both the Section and tho parent Association. Wo should 
look forward, however, to tho nccesBity of increnslng dues in 1047. 

The hist sessions of the Bionictrica Section were held at tlie annual meet- 
ing of the Asaociabion in December 1944, nono having been held in 1945 
due to the limitations on travel. In 1940, two sessions are scheduled for tiio 
Cleveland meetings in January including ono sponsor od jointly with tho 
Institute of Mathematical Statistics, A joint sesaion in the week of March 11 
at Atlantic City ia being arranged with the American Society for Plianna- 
cology and Expcvimciital TUcrtvpcutica. Other sessions arc being planned for 
the Ducetings of the A.A.A.S. in St. Louis during tho week of March 25 by a 
spooial committee under tho chainnanehlp of II. C. Fryer. Two of these are 
deferred meetings from 1045, 

Tho Biometrics Section was represented at Iiitor-Society conferenccB on 
February 10 and December S for coordinating tho activities of professional 
organizatioiiB interested in statistical method. Those plans provide for tho 
growth of Hcctions into ficlf-flupporting associate societies integrated into an 
over-all program. In lino with thifl dovolopiucnt, a Bpccial committee of 
which A. 1C, Brandt is chairman will report a draft constitution to tho busi- 
ness meeting of the Section in Cleveland, If tills constitution is adopted, the 
Section will become fclio "Biometrics Society, an Associate of tlio American 
Statistical Association.” 

CiiEBTiiti 1. Blibb, CViairman 

Conimillee on tho Evvi)loymcnl tiiaiiBiics PTogram oj Ihc Bnrcaii of Labor 
SlalisticR. Thifl Committee was CBtabUsUed by the Aflaociatlou in May, 1945, 
at the request of tlio Secretary of Ijabor, to review tho proposed expanded 
employment statistics program of the Bureau of Labor Statistics. Tho man- 
date of the Committee is limited to tho Department of Labor and to current 
statistics as distinguished from conjectural forecasts, During tlic siunmor 
and fall, individual membera of tho Committoo have had numerous con- 
foroncos and discussions with officials and technical experts of the Bureau 
of Labor StatLstics. A large iiuinbcr of documouts pertaining bo procedures 
for obtaining estimates of em^doyment in an cxjaindod program have i>ecn 
recoived from the Bureau of Iial)or HLatistic,4 and are being studiocl by tho 
Coinmitieo. 

Members of tho Coiinnittee luivo also discuHSod sourccH of information, 
procedures, and other mattors relating to tho problem of oHtimaling em- 
ployment with moiubcrs of fclio Gominittco on Labor >Supply, Kiuploymcut 
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and Uncniploymonl Slotistica nnd willi individitals in varinm^v hurofliis nnd 
agonoioB of the govcrninent. Itejwjrts and *ilhcr liftcuiurnM from lhe«o 

agercies arc under Btudy by llic CoitiiiiUlcc. 

A meeting of the Comniiltcc, logclher willi rrpitr-.ontahvr-^ of (bt* Ibirenu 
of Labor StalifilicB, Bureau of Ibo Cemua, nnd UiirenM id i>«tnoi< ir SHir.nrily, 
was hold in New York on Seplcnibcr II, 10L’», al nbirh Isis.f vari«inii tuitfr 
lions nnd topics on procedures Irtinfi urad nr ennlenuduU d in »h«! ciilurRcd 
employment stnlialica program of tlic Hurcaw of Lab'.r Slalfslirs witc dig- 
cuBeecl, 

It ifl anlicipatacl tliftt a preliminary draft uf a rrjwl prepara- 

tion will he completed vritliin a few wcekfi, 

\V, A- 

K. \\\ Mr aiJiKHii 

O, A. Vnu it 

M. 1 , 

H, IS. Wll M, 

Commillcc on Census Enu^neralhn Tim nri (Viiwub 

Enumeratiou A^rciis held iU annual mcolinn at n luiirliPriu Mfi l iiilfiy, 

January 25, 1940, at the Carlor Hotel in Clrwlnnd, Oliin. 

Speakers at this session were ICsUicr M, \Vri|!;lil, H*iwnrd tj, nrnnpmnn» 
Clarence K Batflcliclot, and Howard Whippio CJr<vii. TJnr^ pjij^rr/^ iiitdnded 
n reviow of current aotivitica of the tracteci cities in priinii'hni^ tmrt 

uao, plana ol the Bureau of tlio Conaua for IDM, prarlirfil r^on^iflrralhinf^ in 
extending traotod arooB beyond city liniita, nnd ijildi^^ril in pnpu- 

laming eeuBus tract usa in Cleveland. 

The mooting adjourned lo the office of the CImirnmu of C!m ("tonmill^o 
where there waa an exhibit of cenaua tract fttrc^clindexi^'fi nnd jinMi'<hf'd 
Btudiea incorporating census tract data, and lunurrmH iiirap^ ^uid 
showing the distribution of social and econnniic rhnract^ ;i id (hr j«i|iii- 
labion by traota. Tlioao materials included lUu puidMif'd from niiir'r 

citica aa well aa Cleveland. A praclicj^l ilcn»(m#lra(i«n of pji'p.'irin^ J^imt 
maps and overlay tnapa wtva aleo given, 

The meeting nnd exhibit were entbuftin^ilicnlly nlU^iidrd by m^urly UK) 
poraons. 

During the year a summary of the qucfttiunTiairf^Ri rcUinml b}' Ihf* Kry 
Persons wna completed and published^ 20 pngen. iiM huh' '^ n hM 

of Key Poraons and Census Tract CoimuiLloo futr r';4r)i i ity, furln 

oonoerning conaus tract maps and censua tract rtlrcrt iinh;x*"> f»«r rnrli city, 
and a list of the most important uacra of Irncl data, 

A complcto act of the papers presented at llm 1014 lh*r»*u 4 iH'r mnding, 
21 pages, was also diatributed to all Key IVmtiim itud ntiu'rii iu 

census tract use, , 

^omtnittce is planning to publish a manual on cemims Irm l during 

^946, 
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A third of the Ceneus Tract Key Pergons left tlicir cities during tlio past 
year but the Chairman is pleased to report that replacements liavo been 
found for all but five cities. There is dofinito evidence of more active interest 
developing currently in censuB tract ubc, Tho Bureau of the Cenaue reports 
that its supply of 1940 tract publications has been exhausted, There hae been 
considerable correspondence with Key Persona concerning the development 
of adequate cgubub tract maps and street indexes, cstabliBlnnent of cenBua 
tract commitleoB, and extension of tracts in Bubuiban areas. Several con- 
ferences on tlicBo problems have also boon hold with Key Persons. 

Tile Committee wishes to express its appreciation to tlio Bureau of tho 
CcnBLia for its cooperation during the year. Members of the CoiifluHing Staff 
of tho Vital Statistics Division have made surveys of censua tract uso in 20 
cities as well ns giving the Chairman asBistnnee in his Coniinittee worlc. 

Pcspcctfully submitted j 

Howaud Whipple Gheen, Chait^nan 

C. E. Batsciielet? 

Docron W. Tiiuhbeh Pales 
Doctoh Ehhebt M. Pisnion 
Mne. SniuLBJY K. Hart 
D ocron Philip M. IlAUSEn 
Doctor Verqiii D. Reed 
Doctor Leon E. Truesdelti 
Doctor Lent D. Upbon 

Joint Comfixiitco on Occnpalional ClasBificaiion, During tho past yenr, tho 
Joint CominittcQ on Occupational Claflflificaiion of tho American Statistical 
Association and tho Division of Statistical Standards of the Bureau of the 
Budget and its technical flubcoininittcc have been concerned witli taking 
account of the effoetB of the war on occupational claBaificalion syHtomH. This 
has involved the incorporation of new job titles or tho reclassification of old 
titles iiecesBitatcd as a result of war dovclopincnts. Another Bpccific problem 
on whioli conHidorablo progress hftfl recently been made is the translation of 
military claefiilicationB into their civilian equivalents. This work has facili- 
tated the counselling and placomcnt of vetcrana and of workers displaced 
from war induetrica as well as providing the baeis for a better description 
of tlio occupational skills of the population in the post-war period. 

The Bureau of tlio Census has initiated work on revising its Index of 
Occupations and tho United States Employment Service has started a 
revifiion of ita Occupational Directory. Doth of these activities are long-term 
projoGts and all major claBBificalion diffoYenccs ariBing in these Uvo systoma 
will bo cleared through tlm Committeo for Bottlcmcnb, as they luivo been in 
tlio past, Tliib clcaranco is a continuing proccas and constituteB a review of 
tlm Convertibility List, which was developed by tho Joint Commit too cm 
Oocupatioiml ClaHsification in 1040 as tlio framework for stand ardiy/ation 
of occupational atatiBticfl. 
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In addition, requcaUi for rcclnsflification of ncciiiwlions arc nrr^’ivfd from 
the roprcsontativca of parliciilar occupatioiifll rir iiTofcfiMi.nal RrMiifm in ihe 
public and nro coneiclcrod by the Coniniillce, wiih or williniil fonnnl liear- 
ings. During the pnot year, agencicH rcprcpenliiig (iitU.'iuelri^l-». rliiroprac. 
ters, and Christian Science praclilioiiora have rc‘tnu»#(i'(| rerlaanfirfitinn in 
the United States Employment Service nml/or CVnnis clj»j».>'i(jr.«(i'*ti aya. 
terns and the Convertibitity Lint. 

(ii,.Ai>YH L. Taimi n, ('hnirinan 


Census Advisor y Commiltce. The (’ctiNUa Advisory ('niiiuiiillrf of ibe Aiuer- 
icon Statiatioal AsBocintion held only two itinrlingt# during llm jia,!>lyt«Hf, one 
In April and one in November, However, from llie |>oiiil ui yjr'ta- nf ronltml, 
the level at which the diBciiwdonn were held nnd Ihe iiroblrme disniihWil, 
these Tneetinga were highly iinporlnnt. The nppoinlmf-iil »<f q nrw ,‘icrreUry 
of Coinmorco called for rcvnluolion and rcflnloinenl of lit'* prograiu of the 
Bureau of the Census wliicli was reviewed and disriiwd (o yiooe length 
at the April meeting, covering not only the pmlilemH wbirh the Uurenu met 
in wartimo but also the directions toward which Lite Hurirnii fduaiilrl jniiiil in 
the postwar transition period and in peace liiiio. Hmrir* of (hri«e directions 
crystallisied Inter in the 1917 bodgcl refiiieslnf tlin fUirean rtf the C!<n‘iMM for 
the fiscal year 1947, and in order to cover lliia program rnticdial IcgiKlntinii 
was introduced into CongrOfs. The hill wliidi wm Inter inlrorlurcd ns II. II. 
4781 incorporated the siiggwUons which the C*oiimiilUv lin.'n l»rr ji rn.nking 
over the past years and which ilapccifically urgcil in a rritudntimi mhtplt'd in 
the November meeting. 


In general, the program toward which the Bureau of llio t Vuptm i.s indnling 
oalla for benehinnrk censuses on a staggered hitwH nilh Astrictilliiro and 
Population being taken simultaneoualy every five yenra in yrare ending in 
0 and 5 and Manufacture and Business, also r|uiiit|iieriui;«lly, iir yr.rrn I'lnling 
in 2 and 7, in addition a strong program of current data 'mvow try fur the 
study of economio end sooinl data which arc plnnncHl. Thu nvailnl.iliiV t.f micIi 
data would be very helpful in iiicoling the stalislini) nmh' of Ihi* riaiittti. In 
addition to, tho oonsicicrntion of ovcr-ull |irogrniii, Iripiew di-TUfi-cd inrlmlcil 
the Census of Agrioulturo which was taken in the year int.’i .iml (he ..rgunim- 
tion of a Field Division in tho Bureau of the Census. Tlit* InH.-r was nh<* tlm 
ob]cct of resolution at the November inccliiig, in whirli Urn fMintniltei* 
emphasized that the quality of etatintical inforiiiAliori as piibli»li<-i] i-mu Ih> h.i 
better than that obtained at the source. Tho cxihlenct* of nil mh .iuub* fiibl 
staff experienced in field problems and mclhods would m.l i.idv rc^dt in 
improvement m the current statistics progmiiiM imw Iking ,|i v.' |..|H-d liul 
would also provide nn osaonlial nucleus armiiul wliirh l|io fi.dd j^fafT for n 

wh oh exist by virtuo of tho loiiiporary asaniidding niid dinhaii.ling ..f kov 

field poraonnol for tho major conBUScs ns lin« licari Um pr«rlii>f. in dm past, 

In addition, a continuing field organiznlion can ho circcivclv imed on a iorv- 
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ice basis for the collocbion of data for other Federal agencies. Tiie concen- 
tration of field activity would result in a aubstantial irnprovomont in Federal 
statistics in general and tho Cominittee urged further study and action on 
this aspect of the problem. 

The texts of the two resolutions follow: 

Ilcflolution on Consua Bureau Program Adopted ])y tho CensuB Advisory 
Gommlbtco of tho Amorican Statistical Association 
November 10, 1046 

The ConHiia Advisory Committco of the Amorican SbatiHiicnl Associa' 
iion, liavliig discussed with oiliolnlH of the Bureau of the Census and with the 
meml}Qrahip of the Ainericaii Statlabical ABsoointion over a ])urlod of years 
major probiems wliich face the Bureau of the Census, strouKly urges tho 
following conclualona and rccommondations clirocted toward a balanced 
atatistical program designed to be of maximum uscfulncBs to Lho buBincss 
community, to the government, and to the otlicr consumcia of statist leal 
information. Such a program is urgently needed during tho critical inontliH 
and years ahead to effect an orderly transition from war to peace and to 
provide a sound factual baaia for postwar adjuatmont, 

(a) That in tho coming year tno Bureau of tho Census be empowered 
to take Censuses of Mamifactures and BusinesB, a survey of the clinracter- 
ifltics of the population on n sample baflis, and a conainncr incomo survey, 
and that it tilso bo empowered to expand tho present report of tho labor 
force to obtain data for tho major Industrial areas. 

(h) That the Bureau of the Census reschedule its basic cenBiis operations 
HO Qs to achieve a better balanced program by conducting quinquonnial 
ccnsuBca in lieu of tho present unbalanced programs ranging from biennial 
to decennial censuHcsj and that thoso ccnBUSCB bo bo spnccu ns to prevent 
undue administrativo burden from being placed on tiic Bureau of tho 
ConsuH. 

(c) Tliat tho Bureau of tlic Cousub bo authorized to conduct its proposed 
program of ourroiit statiBtiCH including annual Hamplo survoyB and poriodlo 
monthly or quarterly reports nccesBary to provide timely information for 
current use, 

It is the judgment of tho Committco that both the immediate and long- 
run programs propo.sed by tho Bureau of tho Consus would meet urgent 
ncocla of bimincas, government, arul oilier usots of Btatifitical information 
and that they bIiouIu be autliorizcd at an early date. 

RoBolution oil Ccrbub Field Organization Adopted by tho Ccnaiis Advisory 
Committco of the American Statistical AsBooialion 
Novembor 10, 1046 

Quo of the critical points in tho coUeetiou of statistical Information is the 
field Interview’, or tlio contaot of the rcprcsontiilivc of the collection agent 
with tho rcRpondont. Tho quality of the statiatical information as published 
can 1)0 no hotter than that obtained at the time of the enumeration. For this 
rcaaon, tho Census Advisory Committco of the American Statistical Ab- 
Booiation considers it extremely important that nn adequate permanent field 
Btafl bo maintained by the Bureau of tho Census. Such a staff would hocome 
intimately acquainted with the problems and pitfalls of this important phase 
of HtatlHlIcnl activity, would ho UHcffil in tho collection of necurato diila 
for the nioiithly report on tho labor force, for annual survoya of retail trado 
and for other current Hamplo studiefl. Such an organization would also pro- 
vide ail eSHontinl nuolmis arouml w'hich the field organization for the majur 
cenausos nan bo organized. 

For thoHo rimsoiiH, the Census Advisory Committoo coininmidH tlio or- 
ganization of a flcparato Field DiviHiou within the Bureau of the Census to 
Bneciahze in thifi activity. However , wo believe that a Bpeoii\i\ 7 .ed organiza- 
tion of this typo can become most olTcotlvo if it ie also used on a Bcrvloe basis 
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for the collooLion of (lain for other ARt^in^irti , Thif r ..rfr^nUAn 

tion of field activity in one fl|>ccinli4crl ftRr>ney whuld iti m phI Mftnllal 

improvement In Iho qiifliily of other Federnl nSnliflUrfl g«i Uir ih hl^ 

and the Committee alrongly utge« lurllmT Blndy And arur^r, Ihlj 

Wjlua '^1 r. fhiin n?*, f'"hw9nKii\ 

List of Committees and IteprcunMires fm 

CommiiUo eri Fellowi 

Thcodoro II. BroM^N, CVioirman 
Lowoll J. Hoed 
JoBopli S. Uavls 

CommfiUiG on Nominaliom 

Helen M, Walker, CAairwiflft StimrL A. 

Frederick C. MilU 

Commiilce on ImeaiinenU 

Henry B, Arlhur, C/mirmon AVillnrd L. Tlinip 

Ep Grosvenor Plowrnon 


Aryitw Jny Wkk«^nf^ 
ikrrdd Jlcilr^llunit 


Budget Committee of iho Board of Piroclors 

Henry B, Arthur, CAai’rjnaii Willsirti L. TJjrjiiji 

E. Groflvonor Plowman 


Annual Meeting Program CommiUco 
Vf. G, Cochran, CAaiVwian 
A, D. Hp Kaplan 

fliomefriM /Sech'on Committee 
C, 1 . BUbs, Chairman 
Horace W. Norton, Secttlary 
Alva E. Brandt 
AVillinm G. Coohran 
Gortrudo M. Cox 
OKnrohiU EiBonharb 


J. Hrrtl 


Alfred J. J^lkn 
Hugo Mijcjrmb, Jr, 

J. Nuyinnn 
Iiowoll J. UcH^d 
Georgo W, i>amU(?r<*r 


Census Adviacry CommiUeo 
W. F. Ogburn, Cfiafrman 
Murray H. Boiicdiot 
Donald R. G. Cowan 

Commiike on Census Enumeraiion Areas 
, Howard W. Greon, CAoirmnn 
Clarence E. Dataoliolot 
W. Thurbor Faloa 
Eriieflt M. Fisher 
Shirley K. Hart 


J. Frederic lit^^hiarni 
I'roderick F. .^1^ (dmn 
Willard U Tlmrii 


I1iili|i M. linufitir 
Vtrgil \K 
Uon J:), UVui^ttdnill 
l^ut l)p U]i^un 
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Joint Co..imiUee on Occupational Classification 

Gladys L. Palmer, Chairman and Robert J. Myers 
Secretar y Caroll L, S bar tic 

Mevecllth B. Givens Leon B, Tiucsdcll 

Ida G. Merriam 


Com^nilice on Sampling Surveys 
S. S, AVilka, ActUig Chairman 
W. Edwards Doming 
George W, Snedccor 


Frederick F. Stoplmn 
Alfred N. Watson 
Theodore O, Yntorna 


Advisory Commitiec to the Butca^i of Labor Statistics 
S. S. Wilks, Chairman 0. A, Fried 

W. A. Borridgo M. I, Geralionaon 

Robert Burgess 

Committee on the Preservation and Destruction of War Records 
Lester S. Kellogg William R. Leonard 

Morris A. Copeland Avyuesa Joy Wiekena 

Covwiillec on Preparation of a Source Book of Ecoimnic Stalislics 
AVnltor Mitclioll, Jr., (7/miV7?i07i Philip M, Hauser 
J. Frederic Dowlixirsb Theodore O, Yntoina 

Commiilee on Strudure 

Willard L. Tliorp, Chairman F. Loslio Ilayford 

C, I. Bliss Frederick F. Stephan 

W. Q. Cochran Helen M. Walker 

Represenialive on the Board of Directors of the National Bureau of Eco^wmic 
Research 

Frederick C. Mills 


Meinhers of the Social #Scte?ice Research Council 

Harold Hotelling Willard L. Thorp 

Frederick F. Stephan 

Rejiresentatiue o?i l/ic Council of the A?ncncan Association /or Ike AJrancemcjU 
of Science 

Walter A. Hhowliarfc 

RcpreBcnlalivea on the Joint Coinmittce for the Development of Statistical Appli-^ 
cations in Enginccruig and Manufacturing 
Walter A. Showhart Churchill Eisenimrb 
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Represeuiative on Uie Stclioml ConmiUec on f!ian4ard<t ftn ft^tajihic PmcnUit, 
lion 0 / the Anuriean Slandardi fiif Ih^. -Imen'can 

Society of Mcc/ianical Sngineert 
Fredorick 1C. Croxlon 

RepmenlalM on the Admary lhard of the Atjurifitn k’r<ir ii,Kik 
Frank W. Notostcin 

flepreacniolire on the Advisory Committee to the ('e>is!.e /.ihrary /ViyrW 
Fioliard 0. Lang 

Member of Jlio vlnicncan t)ocumentalion tnM>.le 
Lcatcr S. Kellogg 



BOOK REVIEWS 

Edited by 

Obcah Ktiibhn Bun os 
Rutgers University 

Industrial Quality Control* PublisLecl bimonthly by The SocioLy of Quality 
Control Eiigincors in cooporation with Tlio University of DuITalo. $0,00 per year; 
$1,213 per isHUo; Vol. I (112 pp., 8iXH m.) available at $4,00 per sot of 0 
copies or $1.00 per copy. Edited by ^fa^l^n A. Brimbangh (ProfcHBOr of StatiHlics, 
University of Buffalo), Editorial and publication ofTico: CroBby Hall, University 
of Biiftalo, Buffalo 14, Now York. Tuia reviews follow: 

Review dy Sedabtian B. Lit^atjer 

Professor of Mathematics and Chairman of the Dc'partmeni 
Newark College of Engiiieering 

T he appearance in July, 1044, of tlio first iesiio of Jndualrial Quality 
Control served notice tliat '^Quality Control'' had come of ago as a 
field of profesaionnl endeavor, As Is well kIlo^Yn, induBtrial quality control in 
its present senfie dates from the early twenties when Showharfc began liis 
original investigations wliioh pointed the way to the use of statifiticnl inotbod. 
Before 1930 it would have boon difficult to round up a dozen papers on sta- 
tistical quality control. And in spite of a definite incroaso, thorcaftorj in tho 
indimfcrial use of statistical techniques in quality control, and in tho publi- 
cation of papers on the subject, in but relatively fow induRtrial plants, up 
until the war, was there an awarenesa of control charts or Bainpling tables. 

None tho less, tlio advantages of ntatistical quality control had been so 
soundly established that during tho war a program of intenHivo training in 
these techniques was carried on under tho auspices of tho Ofilco of Production 
and Research Development and the U, S. Office of Education. The ontiiuai- 
astic reception of this program was followed at many of the training contcra 
by tho organization of local quality control societios, From tliis luicleus of 
persons interested in tho applications of statistical methods to inchis trial 
quality control has como tho doinand for a journal to servo their professional 
needs. To quote from an editorial in the first issuo: , Other publications 

are available for the presentation of etatistical and matlicinabical develop- 
menta of interest to quality control opera tors. Likewise tho engineering ap- 
proach is available. But between these two there is an open area of analytical 
quality control in industrial use* Into this open area Industrial Quality Con- 
trol is projected as a sorvico to tho men and women who nmlto the decisiona 
from day to day in quality control dopartmonta," 

That such sorvico is being appreciatively rendered is attested to by a sub- 
stantial group of readers among wlioin arc more than seven luimlred paid 
siibsoribors, Tlio appearance of this bi-monthly periodical has stimulated tho 
activities of niany of tlio young quality control socioUes by publicizing thoir 
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activiticB and reporting fully on ellniM. IrAiuing roiur^'^ Ihr, like; by 
Bummaruing ftrUclcB of inlcrcuL apiionrinR rurrriUly in t.Jl.f'r jriurnaU; by 
providing toxt reviews, news and nn(<^F, and njlirr il inunlly found in 

tlie pages of a profcB«ion«l journal, anil in ihf prr^«'nl r:iM* f»,r ll-e fitpL linuj 
in a journal of tWeir own, aiipealitig diri’rlly lu iiuaUly r oMnd nj^oralorB. 
The early isaucB contained ft coniiuTlionfive l(iM)‘'graj>)jy wlirh iuumI have 
been heartily welcamcd l>y many a reader. In lht'«* and rdi/rr /nduj- 
Irial QuoKly Control lioB lastu romlftrinR valimVlv pr-rvi*r> it?, renders and 
encouraging a sonso of cojiimon |»rufriwiftnal intr'r»-f*t nu ^rig tuialily rrmirol 
workorfl- 

Tho contributed papers, -which are Ihi" Mi\t*>iUnct» iif jnurnali 

are rather diflicult to appraiwj. All ui theiM wre nrnc^ rMrrl i^ria^rpirily with the 
Btabifltical aspocta of qunlitj' Gonlroh A rckkJ iJiird nf I he* fh al ?riih 

"indootrioation” and "general plant-wi^e Ihird vrivh 

aarapling plana and Uio romuinder with c<inlntil rhurt ^i|ndi4 viltijrjh nr iocidco* 
teil teoUaiquGs. Most of tijc pnjwra nm l,«y in induHrml 

practice. Only n lew of Iha paj>er« sirn by wriur^ in i.bf» aud 

certain names inliiTinlcly n«iociaU*d willi Ihf ih-v^*!n|iiJ.i'3il Jtf 
quality control are notyot iirriong th<! conlrlbiilor?^, \Vhih» iJn^ pi'ijicrs 

contain points of intcrebt, in a iiUTiibor nf tlm |>n|pi^r> :irr invali- 
dated bccaufio of weakncsftcsin (he (h^'t^ry Ui i.diinin lln?)n, 

A periodical ia far more than the sum of il.ri hm^I^ ind' -f cl, is a living 
entity which can qxorciBe a vital inflijcnco <m iht? prMKrr-r.*} i»f jirnb i^tiiijnfll 
field wliloli it nervos. Founding meU n lournnl b a wurilny /iml ri«rniidahle 
undorfcahiug, while nurturing it to n nmlurc* ?tnd Kup* 

port from oil intoroated quorUrs. To tho fciundirr^i and i>f /nds/pfriid 

Quality Control gcimino Urnnka aro due and all ^inul f^r Ihc full 

realization of their objectives. 


IIevd^w nr IIouniiooK VowKiKfi 
Pro/estor of Pnc&s and i^iu(\ii({r4» iSt^nfoid 

T m oniGiN and purposed of Industrial Quality Cmtral h"* in a 
sago from the Prosident'* and an ''Kcliloriar in it, ft li^t (July Ull-i) 

are well eummarized in the following cxcorpta (MMOKMiri* 

Mom then n year ago tho War Produclhm Ih^ard thrM^Kh ii.r, (Hliri* gf 
1 roducuon Rcsoaron and Duvdoprneut lauiichrd u prgjrrl Im pnividv (raili- 
ng In tho ubo of analytical quality coiilrnl tii k^ y (U’lNfrihi 1 #’f I'lnut’i priulur- 
i^tcTiaP. , , Early in this program on inu iu»l\ff' rIv. n mi 

BulTftlo, aoptombor 11-18 . . On Nrtv<*rnlKT 7 Um- ^ {hh 

iQtonaivo courao CBUbliBhtjcl Uio BopivXy of t^imlily r^rn|I^.1 I uhm,* u*- 

^om this nucleus of 41 roprcmmUUvqa of Ki iiifjivhlu^d indM^Uo p, gur ng 
berahm Ima been aviKmenlud by of ibn Mirr.-nnnr hgirl^inx) 

oUbscb In Quo illy Control, so that w« jiow limvii nii ui jr.u 

raemborfl. . . , Wc propose tlirtnigh Iho medium ufihin puPhraiom p* pn m-mI 

T*iJ»“Wfirftllon, Ihfl RylJior of ihUiiUWiRW.^ ip»a^1 v.i iV-i 

Bolonofl aikI X(Bri4i«tm(»if)i Wm TrfUiiiiiK a p, H Of-fii < ( 

^uaaLlonj wliloh dlrooUy opoiuored iho liUeiulvo wiirwi* M\h »abg?lj lU'IlM 
rari'UinQ ooUTaM, alao, 
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to our membership, and the public, Uoidb of intcrosb in Quality Contiol, 
, . . The content of each issuo will be eelcctcd with the thouRht in mind that 
quality control operatoTS in other nrcaa face probloma eiwilar to those en- 
countered in the Buffalo area. Accordingly in ate rials appearing will, we hope, 
have more than local signiUcance. 


The obiectivea ot the Buffalo Rocioty and of its publication were apeciQcd 
further in tlio second issue of the journal: 

Your oflioerB are attempting to keep abrcnBt of . . , dovolopmciits by 
fostering two major mograma: (1) the training of new quality control 
operatova in coursDS oiiorcd at the Univoraity of Buffalo, (2) tho publication 
of Industrial Quoh'f?/ Control The magazine Is designed to give you Arlicles 
to show what other companies arc doing, bibliographies to guide your rend- 
ing concerning the use of control techniques in other parts of the country ■ 
tables to facilitate your work, and solutions of current probloma presented 
l)y members of the Bocloty. 


The first seven numbers of the journal were lithographed from well pre- 
pared typewritten copy on a page 8^ Xll inches. The iirst two compriBcd 16 
pages each, including cover, and the remainder, 20 pages each, Volume If, 
Number 2, appeared in type, with 1C pages of tlic same size as before. 

Tlio articles in Industrial Qualilf/ Control full mainly into threo classes: 
(a) general discussions of tho principles of quality control, and especial ly of 
Rtatistical control; (b) reports on Bpecifio quality control projects; and (c) 
proscntatioiiB of statistical theory and method applicable to quality control. 

GenGralizafciona have their merits, but one who hag already road a little 
of tho existing litcratiiro will not paiieo long over most of the articlea which 
deal mainly in generalities. One, however, "Top Maimgoniont Views Quality 
Control,” by M. Herbert Klscnl'iavt, President, Bawsch and Lomb Optical 
Co,, in tho March 1945 issue, is an exceptionally thouglitful and interesting 
discussion of the broader aspects of quality control. 

Among tho papers that deal with flpccific applications of statistical control 
are two or three which include diBcusBion of fiomo broad problems of quality 
control, and in so doing are the more cffcctivo bccauso they prosont coiiolu- 
sions in a sotting of the conditions which validated tliein, Noteworthy on this 
account is "Growth of a Quality Control Department In a Canadian Ammu- 
nition Plant,” by Douglas P. Brown, General Superintendent of the Tech- 
nical Development and Control Department, Defenso Industries, Ltd, 
(Clierrier Works), in tho iasuo of Novomber 1044. To go farther in the men- 
tion of individual papers on specific applications is scarcely possible hero, for 
nearly every iwaue of llic journal has contained one or two auch papers of real 
merit, potentially useful to readers of diverse interests. 

riil)cra aTul notes conccriiod with Btatmticnl theory and method in tlio 
early isaues of the journal wore pitched at loo elementary a level to bo of 
interest to most readorH of tliiu review, and they hick special merit, in general, 
oven as oloniontary oxpOBltions. One in the November 1944 isHuc, unsigned, 
is particularly open to criticism. Dealing with theintcrcHfcing problem of data 
showing highly skewed distributions in their original form, but approximat- 
ing nonuality when transformed to logarithms, it suggests, reasoncibly 
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enough, tlio use of a clinrL for individunl (ilMorvwljoiiK wslh an al the 

geornctrio mean. It Ihoti cletormlno; "wginn" i.f »liffi“rct»ce 

botweon tko logarithm of tlic gconiclrio inoan .inti th»' tif t(i(< 

tronio itoms in tho tliBlribiiUoiiK, and Idandh.' uliffr rrnl valuer of 

"sigma" for positive and ncgntive dovialit<n»*. U ndfw Ikf- I'tpjrf.rhniitv to 
odviao plotting such data on pni>cr with n biRanlhnji^' vs ttir d ^r•a^>. 
doncing a souse of the supcriorily of avorngf'-t over tndi vidnni vai itnii. for 
moat control pvirpoHOs, it remarks. •’I'erlmpK rri-idetn *.f Sks* oTlicIi- vvil) obrl 
to develop a Bolutiou of tho problem of prr'|>aiing ri<idj<t1 r fnr avt ragea 
and rangoB of a nojiByniMictricid dit-lribiilimi" « 

refloBt littlo understanding of llio kimwIcdRe jmiuiicd for sobslini* <4 eho 
problem. 

As a Imsty itnprovisolion under iirous<uro of Imndlioft a plant. proMpin. ( 1 ,^ 
method just suinmorizcd may Iks admired for i(» simplicjiy and iiiKem'iilv 
but one may doubt wlicther similar prablenm Here »<• prevab-i)!. otTil urgent 
tliat time could not well Imvo l»eon simrrd lo develop n more r lbi ietit nntl 
rational solution before publishing on it. In any c/isf. lo hIImw '•rigin.-w" oh- 
tained as just doscribed to inaaquerade aHii|.andatd c|c-riati««»K wiihmil niKj- 
ogy is hardly excilsabio. 

It was appropriate that discussitma ofal.'iU.alti'.il mrllhml in ilje early iftau«s 
of InditslrialOitaliCi/ C'oidrof should b« clemrnlary, in ke/‘j.in|i 5 vtdii IlmelfiluH 
of most of its subscribers as beginiiem in HlalisliD’*. I-al^er reflerL rintg. 
Ditionof subBtanlialiidvanoo in Ihostnlialicnl compett-nm ..f n,..w. nhr.m the 
journal has utidorlnkon to acrvo. The two Intend ia.Mie-* (Jwlv mol Septendw 
1046J contain useful short pnjicrs on “tVe of CV«rre|a(jr,i) in U.mltlv C’mi- 
rol by Peter P. OiPaoln and "Scqiieitlial Kanqiling In«>]M-rp..i« lur Allri- 
butoB"by H.A.Frocinnn. 


Worthy of specml mention is a paper by Mnrlin A. Hrnml-iUKl. in the 
Sep ombor 1046 isauo which prcsenln a cointwri-on of pre.H,*r and pre t-nl 
quality of the machine-shop work of one tilaiil that ndMpled .lali-li.Ml r.-ti- 
trol during the war Tho paper Lakes advariUiKO r.f an nfferd-d 

by hasty s tonug of parts for a finri'a pre-war prmlud l«.f..re .^ rn-ning in- 
speotion, when tho plant was converted to war work. Al Die ,.„.i of the war 

chief in!*iH-.;l.,r. vh«» i„ re' 

S nrn war l‘r r" '"«hc ^ f-r.wd .d lb- elliHeiiry 

rosuTenrS "• «rumbaUKb-« ,.f 

inaW that n » T «’* ‘■""ohl prmlnrli. .-bnu. >i,ik. 

nswas n,«.n„ehMml forHulidival i.-mr-l 

ns was found m tlm production of war innleriab. 

duSrtaf Q«i UuBlily Control IhiKinrers nnd th- IMd-r .4 /„■ 

and a groat amounrnn**^^! required imiigii<a(i.i)i, iiiitiulive, 

its faults radminA B hccij BOiiBO for ilm iicutls of iu r-ad-rH, ami uvcii 
Its faults redound in cons.dorablo part to Iho credit of i.a ,h;; 
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must liavo known that tho conditions of publication made defects iiicvita- 
bio, and have consciously braved criticism for fclio sako of rendering a sorvicc, 
From the standpoint of serviccj ono of the largo contributions of Indmlrial 
Quality Control has been made through ita pages of news and notes. Largely 
neglected in this review because of their generally ephemeral interest, thcao 
items have been a valued foaturo of tho magazine, contributing substan- 
tially to advancoment of tho use of Btatistic-s in quality control through tho 
encouraginenb that people get from knowing what otliera of like interests are 
doing. 


Quality Control Reports, Nos. 1-12. Issued by tho Quality Control Program, 
CaniegiQ Instituto of Technology, for OHico of Production llcacarch and De- 
velopment, War Production Board. Holbrook Working (Director, Quality CoH" 
trol Program; Professor of Pricca and Slntislic.s, Stanford UniveraiLy) and 
Bdxoin G. Old^ (Aefloolftto Director, Quality Control Program; Associate Profcaaor 
of Matliematicfl, Carnegie InHtitiite of Technology) Waaluugton; OfTico of 
Production llesearch and Dovolopmonb, Civil inn Ih’o due lion Admmisbration, 
1045, Gratis. Paper, 

No. 1, lutroducLiofi of SlaUstical Quality Control at Illlnole Teallng laboratorloe, 
Jameh A. Fxzzdl (SuporviBor, ICnginccring Doparlmont, Illlnoia Tea ting Lnborntoriofl, 
Inc., Ciiicngo). May 1046, Pp. 8. 

No. 2| Organlzatlona Concerned With SlatlBllcal Quality Conlrol, Holbrook ]yQrkino 
and Edwin G. Olds. Juno 1045. Pp, 38. 

No. 3, Stallsllcal Quality Control at the Sti Louis Dlvlalon of American Stove Com- 
pany, Ec&tvr A, Kavffvmn (Director of Quality Conlrol, Amorican Stovo Co,, Bt. Louis, 
MoO Angnsl 1045. Pp, 22, 

No. 4 , Quality Control at tho Ltikas-Harold Corporation. Carl O, Schmid (Mnnagor, 
Quality Control Dopavlineiit, Lukaa-llarold Corp., Indianapolis, Ind,), August 1045, 
Pp. 10. 

No, 6, SlatlBllcal Quality Control in Radio Manufacturo. Fred Trowbridgo (Quality 
Conlrol kngincor) and John T Ciorh (l^roduction Control ICiigincor), (Hon Lino! Radio 
Corp., KvariHtou, 111,), Hcplombcr Pp. 12. 

No. 6, An Application of StaUetlcal Quality Control at the Hoover Dali and Bearing 
Company* C. TroinUy (SuporviBor, Quality Control Department, Hoover Ball 

and Bearing Co., Ann Arbor, Midi ). Soplomhcr 1046, Pp. 0. 

No. 7, An Adaptation of StallBtical Quality Conlrol at Aldens'. James M. BoHowo 
(Manager, Inspections Dopartmcnl, Aldona* Cliieago Mail Ordor Co., ChiengOj 111.). 
Hoplonilicr 1046. Pp. 12. 

No. 6, An Application of Stailstlcal Quality Control at the John Deere Tractor Com- 
pany, E. L. Fay (Chief InB))cctor, John DcoroTrnclor Co,, Wntorloo, Iowa). Soplombcr 
1046. l^p, 0. 

No, 0, StaUallcal Quality Control at Lockheed, Juiikb R, Crawford (Manager, Manu- 
fuclurlng llGi)orlB Dcpnilinciit, Lockheed Aireraft Corp., Bvirbnnk, Cnlif.) and Preston 
C. Hammer (Partner, Probity lOngiiicora, Los Angolca, Calif.)- Heptombor 104C. Pp. 17, 

No. 10| Some Aapccts of StatlsUcol Quality Conlrol In the Slocl Industry. Richard IL 
Edc (Carnegio Illinois Hteol Corp,, Ouiy, Iiul.) and Earl IK, Hohancy (MolalliirgiHl, 
YounKfilown Hhoot and Tijho C'o., YoungsLown, Ohio), Boplomlmr 1046. Pp, 12. 

No. 11, Dlbllogrnphy on Slallstlcal Quality Control. Dorothy ir* Goodfdlow (EUilorial 
Ahyitibinl, OPBI) Quality (Control Piogriun, Carnegie InstiUito of Tcohiiolugy). Heplein- 
her 1016 48. 

No. 12, Some Experlmonls llIuBtralliie Principles of Quality Control. Irviuff IF. /fnrr 
(AsBoelato Professor of MnlhomiiticB, Fiirduo University). Hoptoinbor 1045. Pp. 12, 
Two reviewB /ollow: 
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Review BT CiRoHoi! \V. IIhow’s 
jRugareh Enginetr, R.C.A. AflW^ifnnVj, ,Y. J. 


T ne 12 Quality Control IlcporU lrt|tPlln*r r«inplilul‘<' n to iho 

aucccsa or tlio OPED Quality (l'<ir)trol rro^rani in aliiHishling inlon^l 
in atatistical quality control in war intluHliiria ntid in EuMiitK lljn; nrj^ani^a^ 
tion of induBtrinl quolily control projirami!. Tim (Uigjr«> (.,< aJijr), [),(, 
Borlbors to the OPRD Program have l>cen rcftaul fp<r Ihrir inl'^rnl ia really 
Impressive, If these reports represent an apprnxinmlfly f^iir 'ampl" of (ho 
general exporiotice of tlio organizations which availed (hi'UiMd vra rd (lie op, 
portunitios offerod. 

Nino of the roports dcscribo individual quality rotdiol ojijdicalioftR pr^ 
sented by quality control, inaiwclion, and engineering execudvcTi rdveriiig 
a wide range in previous quality control BX|wsrience, alolidiCTl training, and 
special fields, Avjtli the result that the rflrwrts Ihrtnselvets Pnirli n' cor- 
respondingly largo vorioly of points of inteirsl, inclu-ling nf of. 

ganiztttiou, methods of introducing quality rnnlrol lephnifiuiPtii fmr Uir liisl 
time, and dotails of actual npplicatioiiii. 

With respect to teolinical slalisUcJil delaila, there ia lit(|f« that qt-r-d ha 
said about these reports. With n few exccpLiun^ limy povsent ."itamlard ron- 
trol chart toclmiquos applied to incoinjng maleriul, pr«fw» n.rdr-d, ninJ fiiml 
Inspeotion, The greatest singlo goin, in the nmjorily of prM*entnJ, ,e. 
suits, in tho reviewer's opinion, from llto eoinbinalion of iiicfn,ii,fr,w| euiphanis 
on quolily nt all levels with tlio conlitiuoun picture of dm .piiuAli«n nffi-rdr'd 
by the oontrol charta, providing a grapliio goo! of grrnl |«.ycli«d<.Kir,i| jMiimr, 
tanoo along with on intelligible doscriplioii nf Dm hUp.ry uf (In- i.ruct-.s 
Other goins which follow are more or Ira of Dm nature «f improved jn^iwc- 
tion emoienoy aaBooiobod with sensible ineoaureiimnl and t-nrupliuK i,r of 
spoolflootion rovision, made possible by knowledge of the PtuiisUcjil u'hn vior 
of the process whon in oontrol. 


The problem of whipping an ouUof^sonlroI prtmw ihUi rontml h of 
course, not subject to the routinualloii that is possible nt ihe uDut ronlrol 
tages, nevertholess tho obvious question which nriww is U. whril extent i-ati 
In Ti T toko advantage of the wcll.kiiuwit l<-i hnlriims 

W Mder .,„W r« u» fat lm„. To, it |„,t ,|i,,„l 

tior* ex^rimontfl which, without acriooii intcrfcri'llri! with iimiIiic. 

«» WMoli hit llic ■,.ti„ii,il,lo 
BUtfiice at looar hilown by ttio emit nil rliarl. I in lliii 

ta Mil “'"*“''''•1 tf Iho aillhiira iiiiiilil l«. .rinli- 

VI'S.'!? '"'’™ ’’f »' in 

form. ftpproximoto analysis of vnriniico in n pnrliculnrly »ji.ip|u 
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Report No. 1 is of particular interest in that it describes the quality control 
experience of n small concern, employing fewer than 250 perHona. In spite of 
the small size of the organization, statistical quality control was applied 
Bucoessfully both to incoming and plant inspection. In qontraat, No. 0 deals 
with quality control on a gigantic scalo, with statistical control being applied 
even to the number of parts inspected. No, 9 contains a, description of n sya- 
tem of quality stamps for large scale operations; also of interest is aspooial 
Btatiatical study involving inner diameters inoasurcd at four separuto places 
in a single part. 

For a detailed dcacription of the process of locating and eliminating nn na- 
signablo cause of variability, No. 6 is one of the better reports. There is also 
a nice example of a non-normal distribution, tho distribution of tlic values of 
resistors purchased to a given tolerance, the non-normaliby rosulking from the 
manufacturera^ screening of resistora meeting a closer tolerance for other or- 
ders requiring the closer tolerance. The authors^ example of humidity affect- 
ing the quality of the product raises the question whether tho equipment in 
question was meant to operate satisfactorily under liumid conditiona. It ho, 
a change in design should have been nocesaary; if not, the proceduro adopted 
was satisfactory. This report also mentions the use of correlation mothods 
and leats in special studies. 

No. 7 is unusual in that it concerns human cfTioiency alone, in a mail- 
order operation, It oflera an excellent example of the effects of exhibiting a 
goal and keeping orderly data in a convenient form, as applied to order 
cliecking and o/Rcc clerical work, where tho problem is confined to one of 
luanagomcnt and employee efficiency, without the usual tool wear and ma- 
terial variability. 

Part I of No, 10 is concerned primarily with correlation methods, rather 
than control chart applications, in preliminary analyses. It is hitorcsting to 
notu tliQ author's stated iutcution of exploring the analysifl of variance and 
experimental design techniques for controlled oxporimonts. Part II is a do- 
tailed exposition (not entirely clear) of the process of sotting up a sampling 
acceptance plan for process control at an intermediate stage, designed to 
reduce the amount of conditioning required ou BemiftniBlied steel bars. 

Nos. 3, 5, 6, and 8 are GBsentially convontionnl control chart applications, 
although No. 4 docs contain a few very mild departures from *^orthodox^^ 
American Standards Association procedures, No. 3 contains a very intelli- 
gent disGUasion about setting the mean well enough to stay within tolerances, 
given the variability, and on required variability liiiiita for a given tolor- 
anco. No. 0 conhvins a control chart example where mcasuronionts seem to 
have been made to .001 when the tolerance wna .002, tho coarse mcaBUio- 
nient rosuUiiig in a very queer-looking chart. No. 8 hna a good diBcuasioa 
of tlio problem of Hailing quality control to tho organization and initiating 
tlio program. The highway analog ia a ratlicr nmUKing one, comparing tho 
paved portion of a highway with tho part between control limits, tho shoiil- 
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ders to tho pnrl between the conttwl liniils anii the t'jv'Vifjirjiji'mj anj 

the ditches to the piirt outside the limits 

No. 2 ia cfTeclivcIy a hiatory of the 01*11 D rroRJaiin, Ii«l5ng Btv^en 

and the orgnnizationa niid individunift cninu'r:l<-d vi>al)i thr> v.-iriMifa rriDrse/ 
The list of 810 organize tion a j)arlici|m(ing i>^ rritjuniy nn f,ai> 

this reviewer nt Icoat. This re|>orl, anil Ihn l>9l>li«gr.i]<lA' JlNu. 1 1), Uignlhcr 
make a uaoful auppleniciit to any quality r<-nlr«.4 liha Tiiy. 

No. 12 exhibits some lypicii] ilicc rxjH'riiiieril.t» wJisch v.'srious 

quality control principle.^, Some of Hii'ko rx|K*ii)?.Mif"i ji/vnhj hr )l 
as "muata" for indiWduolB nppnmcliing f|iiali»y miff i«l fi<r Ih" lir^l lisiu., t<i 
aseiatiii acquiring a firnL liand feeling fur the iwrniial i,f #l(»(i|,iica] 

variation. It is pointed out that /)’.« of I /fi, nr I i-ay, dihi.ximjhlr- H-jih a 
aingle throw of tt dio, are loo high to illuHrnK! pr.-trlnrnl frArijnn-drfi.Hive 
aituntions; tho author then suggiwUi u»iiig dice ailh innre ^js !i.id(»ji, or 
that have been “prepared." It isdiilicull to «w why ihnanfhnr in glrf lml lhe 
posaibility of compounding prtihiihililiiai; willi fwirn. nr gii Ai* r numliN'rK of 
IhrowB, to got p'a na low n« cloeircd. For exainpln, nilh Iw n ihtf.wt/. ihn iifoS. 
ability of getting two aces ia 1/30, the pnilmi.ilily nf R.Uing nn nee and a 
two ia 1/18, tiio probability (hat llm (»uiii in at Ihre** is I i]'J. ll 
might nlso bo pointed out lliol randoiii iminlMT i>m h fi.« inny In' fniind 
in Fiahor and yalos, permit drawing «min|dtin from nny ifri HfMRiicrl 
tloal distribution, nlthougli for some puriK«=i-t the irffwl mwy gmi Im- qniie as 
satisfying ob tho oquivnlonl dice csiwriiiiciil. 


Hbvibw nv 1.01,'iR C, Vm-vi, 

QuaWy Control Superior, IFritrhiEilioijMf^ Wrfv?u i\>'i f.no3v,n 
SpringfirUi, M 


■DBPonr No. 1 dCBcribcs the quality crmlml niH r„li..in. muhd mit in a 
±1 small plant under war time condilionK with nllrnli..n r. id. r.-d > l,i,,nv 

of eifiur'd rimrf.*, Mr, I jsfril 
a that the lack of adequate nmintennnec svnis the chii-f drawlon k In 
combmod production and quality; the charts thoiiiHdvr» pr.Avd 

Kiwi i" Inil "ill. .... I,„„il.|„ 
fooiiomy of oi»™fi„,i. 11 i. ii.to,„fi„B f.. i,, ||,p 

«otf,„otLu” »■' 

No. 2 Gontf^ina Binniiiary liBtaof (iUcJuliuirc^ nl lUr* . 

d« led by OPRI) Q,,.||,y Co,,l.„VfC;^^^^^^^^ 

M rtieh i .tr "P'«..l«'l in fl... , 

quen pr« -T "i*"'*''' ■ 
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of the Boveral quality control societies formed ns a result of tho courses pro- 
flented. 

Concerned with the control methods used in a medium sissed plant during 
war time^ No. 3 considers control of both variato cliaractoristics and at- 
tributes. The description of tho former is made somewhat confusing by 
refoTonce to a chart with incoTrcctiy calculated limits. A greutev part of tho 
report stresses control by abtvibutG.s, both in inacliiiilng threads and in 
assembly welding* with detailed accounts of tho troubles oncountorod and 
the process cliangcs found nccosaary. 

Dealing with the control of machining of parts for a very precise war in^ 
strument, where production and quality evidently far outweighed expense, 
No. 4 contera upon a portion of tho machining operations and explains the 
organizational steps found necessary to expedite tlie control program. Dm- 
pliasis is placed, duo to the precision of the work, upon control by variables; 
this is particularly of interest because of tho small volume of production 
turned out on each order — a source of complaint for many industrial con- 
cerns attempting the use of atalistlcal methods to control quality, llofor- 
cncQ to charts is made slightly difficult by inisplacomciit of tho numbers of 
the figures. 

No. G begins with a general discussion of experience with statistical appli- 
cations, and includes a few detailed connnentg on their applicability wlicro 
test error is high. A Bpecilic example follows, well worth reading, of an opera- 
tion which was uncontrolled (from a Htntistical viewpoint) and in which tlio 
controlled variation would have exceeded the tolerance, Solution of tliis prob- 
blorn involved tracking clown certain specified causes of extroiiio variation, 
and in tho use of modified control limits along the lino of variatc-consumor- 
risk thinking which has become widc.sproad in Great Britain during tlie war 
years. 

Limiting his report (No. 0) to a singlo dimciiHion commonly giving trou- 
ble in tlie iimnufacturo of ball bcaringa, Mr. Trombly describes his attempts 
to increase t!io degreo of control over the form grinding of races, by moans of 
variate control oh arts. In this case, tho charts wore also used fiubsequontly 
as a form of accoptiiiico inspootion in order to reduce the amount of detail 
inspection given ball races; lots characterized by namples outside tho control 
limits were sent to tho inspection crib for detailing. 

No. 7 describes the reduction of errors made in filling ciisboineriB orders, in 
a mail order liouse, by means of departmental charts showing daily ratios of 
errors to orders filled. Although the author ocoasionally interjects a note on 
the similarity of thi.s application to Lho.so of manufacturing, the improvo- 
inciits showii and tho manner in which coopovalion was onlistecl by display 
of charts leads to the belief that omployeo cooperation or conscienoo may bo 
Ijclbcr in inorchandiKing tlian it is in industry. The description of the sim- 
plicity and directness of charting an error ratio, rcgardlcHs of the cause or 
typo of error, will appeal to those who have become lost in tho inuUinoniinal 
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foreat while trying to account separately for a variety of qunliLy cluirnplor- 

The two examples of improvement in quality which nre ticHcrihctl in Xn. fl, 
dealing with the control of maohining processes in n tmclur fiiclury, rriiro- 
sent appropriate applications of the inelhotls of vnriahlcs and iillrilMarrH: 
the former, in the treatment of readily inensiuablo exponHive lUNltin 
the latter, in reducing rejects of threaded nuts made on nuloiimlic pprew 
ranchines, Although the latter operotion is one which is cmiiriionly cnctmii- 
tered in industrial statistical literaturo, the account w iintnhly slruiglit for- 
ward, practical, and interesting in its detail with regard to i^aiiijdiiig pro- 
oedure. 

No. 9, a report of statistical applicolion in an nviftUon plnnl, ia note- 
worthy in two reapoctsi the wartime rcquiramcnt that the quality of nmiiy 
key parts be assured is more applienWo to post-war prodilclioii in nitrraft 
assembly plants than in many other war plants; and the princiiial oxanirde 
of statistical eolation of a inonufacturing problem ia one in wliith Uu! soln- 
tion rests upon the statistical rannipulafoii rather llinri tijam custojimry cotii- 
mon-sense consideration of inspection data, — n dislincLloii which is loss 
pronounced or lacking in the majority of current cxiMwilions on Ihirt .sijhjnet, 
The use of a "quality audit” form in reporting deparlmciiliil IcvHb of ipmlity 
and hnprovoinenti comparnhlo to an expense iind budget Kluliutiniil, ai.Tvns 
to relate the technical and tnaiiagerinl phasca of quality control in a ])nu:lii>nl 
and eonvJnoing manner. 

No, 10, composed of two parts, — ono dealing with the open lumrtli ami 
pouring variables of molten steel; the other, with tlio ruUing niiil skin roiidi- 
tions of stool blooms and billots in process, — is a study in Ilia iinhislriid 
application of correlation methods. In the first part, Mr, hido ilescriliaH buv- 
crnl problems in stool manufaoturo, most of them concerned with lliti iilfaj^t 
of chemical process factors upon the quality of steel in process, and expluins 
the mothod by which each was solved and an iinprovoiiiont mimIc in tlia 
process. Omission of the details on the trials and tccliiiical thouglil iindarly- 
ing the selection of method incrensoB the clarity and brevity of Ibis acidion, 
but detracts from an appreciation of tlie complexity of Iho problums. In llic 
second part, Mr. Mahanoy starts with the surface cliarnclDriiilicH of alncl in 
process ond considers tliein as causative factors in the doteriiiiiialitm of 
finol quality. A reduction in process time nnd expenao is doinoiislralad by 
means of a sampliug plan centering upon ntlvibuto iiiapccliiui of work in 
prooess. 

No. 11 is a bibliography divided into Ihrco sections, of which the fir.il ia 
devoted to articlos on industrial statistics and quality coiilrol. Tlii« wotiuii 
is the most oomploto listing soon by. Iho reviewer, nnd in laudidiht for l!i« 
saving in time and oilort it udll afford those seeking iiiforinatiori and oxaiii- 
pies of statistienL oontrol in specific indimtrial fieldu. Tim HUennd imrlii.ii 
lists a number of technical publicntions wsiicd by industrial firms nnd iiihli- 
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tufcions, including thoBO of the American Standards Asaociation, the Bell 
System, the OPRD reports, and others. The third section lists books “sug- 
gested by men in various areas of statistical quality control ns having been 
useful to bhem.^* 

No. 12 describes some experiments with dico, paralleling the control chart 
Qccuinulation and judgment of data. In this capacity, the roport bridges 
the gap necessarily left in the American Standards Association war etaiid- 
ftids on quality control; by using a background of purely ohanco causes, tho 
author delivers that conception of control needed by any novice in industrial 
statistics. At one point, Mr. Burr discusses tho errors inado possiblo by 
stratified sainpling as opposed to rational sampling, and domouatrates by 
roarranging the saiiiG data into both types of sample. Although tho error 
(of overestimating variance) is real, it is implicitly blamed upon the method 
of sampling, whereas it might bo stated more validly as an error in tho sta- 
tiatical treatment of data, The report also survoys, by means of similai 
experiments with dice, tho field of acceptance sampling. Tho constant syatom 
of cau.ses is used to show that an occasional sample may bo so good as to 
justify reduced inspection, but that flubsequont samples inspected under 
these conditions will soon cixuso reversion to increased inspection for tho 
Bpcoific sampling plan and process average under conekleralion. 


SyjiipoBliim of Papers on Statistical Quality Control, Birmingham 3, England: 
Quality Control Panel, Birmingham District Production Committee, Ministry 
of Production (C,M,L. Building, Great Charles Sb.), (Marcli Pp. 7(i. 

Gratis. Piq)cr, 

Introduction, Quality Control In Industry, pp. 2-4, IK, A, Z^cn7|fit (Works Miinagor, 
English Nccdlo and l^'isbing Tiioklo Co., btdi, t3tudloy, Warwlckshiro, England). 

Lseturo 1 , Direct Measuromenl, pp. 0 - 8 . E, //. Scaly (Mnniigomoiit ConsuUanfc, 
Onviok, Orr and Pni tnora LUl., 7 Pork Lano, London, W.l.). 

Lecture 2, T^umber Defecllvos, pp, 0-2X, J), J, Deamot\d (Besoaroh ChemiBt, Joseph 
Liicns Ltd., Groat King St., Birmliiglmm, England). 

Locture 3, Appllcallon and Orgnnlsatloii of Statistical Quality CojiLrol in a Light 
Enginfloring Plant, pp. 22-37 I). S. McNaughion (Chief Inspector, llcroulca Cycle and 
Motor Co., Minor Works, Birmingham 6, England). 

Locture 4, Part 1. Pmctlcnl AppIlcaLlon of Statistical Quality Control in the Press 
Shop, pp, 3B-30, IK, N. /Ja fc<rr (Techidonl Aafliaiant, I.G.I, Motnla, Ltd., Witlon, Binning- 
ham, Englrnul), 

Locture 4, Pail 2. Tho Practical Appllcallon and Organisation of StatiBllcal Quality 
Control la Deep Drawing Presa Shop, pp. 40-44. //, C, Wchb (Chief Inspector, I.C.t. 
Motalfl, LUl.). 

Lecture 5, Sampling Schomos for Number Dofocllvea Inspection, for Quality EsUtvia- 
tlon of Single LolB, pp. 45-00. A. Tl'. 5u*afi (Tho Unitod Steel GompanicB Ltd-, 17 Woet- 
bourne Hoad. ShcfTicdd 10, England). 

Locturo 6, AsBOclatod Slailstlcal Tochnlqiiea, pp. 07-74 J, IK. RoilgerA (Chiof Motnl- 
lurgisl, Enslibh Needlo and Taehlo Co. Ltd.). 2'uro rapieio* JoWowi 

lli-jvinw II Y In VINO W. Bunn 
AfltffinVdff VrofMor o/ M aihcmaiic^t Purdm UnivcrBiti/ 

T urn liook in a ({(illediion of paporH discuH.sing the iipplicatiou of RbabiBbioal 
iiiutliodB of quivlily control to induHtrial probloiiiH. Tho ojMiniiig pivpor is c. 



AMEIlICAl^ BTATiaTlCAIf ABflOCtATlON 


122 

good general introduction to Iha problcine of whoro nnd how lo uho Iho 
methods in a plant. Mr. Scaly's paper 0 J<p/alii 8 clearly thn of iiioaffurc- 
ment control oharta and tho rclationHhip of control limitft mid apedllcnLionff, 
bringing in modifiod control Hmita> Mr. Dcaiuond givea tho typicnl applica- 
tion of fraction dofectivc and then dificiiHaea the ndvantagoa of UKing n 
compressed or narrow tolerance and studying hy chart tho nunihrr of caHoj 
outsicio khoBO limits. In this way there arc enough ‘'rcjccln^ Lo cnnldn tho umo 
of small Bamplea. Both papora nro well illuHtratcd willi diagrainfl niul j^liop 
probloma. Neither paper would bo quito complcbo for tho hoginner, hut Ijolh 
con tain useful matcriaL 

'The three application papers nro excellent for prc/tenliiiR the kituU of 
probleina which are mot in practico, tlioir Bolution and tho Kcncral crnnrmdc 
value of control chart mothodg. An induatrinl man will find irmny useful 
tips and adaptations, euch as, a Bftinpliiig coniproinifiR (la^^L two iiicces from 
the machine and three at random from tJifi tote box) and tho group control 
chart for automatics (McNaiightoii), the extent of nppliciilujna (Baker), 
and the econoinic decision of when and when not to use I ho uictlRidB 
(Webb), 

Mr. Swan's paper disousBCB the problem of cleHigiting single ntid dtiuhle 
sampling inspection plana for attributes. Tlic aim would «ccin to bn In hnip 
one design his own eampliug plan. The general outline for ringle HtnnpliJig U 
(a) to choose tlio maximum number of pieces wliidi can bo onlltHl a bit, (<i) 
to decido what is the maximum porconlago of a lot vvhicli one can nOTurfl Ui 
inspect, (c) to determine tho procoaa avoragoand decide in>on the jirodurur’a 
risk at this level, and (d) to decide what ooiiaumcr’s rlak to nnhuiuu fur 
Boine to-bG-detorndned lot tolerance fraction, Thero will then he Huveral 
choicea of pairs of sample size and lot toloranco (|Uidily. Tim iirurlirBl 
choice can bo made to ininimfzo tho former or (o iw the (tnvohl vitlur 
of the latter, This ig an iiitcrooting approach amt nmy well he ihnt iln- 
Bired by some oparators. The paper is not, however, very rlearly wrilteji 
and in particular ibis difTiculfc to find out wlmt niathoniaUcftl mclhiKls witc 
used in the derivations. For example, tho Polwion, hinoiuinl or li,V|H‘rgr>»- 
metric distributions are not always indicated, Iho baris of Tiihle IV h nut 
presented, nor are there adequate references. On page 50 after Tftidn III, 
there seoniB no particular reason why a sample for 105 and Ink loleraner (if 
6 per cent would not bettor meet tho author's dcsirc^R. 

Mr. Swan's double sfunpling plan involves two e(iunl sninploH innking up 
the equivalent of a single sample. This may or may not he un eiroiinmicrri 
Bot-up. The section "Operating a Double Sampling Sy#ileru" cniilniiiHi iwii 
aoriouB defects. The Operating Clmraotovislic of a prnccHS is way in 
which tho quality swings up and down about an average pereeiiUige of *l(»- 
feotivea," The point is that even whan the quiility level is hlabln at i^Jiy I 
per centdofootivo, tho fraction defootivoof loin nfiliinlly sent will vary around 
this level in a random and well undoratood manner. Knowing tho pndmliility 
of acoeptancQ of a lot of any given fraction and tho probability of occur- 
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ronco of eucli a level, then one can by uaing^tlio latter as weights find an 
average outgoing quality for tho manufacturing stream which is under 
control at 1 per cent. Average amount of sampling inspection is similarly 
available. Mr, Swan errs^ however, in using as weights, not the probability 
of such lot quality levels, but tho probability of such sample IgvqIb, Hence 
his averaged results are meaningless* 

The second point is that it is actually unnecessary to use tho weighting of 
probability of occurrence of each lot level, because if the process level is at 
1 per cent tliis gives a constant probability of occurrence of a “pass” Bamplo 
and of a “reject” sample a priori. The sampled part of tho lot is not correlated 
at all with the remainder of tho lot (if the process is stable at 1 per cent). 
It is as though we were to take a sample of 160 consecutive pieces from the 
process, make our decision to pass or reject and then to choose 850 more to 
complete tho lot, Tlie quality in the remainder will average 1 per cent in the 
long run regarcUe.ss of wimt has happened in tho first 160. Looked at this 
way it is a most aimplo matter to calculate the average outgoing quality. 
The method u.sing lot quality weights looks convincing, sensiblo and correct, 
because it is. But so is the above Bimplcr method, The two give the same 
results because both are correct. 

Mr, Swanks paper has many interesting points for one familiar with say 
the Dodge and llomig tables (reviewed in this Journal 40 (231): 382-384 
S M5). It is scarcely safe nor clear rending, however, for one relatively un- 
familiar with sampling inspection by attributes. 

Mr, Rodger-s primarily discuases two topics: tests of normality and analy- 
sis of variance, Noilliei topic ia discussed fully enough to bo very helpful to 
tho practical man. Ranges are used for the analysis of variance, whicli is 
useful. It is not possible to check upon the accuracy of the suggested methods 
since the interpretations, tests and applications to be made arc not indi- 
cated. 

The book as a whole has much of interest to well repay careful reading. 

Review hy Paul Peach 
liuluatrial Slaiisticianj InsliUUo of Stathiics 
University of North C7aroK«a, Ralcioh 

D uiunq tho war both British and American war agencies found it worth 
while to promo to the use of statistics in industry. In the United States 
the War Production Board and the Oflico of Education organized short 
training courses in statistical quality control; there was very little supervi- 
sion of actual factory insLiillations. In England tho Ministry of Production 
and the Ministry of Supply gathered togetlier a luimbor of qualified per- 
sons and set up consulting groups, or panels, whoso services wore made avail- 
able to industry and who, it appears, worked very close to tlio production 
line. As ]iart of their odiicatioiiul program they presented Icctui’es on indus- 
trial applications of statistics. This booldol gives six lectures of a series of 
eight presented in Birmingham in Junc-July, 1044, 
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The content of cnch lecturo is mclicatod hy iIh iHlo. Ah miRhl liuve !»non 
expected, the treatment iafiomewhnt uiiovcn. Tim tliird and funrlli Jnetures 
are severely practical; the otlmr four nre more Umnri'imid, iu)t objec- 

tionably so. Tlie Iccturcfl miist Imvo been nflfci^livo and Hucmsfnl, Iml in 
printed form tliey will, in this reviewer’a opinujn, be lalrrenling tdiiefly aa 
history, not as refereiico or tcnchins iiifllcriah 

For illustration, consider the last FcnlcncR of Leefurn I, by Mr .Sraly, on 
control cliarta tor meaRUrcinenU: •‘The lecture wm (hen illii>^(rntr*fl by ,H‘vi>rul 
examples of charts taken from actual factory prncUcf^.'* Thn p^^^:eatalinn 
and diBCusaion of tlieao charts must have |jc(?n nne nf the lii^hli^liN of (he 
meeting; but nothing more appenra in the printed verHion. llrn* in an rx- 
trerne instance of fcho difTcrence between writing for rcadcra ainl wriliiig for 
hearers, The apeaker usca not merely worda, but inncclinn^, Ri’^tnro, ciii- 
phaaia; ho probably has a blackboard linndy; be HciiffCH hiR audience reaction 
and modifiea his preaontation accordingly, Tlic ttlcnograpliic rc‘)U'rt rif n IcC' 
turo, whipped into shapo for publication, often a]»pearw trenmndmiHly t^ver- 
condensed, aimply bocauao eo much of the ancillary nonvcrlml r'xjHiyiilfdn is 
lost, 

The present pamphlet 8V\(tcrft from this defect, A second nbjectimukble 
feature has to do with tho figiirca. Save for tliofse of Webb and Ibi):rr, each 
lecture ia illustrated with figurea and cliarta, In Seftly’a lecture tho ligurcs 
are dispersed through the text, but for tl\o real idl fiKuro?? arc cniicctrfi in a 
sorb of appendix to tho lecture; this makes for awkwnnl rendiiiK’ awk* 
wardneas is increased for Amorican rcudorH by tlic uho of w in^ii'ad iif U for 
range; the rofcroncca, too, are chiolly to British eourcea. 

Tho lectures by Scaly and Doamond present familiur elenuudary princi- 
ples; thoae by MoNaughton, Wobb, and Baker arc practical talku which 
must have been vory clTccUvo when deUvored and retain inurh of Uit'ir rtf- 
fectiveneas in print. The eixth lecturo, by ItodKCra, irmnlunm brittfly a few 
more advanced statistical tcohniciuce such as tlio chi-KriUuriJ Ic^t and the 
analysis of variance. 

Lecture 6, by A, W. Swan, was of j)ftrticular inlercst to Dm revicwi-r. It is 
a disoUBsion of acceptnnoo eampling for lot-by-lot inHjiecliun. Swan given 
credit to Capt, A. IL B. GrimBey, Military College of Hcioiicr, in (’Oiincfliim 
with the single and double sampling plans hero prcHcutcxL Tbu?^e piuus lire 
based on tho ratio ^^Maxiinum Allowablo/Proccsa Average/’ a« an* the 
Bodge-Boinig tables of 1020 and a tablo rcceuUy dcviKcd by tho writer mul 
a colleague; the Swaii-Griinaey single sample tublea uro nnl espeeinlly com- 
paot, and overlook the simplification that can be ublaiinad by U'^iiig ehi- 
aqunre. Swan and Grimsoy aluo projjoao llio uhc of Uvo tupial fur 

double aampllng, thus Again anticipating this reviewer- Tim Sw'iin-( iriniftiT 
double Bampling plans aro arrived at by triid and error, wiili rnnhiili'ridilc 
computation. Ko adequate tabloH aro given. Ilowevor offoeUvn Dm Hjinkrn 
leaturo may have been, tho wtition presentation is difTicult to fulluiv. 

During the war tho need was for quick results at any cost. Them wa^ no tinio 
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to give really fundamental instruction in industrial and engineering statia- 
tics. The higlily condensed material and intensive instruction of war days 
will no doubt give place to the slower, more orderly and more tliorougli train- 
ing of cnginoerB and others in atatiatierd science as part of their college edu- 
cation. The lectures of the prcaont pamphlet served a purpose, and an iin- 
l^ortanb one; but the pamphlet itself, in the reviewer's opinion, will have little 
utility in the postwar period. 


laduaUlal Experimentation, K. A, Br oianlcc (Dircetoraic of Ordnance FacLoricB, 
Explosives, London). Memorandum No, 18, London, ^,0.2; S.N. 7 Branch, 
DirccLojatc of Royal Ordnance Factories (Explosives), Ministry of Sii|iply, (The 
Adclphil, 1946. Pp, 87, Paper, Two reviews followj 


Review dy John W- Tukbv 
Professor of ilfai/ic?aolic8, ZVinceion University 

T he PURPOSE, scope, and origin of this pamphlet aro clearly expressed in 
the Foreword (italics ours): 

The present memorandum has grown out of nn appreciation of tlio de- 
sirability of subjecting experimental rcBulta to n critical statistical tost of 
slgiiiricanco, It was evident that a convement account of the slrnlghtforward 
tests of Bignificanco, written from the point of view of tho individual wlio has 
to a])ply thorn in praotico without necessarily a full knowledge of their theoreti- 
cal badegroundt was not readily available, and an attempt was tlioroforc 
imidc to prepare one. As this work proceeded it hccamo ovidont that, to 
aiuily testa of slgiiificauco economically, tlm cxpcrlmonta had to bo planned 
in appropriate forma. In its present form, tnorefore, tho Memorandum 
ifl intended to bo a guide to tho planning and interpretation of oxpcrlmonts 
on tho Industrial scale, and it is hoped that its cont(!ntH will ])ccoino part of 
the everyday technique of those who carry out such oxporiments. 

TJio author has carried out this task with clarity and precision, using 
clieinical ongiiiccring examples. The pamphlet can be liighly rccommonclocl 
to all interested in industrial experiment aa a saliafactory manual of Fisher- 
ian statistics, It covers the Bigiiificancc of means, tho comparison of vari- 
ances, tho x’ test, the analysis of variance, correlation, regression, and fac- 
torial experiment. It should prove particularly interesting, of course, to those 
interested in chemical engineering problems, but workers in other holds will 
find transfer a simple problem. 

This is a brief manual for those without n full knowledge of the background 
of the tests — in short, a cookbook. It is a very good cookbook, whose rec- 
ipes Imvc boon developed in agricultuio and well tcated in many other fields, 
but it is not, and could not bo in so short a space, a troatiBo on the physical 
cUemistvy of cooking, 'rhe average cooking prob\cn\ can ho fiolvcd with a 
cookbook — very many industrial probloins can be Hatishiotorily solved i)y 
iiiccluinioal uso of thcHC well-tested statislical proccdurcH. 

The disliJicLion between statistical signilieaneo and praelical significanee 
is nowlioi'Q made clearly and precisely. The iiuinnor in which confidence inter- 
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vals nvo ubccI vn eaiue diucut-vMtmrt indicfitrw tho niithof'ii ftppraidatif>n of thia 
rtiiterencQ* yet there ia uo <UycaHMOu of what lo rln if an iiriuiediate decieioa 
must be based on BtaliBlieully iiiRufTicient cltila. There niUMmra to he i\n, uucIuq 
tDiideiicy to believe all effects fccro luUil atalihtically provc<l otherwit^e tiwi 
to leave no place for patflUel exjK'ricttCc* 

The brief disciibaion of control chart proccdurcw ^ivc« little jt^'hlanco in 
choosing between control chart nnd ViHheriau mcLhoilB iw a s5HH'i(ie iuslnncc, 
yet nmriy of the exarnploa which the nulhor Ircalw nimply aiul ilirccUy \>'onlti 
be diflicuU or impof?aiblc to Ircat by cimirol chail nuaUndH, T*hrt control 
cliart procedure was dowgnctl ami ir fitted Ui hindy prnccK^CM whirl) arc or 
should be in control— that Ih, the vnlnr^a rc^onihlo n riimhnn Hnm- 

pie. Tho Fiehoriiui methods AVore clcriRnncl and arc filled In fitiuly prnroMKea 
Avliioh aro not in coiktrol, but where fLUMliary data or Die recumoire of ihe 
uncontrolled effects allowu the partial n'cjmrrtlion of diftcTCJil t‘ffccl,w. This 
distinction is fuiidaniontal. 

In genoralj the possible ubc of niclhods Uaf^ccl cm urcler ulaliKlh'H itr given 
insufficient consideration. In pnrlieular, the “innxiiiiuni rflirjciiey” tjf the 
variance is stated Avitliout restriction on [mge 0. 

This is, of courecp related to llic gcncrnl tendency to nonnulity. 

Many small errors operating imiciicndoiilly are jtaid lo prorluce noniiulity — 
no mention that fclio effects must behave nclditively, Tlie general prinriplo 
IB enunciated {p. 11) that departure from iioniialily ihuhI bn ”very severe” 
before significancG tests bocoino apprcciulidy inneenrafn. 'J’Iiih Ik nnL tho 
caaofor Bartlott'a teat for the horn ogen city of varinnr(‘^^, wirirli ili ^rriliod 
on page 18. The exaiaplea of pot life on pagoa H, 28, oiul HI dn init n'ctii to 
represent oven nearly normal distribuiiuOH, Tltiw ifl mit auriirifriaig, ^^ur(« life 
ia rarely normally dUtrihutcch 

III carrying oat the analysis of varianco, the pr<irptlurn m<cU ia lo teat 
doubtfully BiguifiGatifc mcatt squares cud, if they are uei niKuiliriiul ul th« 
6 por cent point, to then pool them into a new cstimnlanf err<»r im'iiii Hpmtc, 
The possible pitfallfl ia this proccBS require much careful con^hleriwlinu. The 
■estimation of contributions of difforout aourci^ li> vnrmnw in diuin in n biini- 
lar way, making tho flab assumpbion that each a' i» ciiliDr uulnully yrUro or 
etntisticaUy significantly difforent from zero. 

By requiring a minimum cell frequency of 6, tho author rL^lricds the UKcf ill- 
ness of to what now seems to bo an oxccssivo extent. 

In (liBoussing variance on page 25, Ihc author stalCK iinre^^ervedly Hiul, if 
sevcTal factors contribute to a varjaiico, blieri that vnrianen is tho Mini f<f the 
component variancos. This Btatcinont tacitly nSHUiurs that the fnnlor^ an* 
indoponclent and that they act a dtli lively. 

In chacUBsing the two regression liiiott on page d3, the aullinr rdiib's that 
ho 19 concernod with prediolivo rolatloiiH and not will) Hirneluml ndatioMK. 
Tho reviewer cannot nocopl this ns a general principle iuhI feviN tliut I Imre 
are many probloinB of ohoinical engineering where tlio Rtructiirnl regre^ Mioii 
la important, 
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On pttgo 34, the author asBigna a certain component of variance to "bag- 
ging the inateriaL” WJiilo this is possible, it seems more likely to be asaooiated 
with tlr process of taking samples. 

This pamphlet has now been criticized on several lines. But — the reviewer 
knows of no book to which the reader may go for a bettor treatment of these 
critical points. The faults are those of the current statistical literature, not 
of this pamphlet alone. 

On page 17, the author inakc.s his only direct slip. lie uses a two-tailed 
F test in comparing two variances without stating tliat the C per cent level 
lias now become the 10 per cent level, and so on. 

He VIEW BY J. WOLFOWITZ 

Institute of Slatiaticaj University of Horth Carolinaj Raleigh 

T HIS short book is intended as a dcaoriptioii of the more important statis- 
tical inctliocla suitable for use in chemical manufacturo and is written 
“from the point of view of the iudividual who has to apply them in practice 
without nccesHarily a full knowledge of their tlicorotioal background.'' 
Within tlio cojiipaas of eighty-seven pagc.s it discusses a wide range of topics. 
After several introductory pages designed to explain atatiatioal fiiiidamontala 
comes a chapter devoted to the ^test. A brief cliaptor discusses estimation of 
tliG variance, botli by point and interval. Chapters on the chi-square teat, the 
analysis of vnriunco, regression, correlation, and factorial design contain the 
cluHHical Tnatcrial to bo expected in sucli a brief treatment. Two pages are 
given to a discUBsion of tlie quality control chart for ranges and inoanH; in the 
hittor the control lines are located by using tlio estimate of the range, h'our 
tables are reproduced from Fisher and Yates and one for control cliarts is 
reprinted from Dudding and Jonnett's British Standard. 

As another statistics book written as a manual the present one con Lai na a 
number of examples drawn from tlio chemical industry, and is a handy coin- 
pondiuin of a number of computational procedure.^. Tlic author is obviously 
enthusiastic about the appUcability of etatistical procedures to the oUcinical 
indiifltry and anxious to encourage their uso. 

A question tlmt merits raising ia whether this typo of book ought not to bo 
written somewhat differently. This reviewer would prefer to hog more em- 
phasis on fundamental ideas. The assumptions underlying each tcchnuiuo 
sliould be clearly exprcHScd and carefully described. While tlie mathematical 
argument which leads from asBiimptions to conclusions should bo omitted 
in a book written for the sort of puljlic for which the present book is inbciuled, 
it is still possible in moat caseB to explain tlio fundamental aanumptions to 
t)io intolllgent layman without recourse to any comjdcx nuithomatical ideas, 
If space is lucking, it seems desirable to Lliis reviewer to obtain it by reducing 
or eliminating tho considorablo detail in which coiiiputationnl toclinique.s 
are usually described, since iniHapplicabioii of statisUcal melhotlH in more 
likely to bo aerious than the use of ineflicient computing technuiueH. Much 
circumlocution could bo avoided and considerable clarity and precision 
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eaincd if fonnulno wero stntGil in aignbmio „„ti „ot ; 

words and computational procedure dpsigncij in I,,. OmU^i “ J 

mathoiiiatica implios to the roviewer's mi, id (Im m,, =«,!„„ of imillu.Vn '.' ! " 
idGoe or orguinenta of nay complexity; ll„. knnwIedKe rwjuired t,. n 
olomoatary algebraic eynibolism in whicl, ll.e el,n..ie,il alniiMtie-d fnr 
are exprosacd is now tauglit at n comparatively early ngc und 
the knowledge of a largo ecclion of llio ]K,piila(inn. 

The present book contains a nuiubcr of errors, whieli urn ihr 

in tu tank i. 

timning to be competently critical. A few examples follow: ^" '‘'"' •''1 

a) No distinction is made between the ]H,piitalion vnriiiiire nn.l ii.. i 
estimate, either in synibolimn or in tho text (ef,/.. botlom of 

b) Tho outhor fade to rcrilizo Hint n iioiniluiuin i - i ■' 

mated is not a chance variable. Tliis occurH in n iniioi.er of plilees-'fn'r 

pie, on page 14 tho author atates "... the mean lem a rl. ' *^,7“.’"' 

critical region under tho null liypolhcsis. ' ^ ‘ ^ 


auir of tbo Ministry of ABrioulUiroii.Id"Ki.Cri;I“" Nnlnrnlint n,, 

the Preahwfttor Biological Aaaodation {\fivT«'«M ‘.’f > oi 

f ^™^ic3ido, Westmorland F'nfflAn<To i’ i*^’ lVei\iniiirliiiul, 

/clfo^o Castle, ^045. S’llw 2rild!‘i^tjH,ir.“'AT 

KS'Sa™ 0....0 or .1,0 I on. 

nificniiCG for 2X2 tables and fm- ^ 'innei'riicd will, leuiH i,f siir. 

author addresses Iiiniaolf to people with lltMe’I" l'"l'ulali,.„H. 'n,e 

It being h,fl aim to oncourago’^roator nee of li.. k'lO'vlcdgu of hlulislies, 
>n fishery r^eareh. While such miaaioiiary ciroruZlr^er;',^;.?::;^^ 
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Gapceially ia this case because the author's metliodology is excellent, the 
beginner is warned not to read this booklet for his introduction to statistics. 
The Benteuces arc complex; the ideaa arc expressed in very general language; 
and many technical terms of statistics are used without explanation or defi- 
nition. 

For Btatiatioians, the booklet may be described as an elaboration of 
Fishor^s treatment of 2X2 tables and binomial populations in Ida Statislical 
Methods for Research Workers. Exact and approximate methodH for com- 
puting probability levels nro fully discussed and illustrated, Tlio author 
urges roBcarch workers to report exact probability love la rather than state 
merely tliat P is less than .01 or between .05 and .01 for example. To tins 
end he does not hesitate to recommend quite burdoiiaome arithmetical com- 
putations when there is no simpler method of obtaining the exact value. 
Moat atntistioiaiie would be less insistent on this point, 

A table is provided of the exact probability distributipna for 2X2 tables 
in which one pair of marginal totals tiro equal. Distributions are given for 
n^2j 3, ■ ' * , 15, 20, 30, where n is one of the two equal marginal totals. 
The table would be quite useful to research workers who commonly encoun- 
ter data of this kind. 

The author also presents an interesting technique for combining several 
experiments in one teat of significance when the data are not safnciently 
homogeneous that they can Ijo combined directly. The method conaiafcs of 
finding the normal deviates corresponding to the probability levels of the 
sepnrate oxpcriinenba, thou testing tlic hypothesis that the deviates arc a 
random sain pie from a normal population with ^^oro mean and unit variaiico. 
Thie method would be used when tho deviates could be given meaningful 
signs, and would in tliis circumstance Imj preferable to Fishor'n metliod of 
taking minus twice the logarithms of tho probability levels to bo chi scjimrca 
with two degrees of freedom. 

IIBVIBW BY MiLNKU B, SciIABFEa 

Instructor in PisherieSf University of Waahinglon 

T ins booklet deals witli enumeration data, arising from parallel trialB, to 
which may bo applied teats of significance based on tho fourfold table or 
on the binomial distribution. Throughout, tho result of two parallel trials 
is considered us tho di/Terorice between tlie number of tiine.s a speci/icd 
event has occurred in the two trials. Significance is judged by the prob- 
ability of tho occiuTonco under a null hypothesis of a difference at least 
as great as that ohsorved. rroccduiea are given for computing this prob- 
ability exactly for the fourfold table and for the binoiuial soiies. A talde 
of logarilhnis of the binomial cocilieieuts up to 50 terms is included and 
greatly facilitaUiH the computationH, For tlio case in which the num- 
ber of individuals, n, is tho Hamc in the two trials, tallies of tho prob- 
ability, fur all values of tlie difTerenoo are given for 71 ^ 20 , 

n«30. In addition to the exact inelhods, several inctlmds of appioxi- 
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^ „.„J for tho fourfold liiblc. A inclluid of ap- 
mating to P{d) WQ domonBtrtt biuoiiiial fiwicH abovo a given 

proximating to the sum of tho geometric Boricn, tlie euiimion ratio 

term is presented, based on ^ tbo binoiiiinl. The tcaling of 

of which ia estimated ^om s c<M.iljiii alien of 

the liomogonoity of rcflulba fro lieterogcnnouH arc briefly 

results from such trials when y ,„aiiuul of prooedurcH. 

The material is presented “ numerieal examples are 
Each "test" is presented P . )„ included n seoliim on 

given in each case. Toward tealing for Higidlinaiiee in iuirlieidar 

^suggestions as to choice of method for tea J ^ ^ 

cases," wliich will j “JJems to which the varioim nmlhoilH may bn 

section gives examples of problems 

.pplled, ThP “-r ‘1’ ■“ 
oal notes" near tho end. This '"®, ° ^ , j _ t„ niniihiy Hki b'hts in llio 

the procedures by go„,o „„ity of Hubject niutli.-r i.** Hiori'liy 

annlysis of then own dat . i.i.„'i„terrclnlioii!‘liiii.s of the varloun Hi'ctimis 

lost, and it could be wi^md that » 

had been more cleaily md • ^ inilividiuds 

in section 6 for eomputi g ( ) j individinds, mid, 

Ssttalllw «Io irgH' underlying Urn molloals of 

^^Tlmeximples omployod in illustrating the procodnn-H ar« drawn '’ari- 
oua rrSms arising in fishorios Btudiea, but the lacUmdH will Im found 
goaerally applicablo m other fields. 


Statistical Methods la Quality Control. l\ C. Clarke am} G. It. '' 

^tion 20. Lanaclolo, P».: Hunter Prossod Slocl Co., lt)i.». 1 p. H'O lii.iKin.iiun 
irregular)* 


IlEYiiaw hy Q. 11 . GAnfltJ 

Bell Telcphom LahoratorieBt /?«?.> Now ) A^ ) . 

mniB book presents in loosoloaf etylo a doscriiiliini of llm ipiidily control 
i methods whioh have boon found ueotui by the IXunler I’rchH'tl tiled C.oin. 
pany. Tho pages are exact roiiroduotioiiB of data Hheobi wlddi were iiri'iinriiil 
by the company for their inspectors and inaiicelor IridncnH, liciiig m large 
part Bpeoifio operational procedures to bo followed by the inspoc.Lion per- 
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fsoJBicl. As each, the book lacks some of the continuity which is desirable in a 
textbook. However, the simplicity of presentation and the wealth of prac- 
tical illustrations sliould moke the book of much value both to the young 
engineer who is starting out in tpinlity control work and to tlie fconohor of 
industrial statistics. To tlm young engineer, tliia book, fiiipplcmentcd by one 
of the standard texts, should be invaluable in bridging over the gap between 
the more abstract considerations and the practical applications. To the 
teacher, it provides both techniques for tho presentation of some of the fun- 
damental concepts of quality control and also many numerical examples of 
practical appliciitiona. 

The first part deals with frequency distributions. Tho concept of a fre- 
quency distribution is very cleverly and lucidly developed through a Borica 
of simple examples and illufitrations. Detailed procedures are given for cal- 
culating y and cr nnd /or estimating fraction defective fjoju conipiiLcd 
values of 3 and cr. Tlio method given for calculating H and a from the ob- 
served fraetiona defective in two tails of a distribution is, ns far as this re- 
viewer's knowledge goes, hero publi.shcd tho first time. Tho method sliould 
be of practical value in many instances. Howover, as the author undoubtedly 
rcnl3;?es, tlio method given can be daiigerous if not Jiajidlcd witJi caution. 
Had tho book been prepared for tho general public ralhcv than for use by a 
particular company under careful supervision, it would have been desirable 
to include some cautioning remarks ns to the dangers inhorciit in making 
predictions from such calciilationB, particularly when tho observed fractionH 
dofoclive arc both in the neigl)borimod of ,50. The illustrations of the oiloct 
upon frequency distributioiiH of such things ua tool wear, heat treating op- 
erations, and other factors should bo particularly Imlpful to the practical 
man who is trying to uiulorstand what frequency distributions have to do 
with making a satisfactory product, 

TJm second portion of the book deals with correlation bctivcon two quality 
characteristics, The treatment omits completely all tho im a Ihei unties of cor- 
relation ami treats tho subject in a simple graphical manner sucli as is so 
helpful to tho sho]) man in quickly dotocting pronounced rclationnhips and 
in presenting Lhosc lolationships in an obvious manner. liluHtrations are 
given aa to ]>ractical applications which rosiiUed in tho solution of quality 
problems in tlie shop. 

Tlio last portion of the book dcnla with control charts, In general, the 
methods prc.sonted (vro those of tlio American RLaiulards Association with 
BGYoral additions which have been found useful by the authors. One of these 
additions is the nse of “reject limiLs.” The “inject limits” nro placed insido 
tho specification liiuitH by a factor depending upon Ham pie size and observed 
average range. Kami)]e av(jrag(jH fjdling outside these “reject liiuils” are iion- 
sidered by llm ccniii>aMy as suindiout cjuise for slopping ]jnMlucUc)ii and mak- 
ing adjustment. Tlie liinils are of the Hiiuie nature ns those described by 
J5. jr. iScaly in Ids book A Fintl (hmh to QualUi/ Co?Urol for Ji!?i{/i?ioer8t iji 
which book tho limits are tonned “modified control limits,” It is interesting 
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to note that the Hunter rrcBSOcl Steel Company liiiH fnuiul Midi limiU to bo 
of considerable value in their dny-tn-diiy work. Aiiolhr‘r aflrlHidii is the 
^'control gaging*' tecliniqiio. This is providoil us u MiI)sLitul(‘ for llm routine 
keeping of control charts by vanublcfl and coiiHriLs lu Msllinj^ nnb-go 
gages at the control limits for avcrngCH of HiinpleR of iiYr. T)u- in^^iinctioa 
procedure then consists in gaging with Llm ’‘control u Hiiiiiiile of five 

pieces at periodic intervals. If more than two picncH fail rillirr I lie go ur the 
not-go gage, an adjustment of nmehinery is rriiuiml. It in pointed (Hit llmt 
this pioceduve climvmvtcs tho mca?vuring of iudiviiUuil \Avxvi^, tlu? cuhuilutiuu 
of averages and ranges, and tho jdoUiiig of pfdiilH, yoL fiirniKlii H a i>rnctical 
means of control where more refined incllKids lire not jnstilied. It Wfpiild be 
interesting to know if tho company lina tried .setting Iho “noiiln.d gagcis” in- 
ward from tho specification liinilg by a factor of olbcrved range ratlmr limn 
outward from tho center of the Bpecificatioii tolerance range. Sucli a .setting 
of the control gage.s would correspond to the ’‘reject liiiiiU'' whicli apparciilly 
have boon found to bo so eucecsBful and would uutonmti rally lake enro of 
situations such ns tliafc described on page 114 in whirb Ihere in a relatively 
small range but a pronniiiiccd trend in averageH. Aiintlirr mldititHi to tech- 
niques described in tho ASA Standurdn is u prnrrdurn to be followed nn Kliort- 
run jobs which cannot bo treated aR a cimLiininuK iinalueUnn MlnaUnn, Tho 
procedure given illustrates the fact Hint applivathniH of quality conirol 
methods need not he confined to continuouH nuiKR prudueiioiu 
A number of reproductioiiB of control cliiirta pi’iquired on Ihc jijb nro given 
at tho on'd of the book. 


The Recovery of Inler-Slock Idformallon In Quael-Fflclorlal Dosigne with In- 
complete Data, Commonwealth of AiiHlralin, Cnaiinl fur .Seiiuilifit* iiisri InrluHlriiiL 
Ilosearch. E. A, Corawft (Olticcr-in-Cliargc, Bcrtioii u| Matlieinatiral .SlatihticK, 
the Council). East Molbourno, C. 2, AuKtralia; the Ouunrib *114 Alla^rt K(, 
Gratis, Paper, 

li Square, Triple, and Cubio tialUccs. PuUaUu No, IfiH, It) lib Pp, 22, 

2, Lattice Squares. Bulletin 176. 10-11. Pp, !9, 

IlEViEW TIY C, If. OoUltHKN 
OJ/lect-in-Oharge^ Dominion Jjaboralory of Cerrai 
Winni'peg, ^famtaha^ Catmln 

T hese papers are n. continuation of a Rcriea in which tho nutbur pro,‘':iMas 
correct inothods of analyeie for incoinplotc block or rpmsi-facLurial 
experiments when tho data are incompleio. In order to fniuiliarir.r- lhi‘ r<‘adi‘r 
with the termfl and symbols used, the author prenentH lir^^t llm fiunbinuuitidH 
of the tlioory undorlying oaeh typo of exporiniGiil with which he* ihMdM, The 
formulas for tho estimation of iiii(i«ing valmm arc llion itrowiiltal cli-arly nnil 
detailed inetmctlona arc given for Urn boImUoh i>f llm ruUmr mnn> imridvxing 
problom of making ndjustmonta to wiinH of HtpiaroH for uku in uf nig- 
nifioanco, The mothoda dcsoribod, logoMior with lliOHO given in providiin 
papers, bring up to date tho mothodH of aniilyHiK for r[Ua>4i-rH('lorial ik'nigiiH 
or tho three aituatiojis that arise in tho use of exjioriinehlH of this Ly))o, 
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(ft) wliou there are no real dilTeroncea between the blocks and conHcqucntly 
no adjustments are vcquiredi (i>) when the dilTercncca between the bloeka are 
very large and full adjustments are made, and (c) when the diiTerfinces be- 
tween the blocks are intermediate between the extremes as in (a) and (6) and 
the inagnibudo of the adjustments made are based oji an cslimate of the block 
clifTeroncca determined from the data of the experiment. Actual examples are 
given. 

LecturoB on Probability and Statlatlce, Eilward L, Dodd (Late Professor of 
Aoltmrial Mathomatics, Uiiivoralfcy of Texas). AustiOi Texas; University of 
Toxna Prcaa, 1016. Pp. id. Gratia. Paper. 

Rbvibw ny Thomab N. J3, CfJIjjviJvTvB 
Actuarial Matheviaticianf Bureau of Census, Waahington 

T his booklet contains three lectures given by the late Professor Dodd 
on tlic theory of means or averages, together with a biographical sketch 
of the author, The Icctureg do not pretend to cover the subject exhaustively^ 
but are of a Bonii-popiilar nature, seeking to indicate the general nature of 
tliG subject and to atiinulabc interest, For tlioso who desiro to road further, 
refcrencoB arc given to all the important papers. Much of the diBcussiou in 
the ficcond and third Icctuiea ceators around certain highly generalized dofi- 
tiona of a mean or average, of which the familiar types, such as aritlunotic, 
geometric, and harmonic menus, median, mode, and midrange, are special 
cases. To the uninitiated thisislikely to appear ahighly acadomic study, but 
tlie author shows by sovoral well clioacn examplca taken from the fields of 
slabiBbics, compound interest, and actuarial Bcieiico that a number of uii^ 
UBual or peculiar types of means or averages are in common use for certain 
purposca. In the third lecture, mention is nmdo of a number of specific prop- 
ortica wliich have boon uacd to classify the various types of incanH. For 
example, a mean of a sot of numbers is uaid to be internal if it lies l^ctwccn 
fclie greatoHt anfl the fimalloat of the mimbora, or at worst equals tiie maxi- 
mum or niiuimuin value; it ia Baid to bo associative if it remains unchanged 
whsTi all the nambera in any aubsefc (taken at jjleasuro) are replaced by tho 
mean for that subset, In the opinion of the roviewer, these lectures admirably 
fulfil their purpoBo of popularizing and arousing in tores t in the Bubjeefc. 


An Introduction to Industrial Statlstlca and Quality Control. Paul Peach (Indus- 
Lriftl ^taliBlician, luslitute of fitallsLics, Univorsity of North Carolina, Ualeigh), 
Ilalcighj N. C.; L. B. PhillipB Company, IQlJi. Pp, ix, IGO, Out of print. Paper. 
(Ilo vised edilh/n in press, Kd wards <k Broughton, llnlcigli^ N. 0.) 

IlBVnoW 11 V J, IL CUUTIBB 

Lt. Comdr.j UAWP, Buroan of iShips, WoBhingtorif D. C,* 

T his book is a preliminary edition, in mimeographed form, of a toxMmok 
onHtafciHtical quality control which Mr. X^cach is now preparing. Wliiiu the 

* T}iq opinions cxprc^cd In tlih ktUoIq nro tliono of llio miUior nncl nro nol lo bo coiutrucd aa 
r«/?aaUijir Uiq viaws a/ (Lo Stivy Dopar(uion( or (La Navnl Service at largo. 
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number of copies obtainable is limited, Llio scnreily of palisfiielory w'orking 
texts in this field Bccine to justify paying eHijcciid iitlciilion to llte prtsoiit 

work. M ,, 1 , 

The immediate background of the book was iMr. i’ciieli K px'fiernmno jis a 

teacher in tho cightrdajr quality control cmirms fiivTU fliiring iJm nvir in 
various industrial ccjitora by a unit of the ^VVli under Mr, llolhnupk Work- 
ing. The effect of these cour«Q9 in Hpreading Llio word on sliiLi^lirid riujility 
control has boon cxtromcly sigiuficunt, AlUumgh UiiH Inink goc-:^ imnodi-nddy 
beyond the snbjeot mutter of tho cight-diiy cour,M(‘H, nnrl (.‘hiingr,'^ llu^ onlor of 
presentation of topics UBunlly employed in them, it k icnvcrthrli-s^ n fair/y 
obvious outgrowth of the schedtilo employed for tho vonrn^f^. II Uhim drTivcH 
a certain importance from being tho lir^t forjjml wnte-iip in bn^)k fnrjn of the 
eubjeefc matter of the WPB program. 

Thifl ia not meant to impute any lack of oriKiiinlily U\ the untlior. Aa 
stated above, many topics are included whlcli were mil trciitiid in the WPB 
courses, and some of the devices employed jjccni to iuivn .■^ iginatc'd with tiic 
author, 

Tho order of ipcsontalioJi dopnrhi jjojijcwJmt from tiinl nf tim Wpjl 
couracg in that acceptance sampling ifl ]>reMmtcd lief<irr emUnd rlmrlH, From 
the theorcLical viewpoint, thia ia Gcrlaiiily the w’ny In gn iilmut tlm niuLler, 
but some tonclicra of quality control prefer tfi )»ut llio cMUtml idinrlH llrijt. 
The presentation of tho rationale of acceptance i^iuiipling ''ory wHI dnno, 
A system for selecting ainglo Biimplirig plaim by atlribulvK nn Ibr ImsiH of 
tho ratio ps/Pi is given, n'ldcJi is c^jfloiUmlly Llin wuiun uh llmt t-n/p)oyed in 
the earlier paper by Dodge and lloinig on afioeptunco rauipliiig.* ’Phe rC' 
viewer would have BUpposed that it would have hern adv|^5:llplu iw dtder Ihg 
details of aeleoLing sampling plans in tliis way to n latur portion f\{ llm honk 
but a personal contact with a corrcspondancc-Holuml ntuderit wlio k UHiiig 
the text has revealed that^ ho was not particularly diycoaragod (joenun- 
terijigBucb complicatlonB at an o/irly etago in llm work- 

Acceptance eainpliiig by attributes Icatla rmlurully bi iKc p-iloirl, al- 
though the distinction ia not carefully made bclwceu lliO ninlrnl 4if qimlity of 
tho process and of tho individual lot. The £ and n churl iijipr-ars iu-nI, idler 
Bomc discussion of the Btnndard deviation, A novttlty llntn uppi^irn in tlio 
form of a quality control method for slmrt ruriH. It c^Mtutiully iiivolv(':> tiic 
use of the sainido mean and standard deviatirm In ciiidrfd (irrqmrtion 
defective, assuming n normal distribution. It ini^lit |m ndvi’ abb* li^ um» llic 
non-central I distribuliort for this purpose; perhaps Ibis innilUiridinn will 
appear in tho final edition. 

At this point in tho book, a cortaiu cvidcnci^ of ju’cms in llmk(^ itn 
appoarancGin tho organiisatioii of rmaerliil. Thu list of coiitviiPi fr«oii Ihu c on 
in reads ns follpwa: Tho Chart for c; AluUipIo Sarnpling; I rn (irclhnt; 

Acceptance I iiBpccUon by VnriiibleH; iiii<] 'rpjb-iaJii'r' i; Tjcini 

Control; Gagoa, Saittpling, nnd Hcicnlilic MeaHiirciui'iiiK; Ah luinnlui.linM 

I o M®<W ol SimplinK luaptciji/n,* Mil) Junf 

nal| o-!ol3— 31 O 20, 
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to tlie Analysis of Variance; General Romarke on Raw Materials Acceptance; 
Organizing the Quality Control Department. Racli topic roceivea a goocli 
although brief treatment, but the net elTectis a little bewildering, Undoubt- 
edly the problem of organization and emphasia will bo solved more satisfac- 
torily in the final edition. 

There are very few really inialeading statements. Perhaps the roviowor^a 
chief criticiain would be that no coniieotion i.s established between the a 
priori definition of probability used to introclucQ the topic and the frequency 
ratio definition which underlies much of the applioations. A few Btaieinonta 
need n little qualification: on page 0 it is stated witlioufc mention of inde- 
pendence that the variance of a sum is equal to the suni of the varlancca; 
on page 18 ifc is alleged that it is impoasiblo to gngo the quality of a lot by a 
sample (which denies the theory of Btatisticiil estimation); and on page 75 
it is observed that the theory of double BainpUiig ia incomplete and oKiatiiig 
tables are omiiirical, which is perhaps a little misleading. 

Tlicso minor b^einiBhea do not really mar a very accurate and readable 
book. Indeed, vork is exceptionally well written from start to finish. 
It is one of the best oltjmentary expositions of atatisticiil jnethods which the 
reviewer has ever encountered. The author is apparently a very fine teacher 
in his chosen fioltl. lie shows a grasp of the theoretical background which is 
particularly cominondablo in view of the fact tl\at much of the attention in 
the exposition is necessarily centered on keeping the text atrictiy down to 
earth. 


The Analysis of Cubic I/attlco Boslgns In Varietal Trials* I. F, Phipps^ A. T. 
Pitffslcy, IC, /locklcy, (Waito Agricultural Research InsUtuto, University of 
Adelaide, Adelaide, Boulh Australia); IH, A, Corniah (Oflicor-in- Charge, Section 
of MalhcmuUcal Statistics, Council for Bcioutiric and Industrial Rcscarcli). 
Common weal til of Australia, Council for Scientifio and Iiulustrial Research, 
Rullolin No. 170. East Melbourne, Aiistvafia: Council for Scientific and IiuUib- 
trial Research, 31d Albert Sh, 10*14, Pp. 41. Gratis. Paper. 

Rkvirwkd nv GRnTnnmi M. Cox 
Director, /nsliliUe of Stalislica 
Untticrsili/ of North Carolina, Ralciffh 

T iiio authors present the construction of the unbalanced oiibio labtico 
designs and discuBS their value in favorable terniH. Their own sum- 
mary is oonciBC and to the point: ‘*Thc paper doscribos in detail tho iJio- 
cedure to bo adopted for recovering intcv-block information in cubic lattice 
designs, and tho computations which are required for tliis full analysis aro 
iUuHlratod by a inimerical oxtiinplo.” 

TJjis )?u]]etin follows closely Yato's original description ilhi.strafcing tlio 
recovery of in tor-block iiiforniation in cubic liitUco designs publirtbod in 1039. 
Tlio aulliors arc c()ricct in tliuir statenumb that roprints of Yatu's iirticle aro 
not rciulily avuilablu. A voliiino of tho A?iau^3 of Duyenica cannot be used 
cxtciiHivcly by com pu Urns in ii laboratory. Tlicrcforc, a bullolin sucli ns this 
ono provides a uHcfu? guide, 
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The formulQG in both nrticlea arc the panic but Uio niiLiition tlifTcrs in minor 
deUila. To solve block componciite (n), (I)), ontl (c) a aeries of Hepnrnle 
tables 2, 3, 4 and 6 are constructed. This makes the eompiiliiiK inulrucliono 
much cnsler to follow than those given by ^uU*h. 

After giving the logic of the computing involved to secure roipiimiient (c), 
tlw contribution from tables 3n, 3b mid 3c could oil bn thrown inio one aolu- 
tioDj thus making the process slraight forward for cninimUTS. 

The conditions specified for using these block coinponeiitH for the esti- 
mation of w* should bo noted. 

(1) Tho menu squares corresponding to these lliree ciiin|MmoiiLa of the 
block sum of squares Imvo different expccUfioii!* which nre. iinh'pend- 
ent of tho number of times the cubic lattice in r<'|iliciil«il. 

(2) If tho whole cubic lattice is replicated twice, to ChliiMiiln tc' imc com- 
ponent (a) and the additional 3(7J»-1) dcgrce.a of frcrdtnn for dilfor- 
enees between blocks coiUalinng the same varietirc, Tlin rcHullonl 
mean square is based ou 3(j} -l)(j»+2) dcgrcca of frmlniii with ex- 
pectation p.l +Ii, 

(3) When inter-block mean aqunro is leas or eqiial to (lie inlru-ldock nicAU 
square analyze as a randomized block design. 

Tho formula for the variance of differences between ndjiisU'd vnriclal 
means enn be simpliriod considerably. When iiiakiiig (he U*vl of cignincnncc 
and also wlicn solving for values to use for adiusling varjelid yidilH, X and jj 
were used. That is, 


let 

then. 


W W* 10 w' 

> “ 0-4020, /i - r — : — r « 0,2^07 

ii' 


w + 2iv' 


X' » — i- 0.01008, 

P* 


2w -I- It)' 


0.01147 




pi -I- p H 
2(.3082)r, 25 


{0(.01G08) a(4)f,0n47>| j 


(1.1888) - ,2918 


which is cftBier to eolvo than the /omm!i\ n» given on juigri Al^n, nnlc llmt 
2^t/3r ia the regular formula for the variance of llic fliffvronn'rt Itetwcoii 
varietal moans. Tho 1.1888 ia llio factor introduaiii by i-niibmiMliiiK. 

Then, tho oITcetivo error moan Hqimro per unit i« (.8flX2)(|.lSSS) ->.1:177. 
Thia value comparGcI with Lho error iiicuii aquaro (nj^iflurtl) I'renrrri from the 
ordinary randomized block analyais gives llm cfliciency of iJio mi) pin liUlico 
design, 


100 X 


.5120 

,4377 


117% 
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Again, tliia ia a much shorter process than that given on pages 38 and 39. 
In fact, table 0 gives the elRcicncioa accurately enougli for most purposes. 
In thia exam pie 


w 2.7160 
w' “ .0002 


3.017. 


Heading from the table gives 110.8%. 

h'roni the standpoint of the applied statistician, tho presentation in this 
biillclin is excellent. At each step, the mathematical discusaioii and fonnulao 
arc followed by tlio corrcapoiiding numerical results from tlio example. 


Sequenllfil Analysis of Statistical Data* Applications. Prepared by tbo Statislicul 
Ifcacarch Groups Columbia University for tho Applied MnthcmaticH Panel, Na- 
tional Ilcfonse llcacarch Gommittco, Oflico of Scientific Research and Dcvolop- 
mont. SRG Iloport 266, Revised; AMP Report 30. 2R, Rcviaecl. New York: 
Columbia University Press, September 1946. Pp. vii, 17; iv, 80; v, 67; ill, 25; iii, 
18; iii, 30; ii, 41, $0,26. Two reviews follow: 

Rkyibw dy Heniiy SciiBFPi 
Associate Professor of Engineerinff 
University of California at Los Angolea 

T ins work constitutes a manual on tho application of the Wald se- 
quential probability ratio to.st to certain specific problems. In this 
test tho obsorvationa are taken ono at a time, and after each observation 
one of the following three actions is adopted: (1) the lot or process being 
inspected, or the statistical hypothesis being tested, ia accepted, (2) it is 
rejected, (3) judgemont is withheld and it is decided to take another ob.ser- 
vaLioji, In cases (1) and (2) no furtlicr observations arc taken, Tho present 
exposition is mostly in tho language of inspection, although connectiona 
^YUll exporimontution arc also noted. The descriptioiia of tho jjropcrlicB of 
sequential tests are clear, and the instructions for their u.so are detailed; little 
background in tho way of statistics or mathematics is demanded of the 
reader. The clarity is improved by the omission of sonio of tlio qualifications 
that a mallionmtician miglit bo impellGd to add; for example, tho advantages 
of sequential testing arc well summarized for noii-matliomatical readers in 
the following fitatemont: *‘Thiis, conspicuously good lots are quickly ac- 
cepted, conspicuously had lots are quickly rejected, and extensive inspection 
is needed chiefly by lots of doubtful (pialiby — which is as it sliould bo," 

In every case troaLod hero the iirobiihility of iiccoplance, when a given 
sampling plan is used, depends on a single unknown parameter 0. The graph 
of this ])robahility is cal Uni tho OG (operating churucteriBticO cmvo. The 
average number of observjitions retiuirod to reach action (1) or (2) above 
also clejJondH on Q\ its grupli is called the AHN (average Haniiilo number) 
curve. Tlie cuHtorncr for the test chooses two di.stiuguiHhed values of 6, say 
Oi and 0?, and ordinates of the OC curve at theso values; ordinarily ono of 
these ordinates will be chosen near unity and the other near zero. Considora- 
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tiona governing tlio choico o!0i, 0,. and llic corrcsimnding ordinaU-s arc dis- 
ousseci in tlio introductory acclion 1 . Tlie OC curve wlnrli pnwrH Ihnmgh the 
two chosen points ia evcrywlicro risinR (»r ovcrywlicro fallnig. oxrnpl iii bcc^ 
tion 6 (the case of “two-sided ullernntivcH"), where it m Byiiiiiielricjil in tlio 
line d =0i and falling for nil 0 greater llnin 0,. Tlic |.roljiciii» treated i n Kcclione 
2 to 6 aro the folio wing: 

2. 6 ie tho unknown parameter (poimlation proportion) uf n liinoininl 
population. 

3. Thoro aro two binomial popuUilionH with unkiu^wn pnraitialnr^H pj and 

In tlio Arst treatinont 0 in llio ratio, ^ ibnl the fpuiii(*nt of 

pi/(l-pj) by I*' Bccrmd trentiiiMil £? \u tliO "iiUKular flitter*- 

ence,^^* fclint iSj t?=aarc.sin arc^iii yp^ 

4. 9 is tho menu of a noriiml populnlloii of known variaiic(^ 

6. Ditto. 

G. 0 16 the standard deviation of a noriiml poiniladon. In {lio treat- 
ment the mean of Llio population ih RttHuuicd kiuiwn, in the i^eruiul Inmlinont, 
unknown (but tlie same for all f?). 

Each of tlicso sections describes bolb a gmpliie and n labulnr proneduro 
for analyzing the data, and each contuinn at biuht one lunnurleal illm-lralion. 
Except for section 6, cacli Koelion con linns ci dificuH^nui of tlm Of/ aiu) ASN 
curve; in this and other ways there ia a conhidcndile unlargameiil of Ihu origi- 
nal "restricted*^ edition, Praciically nil Ihc errors noleil in dial edition have 
now been oliniiimtod. An extra section oon^ihdiig of ap|H}rnlices antcnig 
other matters tho device of truncating the previounly deKcrilirit Hiqiientiid 
tests, Tills device, which is of great practical iniportunco, cif rliuuMing 

beforehand an upper bound for Lite sa)ii]>le Hiy.n, ami whonitver IIiIh is 
reached without actions (1) nr (2) having been lakon in the \iMnil way, one 
or the other ia then taken, depending on the nliKiTVnlhiiiH nenninuhitml. 

The organization and format aro umisual- While llio roviowi-r liki's to hco 
experimeuta in organizing and binding statiKlical nmU^rinh he rrgn’lH (iinling 
tins QUO fiomowhat luifortunafco. TJic woven fiections are K‘parnt<dy bound in 
pamphlet form, stapled, not Btitched, and they cotun in n ring IjIIuIit, the 
whole arrangQinonfc being rnthcr flimBy. When Uie puinplihds am u^nd in the 
binder the book is hard to close unIcsH a KuUuhlo procc“H uf Himkiog down in 
first used, Tho text in reproduced from lyjicwritteii copy hy u |iho(ugnipliio 
proceae. An effort has bcon made to iiiako each of Bcclinim 2 to 11 pmclically 
self-contained, reauUiiiE In a largo iiiuo\nit of repeUliom 

IIBVU5W nr B. L. Wni.cn 

DGyarltneni o/ Stdtiilics, f/Tiircrsi'/j/ Loufinfi 

T his book is a revision and extension of work wlneh wuh ihNUiMt nirlier 

as an O.S.R-D. report with restricted drenlathiii. Utt publir*alii»n ami 

• Tho Ihcoroliool lustldoikUonA of oomo Iniiovn^lAnn \i\ i^inneftlun T^llh lie ^nmilsr MJ^UnfruniftlJon 
Bte not givon, Tlioy will apponr In cf BfQfMlfcal Htluifd in 

Enpi-neerino, Producl\an, anJ by Iho BUihUonl nmArch Uro\ii», C\i1uinbin Uiiivuiriiy. lo 

be publialicd by McaiQw-TUll Book Company la 1040. 
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general circulation to a wider piiblie at this moment ia welcome, In conjunc- 
tion with the more theoretical papers on the aaiTio aubjeot, which have now 
appeared in various statistical jouinnla, it makes availnblo a very clear ac- 
count of a typo of statistical procedure which has been strongly advocated 
in several quarters, It should bo noted, however, that although sub-titled 
^^Applications," the prosent book ie only rightly so-calLcd in the Bense ti\at 
it inakea clear how to operate certain sampling procedines and how to 
analyse the observations rcBuIting therofrojn, assuming nil along that these 
procedures arc the ones most appropriate to the questions at ibsuo, Kxcepb, 
perhaps, by implication, it scarcely touches the problem of indicating in 
practice the typos of job for which tho methods suggested are genuinely 
prcfcrablo to others which might bo used. 

The term ^‘Sequential Analysis” has on occasion been applied to cover tho 
analysis of data arising in all situations where sample si;:es are not fixed in 
advance, but where tlio decision to stop sampling depends on the outcome 
of observations as they are made. It is not with such a wide mcaningx how- 
ever, that the term is used in the present book. The procedures described are 
tho particular ones developed by Wald and his co-workers at Columbia Uni- 
versity and any rejimrks in tliis review must Ihercfore also bo taken to refer 
only to those, 

To illustrate the type of approach adopted wo may instanco one of the 
flections of the hook, which deals with tho case where, in the material aam- 
plcd, the character in question ia normally diatributod with known standard 
deviation but unknown mean, and where a sampling plan and a rule for 
accepting or rejecting batches is required witl\ the following properties: Tho 
clmnco of accepting material for which the true mean is Vh slioiild not exceed 
Borno specified small risk a) on tlio other hand the chance of rejecting mate- 
rial for which llie true mean is ^^2 should not exceed some specified small 
rislcfl. Tl\o suggested Hanipling procedure ia then this: As every extra indi- 
vidual is added to the sample tho decision is made whotlicr to accept tlio 
batch eainplcd, reject it or take another observation. The decision is made 
on tho basis of llio running total, Xx, of tho observations ancruing to rliito, 
and flainpliiig is continued till a decision one way or the other is obtained. 

The claim tliat is made for this procedure as against a procedure tliat Uflcs 
a fifliiiple number fixed in advance, is that it can satisfy the conditions laid 
down (i.c., give pnicUcally the same operating clmractcri.stic) with an ap- 
pi'cciably snndler average Hiiiiipio size. More precLsely it can be shown tliat, 
if tho true mean ni is in tlic vieiiiity either of ?ni nr W 2 , then the average 
amount of sauiplijig will bn apjireeiably Jc.ss tlian if a fixed Hjimpic Bchcino 
wore being uKod, However, if in is about half-way boLwcen mi and lUa, no 
Hucli reduction in saiuplo size will lie obtained. 

HckuIIh uf LliiH nature are interosliiig, but incoiicluKivo if no utLoinpt is 
made to relate tliem to the valu^^H of m likely to occur in a given practical 
case, nnd it is at this point that Lh(5 jneHent book proves Hoiuewhat diflap- 
pointing. A basic criticism which iias been mado of Wald’s work is that fre- 
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quently ni will lie nbout Imlkfty between Wi anrl w, mid tlint Lbernforo 
appreclftble avorago reductions in fijiiniiling Mc will not hfiinKni, Further, 
that even when m is either in the vicinity of ni| or Wj (ho Hint tlio material 
saiiipled Is in eoinc sense abnormal) wc may not bo coriccrncfl wj iinirli with 
accepting or rejeoting it, aa with cstiinnling its iimporlimi. For j-iifh pur- 
poses tlic Binaller sample sizes then arisiiig from the aciiiiciilial inelliml nmy 
he a positive disadvantage. 

Whatever substance there may be in mirli crilidsiiis nnmt dcjioiiil of 
course on circiinislaiiccs and further disciif^iimin Ftiiis in iiroliiibly 
not veryprofitnblo, In a book dealing willi Iho “njipliratimm’' nf n hlatihticiil 
inetliod, we might, however, have expected that iiinri' wimld have boon 
devoted to anticpling possible objectioiiR cif this imtiiro m\\ if, in iho 
opinion of tho authors, such objoclions arc not of great liniinrlanre, 

' Other soetioiis of the book deal in a very himilar iiinniU'r, with pruhleins 
of controlling other features of the batch, «.r., priqiorlifiiis (lofL’Ptive, vari- 
abilities, etc, Each Bcclion is bound separately in |i/iiii|ililitl funn, and tho 
whole series asseinblod in n ring type (older, This ffirniiit 1 h ndiiiilrd Hmt 
the relevant section for any particular job can be iilwlracled iirnl kii ho moro 
conveniently available to anyone using it often, Fur library piiriiOFcs a 
further edition of tlio book hound up in llic iisiiiil iiihiiiut wmild pl)s^ibly 
be more convcnioiit, 
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variance In Multivariate Populallons, 



160 

iDtlcr. P. V, Krishna Iyer- Cur 
207 N *46 * . . ^ 

The Use of Generalised Dirichlet'fl inte- 
gral In Sowing Bomo DJatrlballon Problemg 
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THE MEMBERSHIP OF THE AMERICAN STATISTICAL 
ASSOCIATION— AN ANALYSIS 

Abner Htjrwitz and Floyd C. Mann 
Bureau of Labor StatisiicB 

I F Mr. were a composite of the ASA membership, ho would most 

likely be living in Washington, D. C, or New York City, employed 
by a government agency as an economist or statistician specializing 
either in planning and reviewing surveys or collecting or directing the 
collection of statistical data, Hia principal field of interest in statistical 
data would center around economics and economic theory, and if ho 
belonged to another professional society it would probably be the 
American Economics Association Ho would have received an advanced 
degree in one of the social sciences or its disciplines, and would at some 
time have published an article or a book. 

These are the predominant characteristics of the mombora of tho 
American Statistical Association aa reported on a special directory 
form, which was distributed to all members who could bo reached dur- 
ing tho early part of 1045, and the information furnished in support of 
membership applications by thoao persons joining tho Association be- 
tween January and September 1945. The 1946 questionnaire requested 
more information about each member than had been obtained in earlier 
directory forms, and this article, therefore, presents a moro comprehen- 
sive tabular analysis^ of tho characteristics and interests of the mem- 
bership than has been available previously.* Data were obtained on 
present occupation and organization by which employed, positions 

1 Tbo (Jolnilcd labulnr niinlyRCs prcaonlcd in thin nrllolo wero mndo pOBBiblo Uirougb Ibo coopera- 
Uon of JoAopli F. DrfiRcri Citlof of iho ^11011100 Tnbulnllon Division of tlio Biircnu of Labor SlallBlIaa, 
■ For anrUor nimlyflcn of Ibo oompoBlllon of tho mcinborRlilp of llio American Rlntlnllcnl ABsoclalloni 
HCQ WllUord r. ICInKi *CJlaRHinoAllon of Membord of Amorlonn Rlnllnllcal Abao elation, on nnHlriof DuIIgb 
and Inlcrcatn,'* UiIa Jouhna^, VoI. 22, Juno 1027, pp. 224-220 1 Sliiarb A. Rico r\nd Morrln Greon; 
‘IniorlockluR Mcmbornblpa of Booinl Bolonco BocIqIIch." tlila Journal, Vol. 24, BoplombDr 1020, pp. 
303-300, iin(i "CoinpoHltlon of tho Aniprlcan SlaliBlicnl AbhocIrUoii," UiIb Journal, Vol. 25 , Juno 
1030, pp. 10B-202i and UlchardL. Funklioimar: ^Mombcraliip of Llio Anicrlonn SlallAlical Afiaoolallon 
on lla IlundrcdtL Anulveraary," Ibla Jouiinal, Vol, 30, SepLombor 1041, pp, B20-341. 
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held aince 1940, cducfttion, major nml minor Ktatintiral fields 

of interest in stalistical dnla and in olher pro- 

fessional societies, and chapter niul jiationul nffirrs Jielii. Adililional 
occupational data were ic|)iiried !>>’ iH'W’ iiieriilH-i» on li-nve. from a 
company, university, or other *trKttnizalioii. 

More than 3300 pcrsoiiH were UkUmI in tln> IUlfi MeiMlHT>hiii Direc- 
tory but the largest nuinlmr of iHirwiiiK repintinn iiiformation fi»r any 
one question W(U) 2942. Tlic fullmving Irihlew ore Imsed mt t)i(> lolnl 
number of membem furnisliing iuftiriii«li(Hi in iiTinwer lu enrh ipH-slion, 

niSTniDUTION OF MKMUEUSmi' IlY TYl‘r;« or KMI'l.{»VIS*n OntUMIKATIONB 

Almost 36 per cent of the nieniltem repotting tluir frii|ilf»ying nr- 
ganization in 1946 were ctn|>loycd by governinent iigeneies, juir^iixth 
wore Avith colleges and nniveniit ics, nnd nne in ten wnw n.‘'t*f>ei«!x*(l with 
a manufacturing or induBlrial conipuny. Twelve per eejil were in the 
military services. Table 1 shrma the ty|K'H of orgrmirnlioiiH with wlijeli 


TAUIK 1 

TYPE OF OnOANIZATlON HY WJIItSI .MKMhKriM oV TIO; .AMriHfr’AK MAIISlirAt 
ASSOCIATION WKin-: K.Mei.oVEIl I.N IVKt A.sll Itnv 
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members reported employment in 1945 and provides a comparison with 
the membership's employment connections in 1940, 

A comparison of the 1940 and 1945 organizational distributions pro- 
vides some evidence of how employment of the membership of the 
American Statistical Association was affected by World War II. In 
spite of the withdrawal of members into the military services, the 
per cent of members employed by the Federal Government, public 
utility, transportation and communications companfes I'emained un- 
changed and the per cent of members in manufacturing industries in- 
creased two-fold. The number of members connected with colleges 
and universities, financial institutions, trades, and other organizations 
decreased considerably. 

This resulted from members shifting into government and industry 
from universities and other non-war activities, and the attraction of 
new members into the Association from the greatly increased Federal 
payroll and from industrial plants in which the widespread introduction 
of quality control techniques attracted many users of statistical 
methods.'* These comparisons arc more striking when percentages for 
1945 are computed excluding members in military services. Of the 
civilian members who reported the organizations by which they wore 
employed, one-third wore working in Federal agencies and onc-eighth 
wore employed in manufacturing. 


■ Tho Above diBlrlbulIoiis nro noL Blriolly comparnblo with Umt prepnred under Llio dlrocllon of 
W. I. lUni; in 1 027. IIowQVor, ccrlnin groupings enn bo mndo to provide n rougli inciiBuro ol the per cant 
of inambors employed by difforonl types of orgAnitnlions since 1020. 


Camblnnlions of Organiznliona 


Per Cent 



1020 

1040 

1046 

Government ngencica, colleges nnd univarsitica (including fcdoral, etato 
and municipally employed) 

42,8 

01.4 

51.3 

Financial inslitutloiiB (including insurance) 

15.0 

10.4 

0.0 

Publia servicQ oorporallona 

a . 4 

3.0 

3.0 

Manufacturing (including publisborA and ptlnling) 

12 . G 

5.2 

11.0 

Mcrcanillo 

a.o 

l.B 

0.7 

Profcsfllonal servico organizations (including business research, clinr- 
ilnblo and other organizations) 

8.4 

10.0 

8.0 

Trade aHsocinlionfl 

4.1 

— 

2.1 

FoundafJofis, cto. 

5.7 

— 

2.0 

Rotired 

— 

1.0 

0.0 

Military 

— 

— 

12.0 

None 

— 

— 

0.0 



— 


Total 

100.0 

100.0 

100.0 


‘ The Increftalng u8o of stalittlicftl conlrolH In luduRlry Is ovidenoed by llio DrRnnlr.uticinnl nfTdln.- 
llonn of lliQ morn tlmn 400 ineinbcra nlcnlod lo Dio Assoclnlion beLwccii Hcplcinbor lOdfi and Mi\y 1010. 
More Uinn 2G per cent of llicso new iiioinborn nro employed in inniiufucliirinK pinnls ns Htalinticinns, 
(lUaliLy coiitrql ciiKinncrn. dlciuiMU and moliillurniRli), nnd niiolUcr ll per cent nro connecicd willi In- 
dustry In Ollier capaclllos. 
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OCCDPATIONAU DieTRinUTlON OF MRWnEtWttlP 

Nearly 29 per cent of Iho mcmlwrrt rnpnrling ftrciipalioonl 
tion identified themaolvcs na cconomlsU*, 27 iwr rent liad ilm rank or 
title of statistician, and alniosl ono-«i|;ltlli won* oxf^nutivia, dircdore 
or managers. The remaining third rejiortrfi a wide* range nf ttrcujinUoiuj 
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including mathcmaticiang, marketing specialistaj sociologista, and 
physical scientists. The heavy occupational representation of the social 
science fields in tlie Association is shown in Table 2. 

The information in the above tnblo was obtained from the first sec- 
tion of the 1946 Directory questionnaire, which asked for data on each 
membor'a ''rank or title” and “description of duties or functions.” Tlio 
problems encountered in attempting to classify this typo of data into 
mutually exclusive occupational categories woro formidable, and the 
classifications used provide only a rough index to functions and job 
rosponaibilities of the memberfi. Persons who had titles as cliiefs of 
government agency units but whose duties, according to the descrip- 
tions provided, were primarily those of an economist, social scientist, 
etc., were classified according to the description, No person was classi- 
fied as a statistician unless his job title or the description of hia duties 
indicated definitely that he should be so classified. War-time security 
restrictions precluded many members in the military services from 
furnishing specific job descriptions. These members wore, tlioroforo, 
not included in this summary. 

Since more than half of the Association’s members identified them- 
selves as statisticians and economists, these two groupings woro classi- 
fied further according to the principal field in which the mombor's job 
responsibility was centered. Forty-six per cent of the "statisticians’^ 
were working in economics or one of the other social science fields; 18 
per cent of the economists were teaching, one in six was working in the 
fields of prices and production, and 13 per cent in marketing or the 
trades. 

In addition to the more than 8 per cent of the membership who wore 
teaching economics and statistics, another 8 per cent were engaged in 
teaching in other fields, tho most important of which woro mathematics, 
buBiness adminvatrution, and psychology. Members teaching avibjects 
other than economics and statistics are not shown separately in Table 
2, but were included under their major occupational group. Students in 
September 1945 represented less than one per cent of the momborship,* 

OCCUPATIONAL DISTIUDUTION BY EMPLOYING OJIGANIZATION 

Table 3 shows tlio occupations of the members reporting this in- 
formation by tlie typo of organization in which they woro employed 
in 1946, More than ono-lmlf of tho statisticians in the Association Avoro 
engaged in government work, 14 per cont woro employed by universities 


* DoLwoon Soploinbor ID-lfi nnd May 1040 Ilia number of sLudonl mombora more llinn doubled. 
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and colleges, chiefly as teachers, and 12 per cent by manufacturing and 
business organizations. Fifty-five per cent of the economists 'wore vith 
the government and almost half of these were working in the fields of 
prices, production, labor, and employment. About 76 per cont of the 
executives, directors, and managers were connected mth business 
organizations. 

One-fourth of the members in the military in 1946 did not report 
their occupations or tho typo of organization with which they were 
associated prior to entering tho services. However, more than half of 
those reporting had been employed as government statisticians and 
economists. Sixteen por cent had been connected with univerBitios and 
colleges. 


TYPES OP STATISTICAL WORK TERPOIIMED 

Slightly more than 50 per cent of the meinbora of the American Sta- 
tistical Association indicated that they had special skills in the planning 
and review of plans for surveys and in the collection or the direction 
of the collection of statistical data, About 48 per cent considered them- 
selves to be skillful users of statistical data and to be proficient in 
sampling and analysing data. Nearly twice as many indicated special 
abilities for general research as for teaching. 

Although more than half of the membership specialized in planning 
and rcvicAving of plans for surveys, less than one out of every five con- 
sidered this to be his major specialty. Sampling and tho analysis of 
statistical data was checked by 16 per cent as a major skill. 

Tho relationship between the types of Blatistical work regarded by 
the membership as major specialties and the types checked as other 
special skills is shown in Table 4, The different types of statistical 
work have been ranked according to the frequency with wliich each was 
checked either as a major or an "other” special skill. 

On tho average the different types of statistical work were clieckcd 
as "other special skills” 2,6 times as frequently as they wore indicated 
as "major specialties.” It is not surprising that the more specialized 
typos of work — classification; graphic presentation; index number con- 
struction; editing, coding, or tabulating — were less frequently desig- 
nated as major specialties and more frequently checked as "other 
special skills.” More than 7 times as many considered graphic presenta- 
tion as a minor skill as compared with tho number of mernborH wlio 
designated it as their major specialty. 

Space docs not permit the i)rcscntaiion of an analysia in this articlo 
of tho major patterns of statistical work in which tho membcrB reported 
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TAULB 4 

SPECIAL flICILLS IN BTAT19TICA1 WOTlTC TETtTOIlMEI> BY AMEUICAN STATISTICAL 
ABBOCUTION MEMBEHB in I04M 


Mombflra IloporUnK SlalUdcnl Work Perlormad m 


Typo oi StaUsHcnl Work 

Toldl 

Mii)ot BpcclftUy 

Ocher Rpecliil Bklll 


Nunibor 

Por CdDl 

Number 

Par Coni 

Nunibor 

Per Cenl 

All A.B,A. momborfl roporlings 

271ft 

■ 

— 

“ 

— 

— 

riamtluB nnil T ovlow of plftaa for flurvityii 
OolloolIvtS Dt dlrocblng tho colloQClou of 

1372 

H 

6L0 

13.6 

802 

31.7 

data 

1308 

M.4 

asA 

13.1 

1013 

87.3 

Usor of aidtUticitl 

1304 

48.0 

323 

11.0 

081 

86.1 

BampUng ftnd annlv^ia 

1300 

47.0 

41 d 

16. a 

884 

32.0 

GenOral rcaonroh 

1160 

43.8 

aAj. 

12.0 

898 

80.0 

Editing, coding, nnd UbuiitlEng 

flftO 

ai.a 

1A4 

6.7 

606 

2 ft . 0 

Graphics prcfiantalloti 

800 

20.8 

06 

3.6 

711 

20.3 

T«aaiiiug 

022 

22.0 

200 

0.8 

366 

ja.i 

Inclos number cotukrucUon 

340 

12.7 

60 

l.B 

200 

10.0 

Qufiljky control 

aoo 

11.4 


2,7 

m 

6.7 

Cl a?9i flan lion 

m 

a.7 

1ft ' 

■SI 

107 

0.1 

Aotuorisl methods 

i&i ' 

5.0 

03 


fta 

a . 9 

OlboT BintiBllottl work 

32 ' 

V.2 

4 ' 

ma 

20 

l.O 


^ 628 mambera who roporUA typo of aUllalicnl work performed did >not Indlenlo my aklll w Ui&lr 
molor apooifiHy. 43&i7ioTnbcTa indloaiod two or moro lypoa ol work m ibott ma)or vkiUi Aod ihiia 
it dupUc&UDi\ In ihesQ fiKurea. 


specialization. Howovor, eurvoy planning, data collodion, pompling, 
and editing, coding and tabulation appear moat often in combination. 

TIBIiDS OF INTBTIEST IN aTATISTICAL DATA AND MBTHODH 

A larger number of the members indicated intorcsta in staiblicnl 
data and methoda in tlio fields of economics and oconoinio theory tlian 
in any other fields. Pricea and production was tho avibjeot moat fro- 
quently designated as of primary importance. Ono-tbird of llio Anao- 
oiation checked this field as an area in whioli tlioir intorcata centored. 
One in four reported interest in labor and employment economics, 20 
per cent noted population research as an interest, and more than ono- 
eeventh. rated tho following aa arena of primary iraportanco; domcatio 
and international trade, marketing and advertising, aociology and 
social service, vital statistics and publio health, and mathematical 
sciences. 

As would bo expected, tho number of moinbora intoreated in clifTcront 
fields varies considerably when those areas of concentration arc cloasi- 
fiod as of primary, aeoondary, or minor iinportoncc, While 12 per cout 
indicated population research to bo a field in whioh their inleroat in 
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statistical data and methods centered, less than 3 per cent ranked it 
os an interest of primary importance. Similarly, although only one 
per cent rated opinion polling as their first intereat, 8 per cent reported 
it as an interest field. 

The first six fields which the membership ranked as of primary im- 
portance were: prices and production, labor and employment, general 
economics and theory, marketing and advertising, vital statistics and 

TABLE 5 

FIELDS or INTEREST IN BTATISTICAL DATA AND METIIOD.'a OF MEMBEUS OF THE 
AMEIIICAN STATISTICAL ASSOCIATION IN 1046 


Fiolcla of Interest in StaliBtieal 

Data and Mothodo 

All 

M embers 
Reporting 
Intcrosb 

Mombora Ranking InlorcBta as of: 

Primary 

Importnnco 

Bocondnry 

Importance 

Minor 

Importance 

Num- 

ber 

Per 

Coni 

Num- 

ber 

Per 

Cent 

Num- 

ber 

Per 

Cent 

Num- 

ber 

Per 

Cent 

All A.a.A, membora’ roporliiig; 

*27{I6 

100.0 

— 

— 

— 

— 

— 

— 

Economica and oconomio theory; 









Goncrnl Intorcat 

400 

10.0 

162 

0.0 

213 

7.7 

06 

2.8 

PrlccH and production 

034 

33.6 

384 

13.0 

330 

12,2 

214 

7,7 

Labor and omploymont 

050 

23.6 

200 

7,0 

173 

m.»m 

208 

0.7 

Domcfilio nnd Inlornallonal trndo 

416 

15.0 

66 

2.0 

148 

6.3 

212 

7.7 

Public Ilnanco and tnxn-tiop 

364 

12.8 

78 

2.8 

01 

3.3 

IBS 

0.7 

Tranflportalion and public utililleii 

244 

e.B 


3.1 

67 

2.1 

101 

3.0 

lIUBincaa and managomont: 









General InLcrcet 

398 

12,2 

mESM 

minm 

100 



4.7 

Marketing nnd advorllBing 

421 

16.2 

134 

4.8 




6.8 

Accounting and prlvnlo finance 

330 

12.3 

108 

Knl 

100 

KKI 


4.6 

Pareonnol 

208 

0.7 

34 

1,2 

63 

3.2 


6.3 

Produolion design and prod, control 

220 

8.3 

02 

2.2 

0.3 

2.3 

104 

3.6 

Population reaenroU 

647 

10. B 

08 

2.5 

146 

6.3 

S31 

12.0 

Bodology and BDcln\ Borvlco 

416 

15.0 

125 

4.6 

84 

3.0 

200 

7.6 

Vital BLaLlfilica and publlo boalth 

40B 

14.6 

120 

4.0 

01 

3.3 

IDl 

0.0 

Mnthcmaticnl sciancca 

962 

13.8 

104 

9.B 

84 

3.0 

104 

7.0 

Opinion polling 

ail 

11.2 

34 

1.2 

07 

2.4 

210 

7,0 

Agricultural ccoiiomioa and rural ata- 









tinUcR 

207 

10.7 

80 

3.2 

63 

1.0 

156 

6.0 

Pflyoliology 

252 

0.1 

00 

2.2 

62 

1.0 

140 

5.0 

Educnllon 

243 

6.6 

60 

2,0 

00 

2.2 

127 

4,0 

Biological acioncofl 

237 

8.0 

60 

2.1 

08 

2.5 

110 

1.0 

Pliysical aolonccB and onglncoring 

200 

7,3 

64 

2.0 

64 

2.Q 

02 

3.3 

Modiclno 

100 

7.2 

41 

1.6 

62 

3.0 

70 

2.7 

A gri cultural cxpcrimontailon and pro- 









duction 

143 

6.2 

41 

1.6 

36 

1,4 

04 

2,3 

Clicmical RoionccB 

76 

2.7 

10 

0.4 

18 

0.0 

47 

1.7 

Other nelda of Inlorcal 

01 

2.2 

as 

1.4 

11 

0.4 

12 

0.4 


* 420 momborH roporLcd but did not Indlcnln Iho order of Imporlanca of Llicir InloroHLa. ^I'lio pri- 
mary iiilcrcBlB of IhcHo membora wera dotorrnlncd by obaorvatlon of rclaLcd information (q.k. ocoupn- 
lion, major field of cilucation) but rAnkccl ab Rocondary alnco no major linportanco waa AcLuAlly 
Itulloalod, 








AMBIWCJAN STATlflTlCAI, ABBOt.’IATION 


164 

public health, and sociology and social ficrvico. Taldc 5 kIumvh liow the 
membevB rated their different fields of interest in Htatisliftiil data and 
methods accorduig to impoifcanco. 

Of those members ranking prices and production lus their field of chkd 
intci'eat, 23 per cent indicated that domestic and internalioiial Undo 
was their second area of ijitorcst, and about the same iiumhcr <;lu:cked 
labor and employment as of minor importance. The predoininiuit intetr- 
est pattern of those ranking marketing and advi-rtiHing ns initnarily 
important showed prices and production and oi)inioii imlliiig mh .second 
and third interests, respectively. Other predominant pattcriiH rjf inter- 
ests are as follows; 

Product design and production control, prices niul production, and 
physical sciences and engineering. 

Sociology and social sci'vicc, population rcsoarcli and census, and 
vital statistics and public hcaltli. 

Education and psychology. 

Agricultural expoi’iinontation and hiologicnl science.^. 

Physical sciences, engineering, and malhcmulical seieiuuis. 

ArFILIATION OF MBMDEHB1IIP WITJI OTHER PIlOKEBSlONAl, HOCIETiKH 

Almost 34 por cent of the American Statistical Associnlion iiieiiibers 
answering tlio question concerning mcinborships in oilier iirofewiDnal 
societies indicated that they had no other aniliati()n.s, 28 jjer ecuL be- 
longed to one other society, 17 per cent wore afiiliatcd with two, and llio 
remaining 21 por cent held mcniborship.s in three or luoj'e other ]H(j- 
fessional organizations, 

Two out of every five memhors wlio wero aflilintud with oilier grouii.s 
belonged to the American Economic Association; alino-sL 17 piw eeiit 
were members of tho Institute of Mathematical Slatislic.i. In Table 7 
the societies whicla were listed on the directory form ha\'C been groupinl 
according to subject matter; tho unli.stcd sociotioH entorod on llio 
directory form by mombera have also been ineludod in IIu'ho gonernl 
categories. Since 38 per cent of the momberBhip reporting iiulirnliul 
that they belonged to two or more other Bocicties, exUrnsive (Imdiiuv- 
tions exist in tire first two columns of this table. 

More than onc-Jialf of Iho members hohmgiiig to at leiusl mu>. otluM’ 
society indicated that tliey wore affiliated with an ecoiuiuiics group, 
more than one-third wore afiiliatccl with one or more of the "p'ditieal 
and social science" societies, and almost 23 por iicnt wore iiieinliois 
of other associations. More than one out of every five meiulxM'n Itc- 
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longed to a mathematical or other statistical organisjation. Eleven, 
per cent were associated with one of the societies clossilied under 
business management, and six per cent were members of psychological 
and educational associations. Although the members of the American 
Statistical Association were for the most part interested in the social 
science fields, it is notable that almost 13 per cent of the membership 
belonging to other professional societies were members of physical 
and biological scionco associations, and almost 16 per cent belong to 
the American Association for the Advancement of Science, an organiza- 
tion composed of persons having a diversity of interests in the sciciiccs. 

Some measure of the diversity of interests of the individual American 

TABLE 0 

NUMBER OF OTHER PROFESSIONAL SOCIETIES TO WHICH AMERICAN 
STATISTICAL ASSOCIATION MEMBERS BELONGED IN lUh 


Number of rrofcssionul So cl dies wiih 

A.S.A, Mombera 

which AfTiliatod 

Number 

For Cent 

All A.S.A. members reporting: 

2700 

100.0 

None other 

D<12 

3a. 7 

One or more other 

IfiSi 

00. a 

Ono other 

787 

28.2 

Two oLliera 

470 

17.1 

Threo oLtiora 

800 

10,0 

Four othcTB 

14B 

is.a 

Five olhora 

60 

Z.l 

Six othcra 

46 

1 .0 

Soveii othcra 

12 

0.4 

Eight othora 

7 

0.3 

Nino or moro othcra 

11 

0.4 


Statistical Association members is provided by the data in Table 7 
which show those members who belonged to ono other society or to only 
societies classified under one major subject matter group. Fifty-eight 
per cent of the members who belonged to other societies wore associated 
with only one of these major groups, about 27 per cent belonged to one 
or more economics associations, and 12 per cent hold memberships in 
^h^olitical and social scienco** societies. Although more than 22 per cent 
of the American Statistical Association members who bolouged to 
other societies wore members of some matliomatical or other .statistical 
association, only 10 per cent belonged exclusively to societies in this 
grouj). 

Diversity of interests of individual American Statistical Association 
members is apparent from figures which show that almost 42 per cent 
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Ti\DLE 7 

AMEHICAN aTATIflTlCAL ASSOCIATION AIEMUHnS* AFFJUATlONfl WITH OTflFH 
pnOFESSlONAL B0CIETI1-:S IN \m 


A. S. A. MemWt! 


PtorMaloTiftl Boclellca anJ OroLpa 

Ilclongliig to OrFC 

or Mote Other 
IWcad-nuil 
Boclctln 

Brlnnglni loGnly 

Onr t>thn 
IVofw^lt^nal 

Jlc'JcnfJiiR In fh- 
ciMlji* In Only 
C>nr Omup*’ 


Number 

C«a£ 


f*tr (.Vil 

A’uiBiIrr 

hr Cent 

AH A. S Ai nembera rcporllng Aflijlalloii wllh other 







goclcllca; 

JS81 

100.0 

787 

42,6 

\m 

63.4 

Econoiula 

m 

53.0 

zn 

21.1 

m 

27,^ 

Amcrkan Economlo AsaoolBlIoji (t) 

720 

30.3 

270 

J4.0 



AEncrlcnn. Merkel log Au ode lion (4) 

215 

IJ.O 

73 

a. 9 



Economelrlo Society (ft) 

173 

0.3 

13 

0.7 



American Farm. liooaomlo AwoclRUaft (13) 

70 

4.1 

32 

1.2 



Other econoftila itBnicUtlone 

ira 

5.6 

14 

0,3 



Follllcel Bnd Boefal eclcncd naeoelaMoiu: 

G43 

34.7 

16S 

R,5 


12.0 

AnicrVcan Atnilem^ o[ ToUlk-al Social Bi^leivco (&) 

133 

lO.O 

21 

1.2 



Acadfiiny ofPolUlofll Sclcnca (7) 

163 

8.2 

21 

1,3 



AmcrlcBQ Publlo Ilcallh Aesaclallon (8) 

140 

8.0 

43 

9.0 



PopulBlion Aasocinlbn of America (0) 

151 

7.2 

13 

0.0 



American Sodologlcel Bocict/ (10) 

103 

5.6 

13 

P.8 



American Politloal Science ASMolalloo 

38 

2.0 

4 

0,2 



Hurol Borlologlcal Bodety 

M 

i.a 

1 

0.1 



Other tiallU-cat and ooclal ealonce aasocUllona 

157 

10. 1 

53 

1.0 



MallicinaLlcal and gtallslloal obbooIbIIoiu; 

417 

22.5 

107 

5.3 

m 

0,3 

Infllitulo of Maihcma Ileal BtptUlIca (3) 

313 

J6.0 

70 

a. a 



AeluaiinlfiodeVy M Amciicn 

55 

UO 

k 

O.l 



InaUlgto of Aoluarlca 

31 

1.3 

3 

0.1 



Nnllonal Bocloly of Quality Conlrol Enginecre 

33 1 

ua 

7 

0,4 



Other math email cal and ala Via Heal Rnocialloni 

m ' 

10.0 

37 

k.5 



Busincfla manaKoment aBaocfallonB: 

2LQ 1 

Lua 

40 

3.6 


5,C 

Bodoly for tlio AdyAnccopoiil of Managomeni (14) 

00 1 

2-7 

10 

0.5 



Aincrloan Managcmonl AaBoclaOoji 

' 

3.3 

0 

0.3 



Nnllonal Awoclat Ion of Coit AcwwnUnla 

40 1 

2.2 

IG 

0,3 



American Society for Publlo AcljnlnlalrAllon 

31 

1.3 

a 

0.3 



Other budlnoaa managemctil aaeodatlana 

64 

3,0 

15 

0.3 



Paychoioglcal and cducnilonai aaaoTdaiionB: 

1)2 

0,0 

21 

l.l 


1.0 

American rayohologlcnl AHoclaliou (11) 

77 

4,2 

14 

0.3 

ItBychomclrlo Society (13) 

57 

3.1 

4 

0.2 


1 

AraDricaTi Educationul Hcecaroh ABeoclallon 

30 

I.O 

1 

0.1 


1 

OtlLor psychological and oducaUanal aaa'ns. 

U 

0.7 

a 

O.l 



Olhor aasoolntlona 

421 

22,7 

00 

a. 2 

m 

1 

4.8 

American Aod^n. for the Advanccmcnl of Bclcnco (8) 

272 

14.7 

IS 

0.9 


Phyaloal and Ulologlcal Aaaoolallnpa 

24) 

)3.D 

44 

2.4 




* 773 (4 1,0%] reporting memUcTfl lulong^d to mbocUiIww oImbIA?*! In iwu of gtroupij; rnrtn^Ffra 

WflTo BWJcIalcJ w]tb tffo grouiMj 180 (0.7%) nUli Ihrco groupaj nncl 37 (2.0%) wllh four or firo RitJUtw, 


of thoso members who wore afniicitcd wiLh other Bodolio.s Ih)I(iiik<’(I to 
asBociationa which fall into two or more aubjoct matter 
and 12 por cont were mcnibera of aocictiofl closHified in tlivr'o tu' nune 
of the gonoral groups, Tliroo hundred mombora (10 per cent) held eol- 
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lateral memberships in an economic, political, or other social science 
association; almost 9 per cent were associated with both a political 
and social science association and an organization classified under 
''other associations^*; and 7 per cent were members of both "economics^* 
and "business management'* groups. 

Table 8 shows collateral memberships held by American Statistical 
Association members in any two of fourteen other professional societies 
which were checked most often by reporting members. For example, 

TABLE 6 

OYEULAPPINQ MEMDERBniPfl OP AMERIOAN BTATISTIOAL ASSOCIATION MEMBERS' 
AFFILIATION WITH ONE OR MORE OF 14 OTHER PROFESSIONAL SOCIETIES TN ms 
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JSDUCATION 

More than 92 per cent ot the Amciican Stfili-stifdl AwKK'ialion inora- 
bera have received clogiccs from colleRCfs or iini^'crsiluiHj the liiRlicst 
degrees attained being divided almost ecpially between Ijiielielor of arts, 
master of nrtSj and doctor of philosojjhy or tlieir ocioivnlenU. 
]?ifty-sevon per cent of the mcinhcvship had degrees in one of the 


TA11I.E 0 

EDUGATIONAI. MAJOHS AND OKClUKIvS <)1' AMKmt'AN KTA J JHI K’Al, 
ASSOCIATION MEMIIKUS IN llUfl 



McmU^in Wbo 
llcporicil Thnl 
TJioy Ilrcrit'cil 
UcRrcca 


llightAi IlrRfrc Itrrf’ivfil ur 
V^fluWnleTiV 


EJucitLion Mafor 

n.A. 

M A. 

Ph,I). 


Num^ 

ber 

Per 

ColiL 

Num- 

ber 

Per 

Cent 

Num- 

lirr 

Vrr 

CVnt 

Sum- 

brT 

IVr 

0 rit 

k\\ A.B.A. it\emb©Ta loporllnK 

2603 

lOO.O 

BOl 

33.0 



701^ 

30.0 

Economics 

010 

36.7 

200 

tO.4 

307 

12.0 

312 

jn..i 

MnlhcmnlLca 

330 

13.2 

100 

0.2 

1(H) 

3.0 

70 

1.1 

SuUBllca 

Btisincaa adininisL ration nnil mar- 

200 


02 

aI.O 

VM 

A.H 


2.1 

kollne 

101 


05 

2.1 

Dfl 

n,7 

111 

.4 

Sociology 

ilO 

HKI 

10 

.7 

.10 

1.6 

ftj 

2.0 

Ensinecriii^ ' 

100 

A.l 

7B 

3.0 

2:1 


ft 

.2 

Paychotogy 

oo 

■u 

11 

,4 

22 

.H 

ft? 

2 a 

Socinl flclcncfl 

OD 

Btl 

23 


27 

M 

Ill 

.7 

Libcrnl arts 

w 

2.2 

44 

1.7 

12 

.6 

i 

1 

EdticdUon 

M 

2,1 

10 

A 

24 

.0 

20 

.H 

Oic^TniBlry 

H 

2.1 

10 

.7 

10 

A 

2ft 

1 .0 

Biology 

40 

l.fl 

14 ' 

.6 

7 

A 

25 

1.0 

Mcdloifio 

42 

1.0 

1 

1 

1 

, 

41 

1-0 

rolillcat fiolcncQ 

41 

1.0 

0 

A 

17 ■ 

.7 

1ft 

.0 

Lftw 

37 

1.4 


— , 

37 ■ 

1.4 


- , 

AgrIoiiUuro 

31 

1.2 

fl 

,3 

in 

.ft 

1(1 

.4 

Ptiblla iicnllh « 

20 

1-0 

2 

.1 

u 

A j 

Kl 

A 

Pliyalca and fttaloKy 

22 

,0 

7 

,3 

0 

n 


A 

Other a txidira 

01 

3.7 

-13 

1.7 

37 

1.4 

14 

.5 


* 208 ot lUo 272A (nembers 'vlio rcporioil cilucalion iSJ not focoivo eollPRe nr Arntcrii, 

f Lctb tl-iftii .06 pox CDi^i, 


social sciences or their specialized disciplines; 05 ])er coni of lIiiAst! who 
held doctorates had a major in the social acii'uccs, Ah wonlil l«^ sug- 
gested from previous tables, moat of the. memhora not only Ivhvc H.A. 
degrees in economics, but one in eight liavo do«t(»riil(;H in tUia fudd. 

Onc-fourtli of the incinbors have cducniioiuil niajnr.s of nml-lunnntica 
and statistics; ono in seven has doctoriiloH in llicso two licldH. 'ruble 1) 
shows the major field of study for tlioao momboru who rciiortod Ibut 
they had received one or move degrees. 
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PAIITICIPATION OF THE MEMDERS IN THE ACTIVITIES OF 
THE AMBTIICAN STATISTICAL ASSOCIATION 

One out of every seven members has had papers or articles published 
in the Jouhnal op the American Statistical Association. However, 
more than ha]f have published articles in other journals or books* 
Thirteen per cent of the membership liavo given papers at annual 
meetings and are in general the samo members who wrote for the 
Journal. Four per cent of the membership have held one or more na- 
tional offices, and seven por cent have been officers in ouo of the local 
American Statistical Association chapters. Three por cent indicated 
that they had been chairman of one or several sessions of annual 
meetings. 

geographical distribution of the membership of 

THE AMERICAN STATISTICAL ASSOCIATION 

The change that has occurred in tlie geographical distribution of the 
Association's membership over the years is shown in Table 10. The per 


TABLE 10 

SHIFT IN GEOGRAPinCAL DISTRIBUTION OF AMERICAN STATISTICAL 
ASSOCIATION SINCE 1603 


Area 

1803 

1020 

1040 

1046 

Number of members 

C04 

020 

2044 

3307 

Per cent of membara in 





Now England 

30.4 

11.0 

0.4 

4.0 

Middle ALIantlo 

28.4 

46.8 

36.0 

31.6 

SouLli Ailaiilio 

10.5 

13,4 

20.3 

31.2 

Eaeb North Central 

12.7 

18.0 

13.3 

12.4 

Other nrcaa 

12.0 

10.3 

16,4 

20.0 


Daln for 1603, 1020, nnd 1040 from Lnblo in nrliclo by Funkhouflor, op, cit., p. 330, 

Now Englnndi Me,, Vt,, N. II., Mrhh,, R. I., Conn.; Middle Atlantic: N. Y,* Pa., N. J.J South 
Atlantioi W. Vn., Va„ Md., Del., N. C., S. C., Gft., Fla., D. C.; East Norlli Conlral: Wia., Ill,, Ind., 
Ohio, Mlcli, 

cent of the membership in the ISfew England region has declined 
steadily since 1893, while the proportion of the members in the South 
Atlantic region, which includes the metropolitan area of Washington, 
has continued to increase. In 1945 about 63 per cent of the members 
were located in the Middle and South Atlantic regions; 27 per cent 
lived in the Washington, D. C. area; and about ono-foiirth were 
located in New York state, chiefly in the City of Now York. Women, 
comprising ten per cent of the total mcmljersliip wore distributed fairly 
proportionately among the areas. 
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TJie tables presented in this paper summarize the more imnortunf 
charaoteristics oi the American Statislical As.seciation numiboriun In 
the process of compiling these summaricH aJl nvailalile infornmtion iva. 

or detailed analysis possible without imdiio additional effort TJm fiin 
of punch cards will be maintained for six numilrs and every (‘ITort'i d? 
bo made during that period to satisfy any coiiHidcrcd rccpiost of in 
dmdual members for additional information. 



BRITAIN'S NEW POST-WAR ECONOMIC GUIDE 

KonuAN Chump 

Fint^ncial Editor "Sunday Times’* (London) 

N early two years ago Britain's Govornment of tho day, which 
included representatives of all political parties, issued a White 
Paper on Employment Policy. The concluding passages of this docu- 
ment made it clear that all the Government's proposals for tho mam- 
tenance of employment depended for their success upon a full and 
continuous knowledge and appreciation of all facts bearing upon the 
nation's economic position, It, therefore, went on to say that ^'the 
Government intend to establish on a permanent basis a small central 
staff qualified to measure and analyze economic trends and submit ap- 
preciations of them to tho Ministers concerned.'' 

Actually such a staff came into existence early in World War II. It 
is described as the Central Statistical Office, and was directly re- 
sponsible to the War Cabinet. Much of its work necessarily remained 
secret during the war, but it was responsible for the annual White 
Paper measuring and analyzing Britain’s national income, as well os 
for the document describing Britain's war effort, which appeared 
towards tlio end of 1944, 

Quite rightly, it is to remain a permanent body. One of the first 
fruits of its post-war labors is a now publication called the Monthly 
Digest of Stalislics. This is available to the public, as well as to Minis- 
ters and Government offices. The first issue, for January, 1946, ap- 
peared in the middle of February. 

Part of tho information which it contains was already appearing , 
elsewhere. For years past tho Bank of England had published a monthly 
SialisLical Summary^ which was of the utmost use to those concerned 
in economic trends. Publication of this Summary has now ceased, and 
many of the statistics which it included have been transferred to and 
will be continued by the new publication. Similavly the Board 0 / Trade 
Journal publishes statistics of wholesale prices, external trade, coal and 
steel production, etc. These again are to be found in the new document. 
So, too, with the statistics of wages, earnings, employment and tho cost 
of living which appear each montli in the Ministry of Labor's Gazette, 
Hero the main advantage is that these statistics are assembled in a 
singlo book. How great an advantage that will prove will be realized 
by all those who have to look up and interpret a particular statistical 
fact, while working against tho clock. But tho Digest does much more 
than assemblo material which either is or was availablo elsewhere. It 
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iuoludos many new tobies, wliicli wero originnlly conniilrd fur 0<ivern- 
ment use during the wtu^ but wliicli for KCcuriLy rcjiHuiis imvo hitherto 
remained unpiibliahcd, 

Tlie Digest falls into eleven nuiin scctiims. Tlu'se nre, lOinploynient; 
Fuel and Power; Raw Materinls (production, conHiiinplirui and stocks) ; 
Manufactured Goods; Building; Agrieulturo and Fond; I')xt<;rnal Trnde; 
Merchant Shipping; Inland Transport; Fiaanec (fiovnriimont and 
Banking); and Wages and Prices. TJio tiihlc.s are not yet ('iiliiely eoin- 
plete. In some inetanccs stocks arc not incluileil. In ulhera, pre-war 
statistics arc cither lacking or have l5<‘(!a omiltcHl. It is to bn hope<l 
that this will he remedied in subsequent iasiufs, Init in sonu^ cawts it 
must bo recognized that the nflcos-sai'y details only bisgtin lo l)o col- 
lected during tliG war. 

These are small points of criticism. It is much more im])i>rlnnt to 
notice that tlie raw materials Bcclion includes iron and Ht<>c] in con- 
siderable detail; non-ferrous inotals; timlier; textiles (pitulueiiou, con- 
sumption and stocks); hides, skins and leather; rubber, liolli natural 
and synthetic; chcmiaala; and wood-pulp anil jjapor. Aluniifacturcd 
goods statistics range from motorcars to sowing mnebiue.H and idectric 
irons; from fountain pens to tooth Imislins; from duHlIjins lo footwear; 
and wardrobes to dining-room chairs. Thero tire, tleliiils of beer, spirits 
and tobacco, wireless licencc.s and car rcgiHlrntiuiiK; retail mih^s of 
food, clothing and household goods, in index form, Tim liuildiug sec- 
tion includes the number of opovalivos at work, produelion of jiialerials 
and components, temporary houses, and the progress (atilt in l)io initiul 
stages) made towards the building of pormancut Iioukch, 

Of greatest importance pcrhap.s is tlio section on Kinployiuenl. This 
is good as far os it goes. But the latest stalmtics aro llioso for Kovcinbor, 
1946, and domobilizntion ha.s sinco matle furlhor considorablo jirngri'SH, 
Nor does the Dipesi contain any attempt to look ahead. 'J'ltero is 
nothing resembling the "man-power Inidgct,” advocated in the I'lm- 
ployment Policy Wliitc Paper n.s an inslrumont c.ssentinl lo iluJ jiroper 
formulation of employment policy, 

That is not the fault of the Central StaliHtical Office. Tlio ju'eparu- 
tion of a man-power budget dopcnila upon deciHions of the higlie,st 
policy. But until those decisions arc taken, and Uio maiv-iuiwer bvulget 
is prepared and publialied, Iho nerv Dip/ml oim only be an 

auxiliary, even though invaluable W'lthin its own limUs, It will itul l>y 
itself enable citlvcv Govcrnmonl Dcparlmenta or iiuluHtrialisla to 
complcto their future iilaiia. 



PROBLEMS AND METHODS OF THE SAMPLE 
SURVEY OF BUSINESS* 

Morois H. Hansen, William N. Hurwitz and MARGAnET Gurney 
Bureau of the Census 

In buBincss sampling, as in tho gcncml HainpUng problem, 
the over-all test that wo apply to a Hainplo cloaign is that it 
shall yield the desired information with tho reliability I'c- 
qiiircd at a minimum coatj or, conversely, that at a given cost 
it shall yield the estimates desired with tlio maximum relia- 
bility possible. A second criterion which wo impose on the 
sample design is that tho reliability of the samplo results should 
be measurable. This requirement climinatca from conBidera- 
tion many siiporricially attractive sampling sehomes which, 
while generally economical in both time and money, may lead 
to faulty Qoucluaions. 

A parlieiilarly important cliaTActoriatic of tho distribution 
of sales of buBinesB establishments is that tho distribution is 
highly Bkowed, with relatively few largo CBtablishmonts ac- 
counting for a substantial proportion of total sales, Tho 
sample design takes advantage of this fact and in eo doing 
yields a sample of greater efficiency tlian would result from t% 
samplo of equal size if tho distribution were normal. Various 
size classes are distinguifilied and the theory of optimum allo- 
cation indicates the mimljcr of stores to be sampled from each 
class. Largo stores will bo sampled from a listing of establish- 
ments, and the more numcroua smaller stores will bo sampled 
by cluster sampling. 

Tho appropriate sampling theory ia given for measuring the 
various contributions to the sampling error, and for maximiz- 
ing tho information obtained per dollar expended. 

T ub application of recent ndvancea in sampling methods to tho 
problem of measuring, for example, retail sales and changes in retail 
sales by kinds of business now makes it possible to improve the quality 
of the current survey work being done in the business field by the 
Bureau of the Census. The revision of the survey methods will be 
carried out in connection with the expansion of this work now planned. 
The revision and expansion of the survey involves designing a sample 
of rotad stores iliat will produce: (a) reliable national estimates of total 
retail sales and of month to month changes in sales, by kind of l)iisi- 
ness; and (b) similar figuica with somewhat less precision for individual 
largo cities, and subsequently, for regions and individual States, In this 


♦ Thin pnpor wna prcacnLcil nL tlio nnnucil meeting of tho Amcrlcnn SlntiHlical ABsooialion on 
Jnnunry 20, 1040 in Clovoland, Oliio, Tho nulhora wish to Ihfink Mr. MnX A. PcrBllnd for to viewing Uio 
manuscript and mnkins numorous helpful auggcfitio us. 
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pB,por WB BhiiU consider primarily the design of tlic sainplo to meet tlio 
first of these objectives. The extension of the sample iv provide Btatis- 
ties for individual cities and for other ureas will be made in siich a 
way as to further improve the general sample, but these iiietliods will 
not be discussed here. 

SOME FUNDAMENTAL CONSIDEBATIONS IN SAMPLE IJEHICIN 

In business sampling, as in the general sampling problem, llie over- 
all test that Tvo apply to a sample design is lliat it shall yield Ihe desired 
information with the reliability required at miniinuin cost; or cou- 
TCrsely, that at a given coat it shall jdold Die cfitlmal.es dchired with 
the maximum reliability possible. Various resources may be nvailiiblo, 
and restrictions and limitations other than coat restricUona may iicees- 
sarily be imposed on the design. Tho resources may bo in the form of 
available statistical data, lists of establishments, an e.xiHting field urgan- 
imtion, tabulation facilities, existing knowledge of tho problem being 
dealt with, oto., together with available mathematical staliKlical tiuils. 
Tho restrictions and limitations may have to do willi lime, limits t.<) bo 
met, limitations on kinds of personnel that enn bo used, etc. De.fiigning 
tho Bompio to achieve the maximum information at miiiitnum cost in- 
volves, of courso, making fullcfit possible use of resources and operating 
within tho necessary restrictions. 

A second criterion that wo impose on anmplo depigiis in (he Hmcinvi 
is that the reliability of tho sample results should bo iii(‘nfiiirnblo. 
Methods of sample selection and estimation are available for which 
tho risk of errors in tho sample estimates can bo mensured and con- 
trolled. As tho size of the sample is increased, the oxpeeled diseropaticio.s 
between tho estimated value from tho sample and the true vahm (i.o., 
tho value that would bo obtained from a complete eonsuB) will deerenso 
if such methods are used. With such methods one can know the rifik 
taken that the error duo to sampling will exceed a Hpccificd amount. 
This risk {i.e., the risk that tho onor will exceed tmy Bpeeified amount) 
con be made as small as desired by taking a sample of adequate hizo. 

The use of methods yielding results whoso sampling errors enn lie 
meoaurod hoa |cj|f,esq..arhfapita^: wo can indicate to tho UBOrs «f our 
data tho degree of confidcucotliby can place in the publishetl figmuK; 
we can make use of an objective criterion for choosing the "bcHl” from 
among alternative designs; and wo can dotennino in udvamto of driiw- 
ing tho sample whether reaourcca aro avaiiahlo to get roBulla from (ho 
sample with the reliability required, and bo wo may bn able li» prevent 
1 usoIqbb sample surveys from boing carried forward. 
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If we permit the use of sample designs that do not provide measur- 
able Tesultsj a gi’eat many s^uperfid^ly, aUractiye sampUng Bchemes 
are eligible for selection. For obtaining a sample of a given size these ^ 
methods are generally economical, in both time and money, but they ; 
may lead to faulty conclusions. 

In referring to sampling errors or reliability of sample results here 
the reference, of course, is to the discrepancy between a sample result 
and the results that would have been obtained from a complete census 
carried out with equal care. Problems of accuracy of response are thus 
not being considered in this paper. It should be pointed out, however, 
that in practice it may be possible with a sample to carry out more 
careful operations and insist on greater accuracy in the various field 
steps than is feasible in a complete census, so that actually nonsampling 
errors may be reduced in a carefully conducted sample survey below 
what would be present in a complete census. 

DIFEICULTrES OP METHODS OFTEN USED IN BUSINESS SAMPLING 

A method often used in business sampling is to mail questionnaires , 
to all or a sample of establishments included on available lists and to 
depend primarily on a voluntary mail response to the mailed inquiry. 

In using such returns it has usually been assumed that, if sales for two"^*^‘ 
periods of time are collected from an identical set of stores, the change 
in sales between the two periods for the identical stores wll, in fact, 
reflect the change in total sales for the specified kind of business. This 
type of sample estimate may be subject to two sources of bi^ (1) the 
mail responses may not reflect the change in sales of iho non respondents 
to the mail questionnaire; (2) the available mailing lists are usually 
out of date and hence the sample drawn from the lists does not provide 
the information for estimating the net effect of the turnover in business 
establishments. 

It is possible to overcome the kind of difficulties outlined by the 
use of modern sampling methods. Using these methods we can produce 
results the reliability of which can bo controlled, and which, with an 
adequate size of sample, can bo made as precise as desired. At the same 
time, these methods point the way to minimizing the cost of obtaining 
results with the desired precision. 

CnAIlACTEniSTICB OF TITE POPULATION TO BE SAMPLED 
AND HESOURCEB and FACILITIEB AVAILABLE 

A particularly important characteristic of the distribution of sales 
of business establishments is that the distribution ia highly skewed. A 



AMEIIICAN BTATI8TICAI/ AHBOCUTION 


176 

relatively few largo cstaUirfimenls, conslituliHR n Hinall iMuporliun of 
all establishments, account for a Kubstnutial iiropnrliiiii of tlic total 
sales. At the same time, the very large iiiinilior of remniiiiiig c.itnbliHh- 
menta also account, in the nggregutn, for a substiintiivl prijpoi’tiim of 
total aalcs, This highly skewed clistrihutinii can ho u lilizet] in the Hamplo 
design to produce more reliable rcsull.s for a given hizn of Kainplo tlmu 
would bo possible, if, say, the sales wlmc normally dinlrilmted, The ad- 
vantage of the fikowncBS of the populutioii can, of cmirst', only bo uti- 
lized if approximate lUcafliuGS of size nro availubln in advniice of Inking 
the survey, thus making it possible to select tU« larger establishments 
fot special Ircatmout in eampling. This tyjw of infuntialion i« available 
foi’ the larger cstablislunents, allliuiig}) no up U> dale and coiopleto list 
of all retail establishments is available. 

jRecordfi that are available anil will be used include: (n) Hpcial SJe- 
ciirity records — tlio Social Security Board has records of iiniiiloycrs in 
coveFcd indvifltrics ha\'ing one or more cmploycea. Tlwsc riu'ords avo 
available on a lolativoly up to date Imsi-s and arc cliissilied liy primary 
kind of business, (b) The Inst ccii-sus of lnwineH8"-tlio 10-10 (icinsn,H pro- 
vides a I’ccovd of cBtablishraenls by kinds of busine.'vH u,s of the. date of 
the census, although tho.so records arc not June uti to date. However, 
tho census provides extensive .statistical infuriruilion on rulnil trade as 
of 1940 that can bo effectively utilized. 

In addition to tho Social Security rccurdN and the data froin the 1040 
Census, another important resource available to llm Ihtruau of the 
Census is an ^iating field organization opernting in 08 diffiTont ntunple 
areas. This field organization has been eslnblislicd fur piii'inwa of Ink- 
ing tho Monthly Report on the Labor Force and can bo \ikih1 and i^x- 
tended for the current buHinesa survey. 

An additional resource of importance is tho availability in tln^ Cl'iihum 
of comparatively up to dale maps covering cities Imving nu>re tlmu 
^5,000 populotion. These maps are brought up to date uniuudly and 
show, for tho most part, the location and general typo of nsn (»f indi- 
vidual structures. They have been acquired by tho CensiiH na an aid in 
sampling and in census taking, niid can be effectively utilized in Kiiiupla 
surveys of both population and busitie.ss. 

We shall not attempt to present a detailed descvipliou of llie sample, 
as many of tho detoils Avill be modified rw the doHign is put into effect, 
but a brief description of tho sampling iilan will he given wilb elabo- 
ration of QUO or two .specific points as illustrative of Ibu vole tbut 
modern sampling inolhods play in dctcrininiiig llie uani|ilu dcHign. 
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DIVISION OF RETAIL TRADB INTO TWO BUBUNIVEEBE8 
AND ALLOCATION OF SAMPLING TO EACH 

It will be convenient to regard the universe of all retail stores in the 
United States as divided into two subuniverses: first, those that are 
included on a list of largo stores that will bo prepared; and second, those 
that are not. One can proceed separately to design a sample for each 
of these subuniverses. 

A question that must be considered concerning the subdivision of the 
population into a subuniverso of listed large stores and a subiinivorso 
of all other stores is: How many establishments should be included on 
the large store list? Records are available from which more than half 
of all stores could be included on the list, whereas it is expected to 
include only about the largest 10 per cent. Why include only 10 per 
cent? Certain optimum sampling principles, which will be described 
later, dictate that the very large stores must be on the list and suggest 
that the more stores included on the list the better. On the other hand, 
various administrative considerations, such as tlie difficulty of identify- 
ing and matching stores in order to avoid including some in both sub- 
uni verses, together with problems of dealing with births and deaths of 
establishments, operate to hold the number of stores included on the 
list to a minimum. At the outset, those administrative factors point to 
keeping the list down to the 10 per cent now contemplated. 

The list of largo establishments, classified by kind of business, has 
been prepared based on the Social Security records, Each establishment 
on the list has an indication of size based on payrolls during a previous 
period. Of course, the actual current size of each establishment listed 
is not known, but the wages paid during a prior period provide an 
approximate measure of size. 

The use of past payroll information to distinguish large from small 
stores means that there will be a number of stores not on the list that 
will bo larger in current sales than many of those that are on the list. 
Despite this fact the use of a subuniverso of listed large stores will be 
highly effective in inci'eusing the leliability of the sample. With the 
methods to be followed, if the measures of size used are highly cor- 
related with the actual sales during the ciiiTcnt periods under considera- 
tion (as will bo the case), then the use of the measures of size in classify- 
ing the establishments will bo exceedingly effective in reducing the 
sampling error. On the other hand, even if the measures of size wore 
not highly correlated with actual sales, no bias would be introduced 
into the sample. Thus, the design ia such that effective use has been 
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made of available resources bo that their use incrcascB the sample ef- 
ficiency without in any way biasing the sainjile. 

Considerations of optimuin allocation*- make it clear Hint the suli- 
univei'se of listed large estnblislimcnts should bo sampled more iiitcii- 
sively than those not on tho list. Consequently, approximately 30 per 
cent of those on tho list will be included in tho sample, while only about 
2 per cent of those not on tho list will be IncltKlcd. This allocation of 
sampling between the two subunivci-ses nrisoH beeaueo tlio stores listed, 
while constituting only about 10 per cent of tlio total Ktoroa, account 
for about 60 per cent of tlie total sales. Conveiscly, lluiso not on tho 
list account for about 90 per cent of tho stores and dO per cent of IJio 
total sales. Actually, by including about 30 per cent from tlnwe on tho 
list, and about 2 per cent from tho remaining stores, wo find that tlio 
number of establishments included in tho sample from each of tho 
classes will be roughly proportionate to the aggregate enlea of each, 
rather than proportionate to tho number of stores. Tliis is in accord 
with optimum sampling principles where the iiriucipul charactcri.stica 
to be estimated from the sample arc total sales or changes in tulul sales. 

To illustrate tliis principle, suppose wc have slrnlifiod llui population 
of establishments into two strata, and want to allocate the sampling 
to each stratum in such a way as to jirodiico the moat reliable reaulls 
possible per dollar of cost. Suppose, also, that we want to e.'itiniato the 
ratio of sales in the current month to those in tho prior month from 
the sample. We shall use as our estimate tho ratio 


( 1 ) 


fii ni 

T, -h ~ Tj 

ni ih 


I 


where Xi represents, for tho first stratum, the aggregate salcB during 
the current month of the stores in the sample, and Xt is the correspond- 
ing figure for tho second stratum. Similarly, and Yj roprcHCiit, for 
the two strata, respectively, the aggregate sales of the same stores dur- 
ing the prior month. The total number of stores in the first slraluin is 
iVi, and Til is tho number of these included in the samplo, while A*j 
and 712 are tho corresponding figures for the second stratum. Tlio vmi- 

> Tho notion at optimum nllopatlon of a BAtnpIo wra Introiluccd by J. NoyiiiAii, 'O/i ihr* Two 
Dlffcronb Aapoota of tlio Itoproaontfillvo Molhod; A Mclbod of HlrMinwl Siimrllng itnil the u\ 

PurpoBlvo SfskoUo-n," Jdiir, Tfoyni 8lai. .3oc., Now fjorleo, Vol 07 (1034). jjii, 5AB GOd. rIk) V. Cj. 
Malickliinoblq, 'A Sumple Survey of the AeroRKo under Julo In noiiRo)/ Vol. -4 (1040), 

Pp. dll-A30i 
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ance of this sample estimate is given approximately by: 


( 2 ) 



N,-n , 

{Ni - i)ni y» (jv, - 1)«^ y* 


The first term above represents the contribution of the first stratum 
to the over- all variance. In this term, Yi is the aggregate sales of all 
establishments in the stratum during the prior month and 3i^ is 
roughly equivalent to the variance between individual establishments 
in that stratum of the ‘'sales ratio.” By the “sales ratio” ia meant the 
ratio, for an establishment, of the sales in the second period to those 
in the first. The second term has a similar meaning for the second 
stratum. Finally, Y = Yi-\-Y 2 ] that is, Y is equal to the aggregate sales 
during the prior period of all establishments in both strata combined.® 
We want to obtain a sample that produces results of specified le- 
liability at minimum cost, and to do this we must take account, also, 
of the relative cost of including an establishment in the sample from 
the first stratum os compared with the cost of including one from the 
second. Suppose, therefore, that the cost of including an establishment 
from the first stratum is fc times the cost of including one from the 
second (fc may be either greater or less than 1), 

With these facts wo can now ascertain tho relative size of sample that 
should bo taken from each stratum so as to produce results of the maxi- 
mum accuracy per dollar of cost. Wo accomplish this by setting 


til Y,S, 

ni + rii^ YiSi + Y2S2Vk ‘ 


It is apparent from this that if fc is approximately equal to 1 (that is, if 
the cost of including an establishment in the sample is about tlio same 

» Actually, I Vir+-^ij wlioro ini =*(Vijt-l-Vir-'2Pi ia approximately 

Xt Xi^Xi 

the variance of Iho aalca ratio foroslabllBlimonts fnllio Rrab aim turn; Itt and/J "-7; — with Xi 

Yt Vi'j-ri 

equal to tho ag^rognto aaloa of all cBbnbllBlimonlo In Uio flrat etmlum during tlio ourronl montb, and JlTi 
eimilarly doHnctl for the Bccondalratum; 

pi la tho correlation between snlca in llio two periods for cslnblishmonls inoludod In the nretatratum; 
Vix le tho cocfllalont oj variation of tbo salcB during tho current parlod ol the oalAblialimonla iu 
Uio first strnLunit and 

V\Y is tho corroapondlng coofllclcnt of varlnlion for the prior period; 

2Ji *»»2(Ki“/t)/Ji(piV’ixViv — Vir), and Di will uaually bo of negligible bIzo rclailvo to tho ollioi 
lorma 0/ S]. 

Sj Ib Bimilarly defined but rclalcB to entabllslinaonls In tho Bccond sLrntum^ 

If more than two atratn wero ^laod tlio varinneo of Llio Bampio cAtimato would bo for, Bsy, L slrato 
• . Nv - n( YiW 


ff'nKlo “ j,, . 


wliero tlio tcrniH for tho itli olratum would nil bo defined as obovo for tho first etratum, 
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for both of the strata), and if = whieli is approxiiimlcly truo 
when the standard deviation of the sales ratio is the same for cstalxliBh- 
ments ill the two strata, the optimum proportion of stores to he in- 
cluded in tlio sample from each stratum is equal to llic proiiorlion of 
the aggregate sales accounted for by the cstnhlishmcnlH in the rospec- 
tivo strati, 

It is such considerations that determined the relative allocation of 
sampling indicated earlier between the subuniverse of listed largo es- 
tabliahmentg and the romnining stores. Moreover, it will bo found tliat 
by using this optimum allocation method, tho Hiimpling (M’l'or will bo 
reduced very substantially below what would result from priqiortioualo 
sampling from each subuinvcrsc. Of course, not nil of tlie facts iicet'SHiiry 
to determine an optimum job are available in ndvnnee, and ndjust- 
ments will bo made in the samiile with further experience. However, 
knowledge of the princijilos niid of tlic general cbnriicleriHlies of the 
population to bo sampled makes it po.ssiblc to approximate the opti- 
mum in the initial design.’ 

The theory just presonted not only indicates the ojiliminn snmjiling 
ratio to be applied to each of two size strata, but suggc.sls (Imt still 
more gains miglit bo achieved liy additional strati ficiUiim by size of 
establishment and by using increasingly higher siunpling ratios us Ihc 
size of store increases. Such couaidcrations suggest, also, that all store.s 
larger than some particular size arc of sulReionl iniportanci' (hut limy 
should bo included in tho sample. This theory, therefore, lins a bearing 
on the question discussed earlier concerning liow many slore.s shoulit 
be included in tho aubuniverso of listed large HlorcH. Tim i cleviince, of 
the theory just |)rc.scntcd to this latter iasiic arises lieeausn, while it is 
feasible to use sampling rntio.s ranging from 100 per cent down in 
sampling from various classes of store.s ineliuteil on llm large store, list, 
the method of sampling from the remaining sloriw is such lliut only 
small ratios arc practicable. In fact, it i.H anlieipaled Mint at (he oiitsd 
not more than a 2 per cent sampling ratio will be aiqrlied to any size.s 
or classes of Btore.s not included on the largo store list. 

THE SAMPLE FROM THE BUHUNIVEIISE OF LISTED I.AUOE B'l'OUKH 

In the previous soctioii wo described liow retail Himes were divided 
into two,.gubunLvorBcs, a list of largo stoies, and all stores nut on Mm 

» It «lioul(I bo ra»iK»\i(^ llml Dm Dicory of opDtnuiri nnmpIlMR Jo^l nuliiriNl ImMu fur nuy rtiit^ln 
bIhIIbHo, but wlioro n rumibcr of ^IlfTeront iltinfl nro woniM fnirri m nrtiniilG n 

may Imvo lo bo inndo botweon,^llio tlritiKnii wlJrli winlil bo optiruuiu fur gacIi of ilirt hlulimlcn 

fitvolvod. Of ton, bowovor. na ifijDio ciwo hero, mnny of llin IIgimb for wbicti hio nniilrd will 

bo lilghly GOTZQlftUdi nnd fof Dio doAikn In closo lo Uio oplimuin fwr eAch. 

'‘i 
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list. Wc shall now consider the sample from the list of large stores. The 
variation among the sizes of even those stores on this list is very great 
and consequently one should not take a uniform sampling ratio from 
these if ho is to approximate an optimum sample design. 

The principles discussed in the previous section suggest that opti- 
mum allocation would call for including in the sample all stores having 
sales larger than a certain size, and that the large store list should bo 
divided into a number of strata based on size of store with a different 
sampling ratio assigned to each, There are, howevorj serious disad- 
vantages in having too many different sampling ratios. The more 
sampling ratios imposed, tlie larger tho number of different weights 
that must be used. Moreover, moat of tho gains of optimum allocation 
to size groups will bo achieved if we set up only two classes of large 
stores, one consisting of the stores winch will be included with certainty, 
and tlie other consisting of the remaining listed largo stores. Once the 
list of large stores is prepared, therefore, it will be further divided into 
a very large store list from which wc make every effort to obtain returns 
100 per cent, and a mediiivi large store list from which perhaps 20 per 
cent returns may be required, 

Joint use of mail and personal follow up. Since each of the very largo 
stores is of sufficient size that it .should bo included in the sample, no 
matter wlicre located, this small group will be mailed to and followed 
up with field interviews as necessary to insure substantially complete 
coverage oacli month. The follow-up work will bo facilitated by the 
fact that most of tho vciy large catablislimcnta arc concentrated in tlio 
larger cities and tlmt n prompt mail response can bo expected from 
most stores in this group. 

A further application of the principle of optimum use of methods 
is made in the joint use of mail canvass and field follow-up methods 
in sampling from the medium largo store list. Tho collection of a ques- 
tionnaire by mail can be done at a fraction of the cost of collection 
by field interview — provided a mail rosponso to the questionnaire 
can be olDtained. Consequently, the fullest possible use of this method 
of canvass should be utilized with minimum use made of the much 
moro expensive method of personal follow up,'* Tho schedules to be 
mailed each month will be in excess of the number actually expected 
to be returned, and enumerative follow-ii]) will be made of a sample of 
those that do not respond to tho mail canvass. The plan is for a rotation 


* Rno ^The of Non ncaponBO In SftmplQ Survoya" (Oila JOLUINAL) for n dcAcription of 

opLiininn meUiodH of joint uro of mail and Diiunitmllvo reapon/io. or of any tw'o malhuda whoro one ia 
Igbb cipchBivo but iho oiltcr is moro certain of oblainiiie rcaponao. 
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in the follow-up of the medium largo stores not responding so that over 
a period of a relatively few months nil of those not rcHjKmdiiig to the 
mail canvass will bo visited in an effort to build up cooijerjilion to the 
mall Bui'vey, With the mail rc3i)on.sc and coverage through follow-up 
of a sample of those not responding, it is possiljle to compute sample 
estimates without assuming that those rcBponding arc reprcsontatlvo 
of all medium large cHlublishmcnts. 

Use of cluster sampling to facililale field work by rcafricftnt; sample to 
selected primary areas. Field follow-up of nonrospmuhtnls to a mail 
survey would bo exceedingly expensive if Ihc cslnhliKhinents to bo 
covered were widely scattored throughout the entire United Htates. If 
it wove not for this expense the optimum procedure would cull for 
designating the establisliments to bo included in llic Kani|)le with no 
clustering of the sample establishincntvS whatever. To deal willi tlio 
problem of cost, however, the device of clustering Ihc sample will ))o 
used. A sample of primary arena will be dc.Higiiatccl and inniliiig to the 
medium-large stores wall bo limited to those located \vitliiu llio selected 
primory areas. A cross-section of such nrcn« will be cleHignalod through- 
out the United States such that, if tlic retail slorcu within tlicso areas 
nra adequately ropi'csented in the sample, fiuflioioiiUy rclinhhi infornia- 
tion for all stores will bo availablo. This docs not mean lliui the Hiiinpio 
should be adequate to represent well each primary area supimitcly. It 
does moan that tho sample should bo adotiuato to rcprcKent all pri mary 
areas combined.® Since tho list of inodium-lnrgo stores is not exlcnsivo, 
all the establishments on this list within lhe.so areas will lot niiilled to, 
and the follow-up of a samplo of those nut responding can ha instituted, 
Those to be contacted will bo rotated so that over a porloil of \>orhana 
three months all nonrespondonts to the mailed questionnaires wilt ho 
visited. 

Optimum choice of primary areas. With tho adoption of lliia cluster 
sampling approach the question still rcniniiiH: What kind of a sample 
of areas ought wo to select? The solution to this problem was fairly 
clear in this instance because, n.s indicated earlier, the I3iir(?nu has an 
operating field organiKation taking tlio Monthly IleporL on tho Laltor 
Force. A somewhat similar problem prcBcutcd itself in tlio dijsigii of the 
labor force sample. For that survey, a sample of 08 piiiuitry aims has 
been designated within which Bubsamiiliug <ipcralioim are caviiod on, 
and a fiill-timo supervisor with pnrt-tiino oiiuinoruloi-s is avuilublo in 
each of these areas. Eaclr priumry area coiiHists of a ciiunty, or, in soino 

* Tlilfl Imporbanfr pi-lnolpln Is qifion nitflundcrAlnod. Reo, for fiRTiipIo, tlifi rnlllkd 
and VfllWnUon of finmplo for Matkot ttoftoaroli/ JQunml cf MarkHiuQ, Jiviiuiir^' lUiO, by Ulq 
C oramllloo on MArkallnB TloaDarok ToolinCquoR. 
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instances where the sizes of the counties are not too largCj of two or 
three adjacent counties. The principles of sampling and the procedures 
followed in designing the labor force sample, described elsewhere/ are 
equally applicable to business sampling. 

An obvious question to be answered before the adoption of those 
sample areas for business sampling is: What reason ia there to presume 
that a sample of areas designated for such a population sample will 
pro VO to ho a satisfactory set of areas in which to take a retail trade 
sample, The answer is not too difficult. In the first place, the design of 
the population sample was an unbiased design, from whicli it follows 
that unbiased estimates of both population and business as well as of 
other characteristics can be obtained by a survey of these areas. The 
real question then is: Will this sample produce results having a suf- 
ficiently small sampling error? Since retail trade exists to serve the 
population, it is not surprising to find that it is distributed between 
counties much as the population is distributed and, therefore, that a 
sample designed to estimate the labor force characteristics will be com- 
paratively efficient also for estimating retail trade, if appropriate 
methods of estimation are used. It can be seen from the following table 
that the average sampling errors resulting from the use of a sample 
designed exactly as the labor force sample but used for retail trade will 
produce national estimates for many kinds of business with fairly high 
precision, 

NATIONAL ESTIMATES OP 11T3TAIL BALES VOU ALL RETAIL TRADE AND FOR 
A FEW KINDS OP DUBINEBB FROM TUB OB AREA LABOR FORCE SAMPLE* 



Saloa 

Known 

1030 

ConsuB 

EnLlmalo 

frojn 

Biimplo 

Per cent 
dHTcronco 

Coefriciont of 
vorinLlon of 
aniuplo 
ostimato In 
per cont 

Total — all typos 

42,011,7001 

42,170.007 

H-0.3 

1.4 

General Stores (with food) 

810,342 

701,006 

-2,4 

12.0 

General Mdfio. Group 

6,005,007 

5,078,047 

+0.2 

2.6 

Drugs 

1,602,602 

1,533,235 

-1.0 

2.0 

Apparel 

3.258,772 

3,1B7,103 

-2.2 

2.0 

Lumber-Jfardwaro 

2,734,014 

2,603,700 

-0.3 

3.0 

FurniturD 

1,733,267 

1,067,040 

-4.3 

3.3 


+ CominiltilionH for tliia Iftblo wero nindo for a Bpccinl survey which covored ouly these six kinds 
of buHlncflH, Goiicrnl StorcH (with food) occur in llio rural areas, but Boldoin in larKcr cilicH, and coiisc- 
(luauLlyj for tho OB area Biiniplo tlio Hamrllnit error fur this fipouial class Ib lari^o. 


< Morris It. llniiBon and William N. Ilurwita, "A New Sample of the Population," Durban of the 
Ceninit Sopternber, 10 U. 
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This table gives an estimate of the sampling errors to ho expected in 
estimating total sales for a few kinds of buHiiiesH from the 08 labor 
force sample areas— but on llio assumption of coinpieto coverage of 
stores within the designated areas. Thus, the table i>rovidc8 a guide 
to how representative these areas are of the entire nnlion \v'itb rc:a[)cct 
to retail trade. The per cent differeirce column show.s the actual errors 
in estimating total sales fronr the sample counliofl, while the coeflicient 
of variation indicates the average error to bo expected over all iK^Hsible 
samples drawn by the metliod actually followed. 

Wo SCO that the labor force and general population sani])le may ho 
expected to produce retail trade eslimatca of reosoimlde reliability, but 
it should bo clear that at least some gains in precision, whcliior small 
or large, could bo achieved if a sample of areas were utilized that wim 
designed explicitly for retail trade ratlior than for fiome other problem. 
Tho question arises, then, why not design a new 0 ami)lcV The answer 
to this question baa two aspects. Tlie first is that, for the same size 
sample, some gains undoubtedly could be achieved by a more special- 
ized design. Ncvertliclcss, \vc havo had considerable experience iudi- 
enting that, on the average for Die many different Btali.slica to bo o.sli- 
mated, the gains which would result would not lie large, 'i'lie j^couiid and 
principal point is that, with field facilities already exisliog in these 
counties, tho cost of obtaining rclurnB is substanlially less by utilizing 
tho available counties than by drawing an indopcndcnl sample in otlicr 
areas. Therefore, per dollar, the most reliable rcHUltn nro obtained in 
the way specified. If moro roliablo results are wanted, wo need merely 
to expand that sample. Such considerations led to tlie adoption of tlio 
68 arealabor force sample as the orcas in whicJi mailing and fiohl opera- 
tions would bo carried on; this sample subsequently will be enlarged 
by expanding to additional arena. 

Principles involved in the delcrminalion of the tiu>nl)cr of primari/ areas 
to be covered and Ihc me of sample in each, Tho proposed oxpnnnion to 
more areas suggests the need of some guide ns to bow many primary 
sampling areas should lie listed in tho sample and how large a samide 
should bo selected within each. Wo shall indicate some principloH that 
serve as a guide in making this determination, but Bhall present, them 
in a very simplified problem. In particular, wo shall coiiHulcr only tho 
problem of sampling from a single stratum, and wo kIuiU niisumo that 
the number of stores is tho same for all counties in llio slralum, Tlio 
prineiples pointed up and conclusions arrived at for tliis simple situa- 
tion are equally applicable to tho moro coinplox problem willi which 
wo are actually dealing. 
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Suppose that there are a total of M counties in n stratum, from which 
we take a sample of m at random; that there are a total of N stores in 
each county in the stratum, and that we subaample n from each se- 
lected county. Thus, we will have a sample of m counties from this 
stratum, and of n stores from each county, or a total sample of mn 
stores. If we compute the average sales per establishment for the stores 
in the sample the variance of this sample average will be: 

^ (M- l))?i M~ iV - ll M{N - 1) 'rm 


where is the variance of the average sales per establishment between 
counties in the stratum, and is the average within county variance. 


The term 


I M{N-l)) 


will, with very few exLeptions, be posi- 


tive in practical sampling problems. For a fixed total size of sample, 
that is, for fixed mn^ the second term of the expression for the variance 
of the sample average will be unaffected by the way in which the sam- 
pling is divided between m and n. Therefore, for a sample of the total 
size of 7?m, the variance of the sample average will bo smallest when 
the maximum possible numbei' of counties is included in the sample 
and the sampling within counties is correspondingly reduced. Thus, 
if a sample of 500 stores is to bo taken, i.e., if wn = 600, the moat re- 
liable result will be achieved by taking only a single store from each 
of 500 sample counbiea. It follows that if there are not enough counties 
in the stratum to accomplish this, then the optimum sampling would 
call for including every county in the sample.® 

With this fact established, why then do we propose to take a rela- 
tively small number of counties into the sample with a considerable 
number of stores from each? The reason is that we are ti’ying to get 
the most reliable result possible per dollar spent, rather than per store 
included in the sample, and considerable economies can be effected by 
clustering the sample. 

To illustrate this, let us go one step farther and assume that the 
total cost, C, of taking a sample can bo broken down as follows: 

0 Clin + C2?nn. 


This amounts to saying that there ia an overhead of Ci dollars that 
is incurred for each county that is included in the sample, and that a 
cost of C 2 is incurred for each store covered within a sample county. 
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This, again, ia a much overaimpliflctl nsaiimplion, but iL will be useful 
in ehowing how the allocation of Bampliiig an bclwcen including morn 
counties and taking a larger sample williin fewer counties may be af- 
fected by cost considerations. 

Now, if wo find the size of sample to be taken in encli comity that 
will produce the most reliable rcsulfc.'i possible per dollar spent we get 



as the sample to take williin each county. Then hi, the muohor of 
counties to bo included, is the number that the budgf't uIIow.h or that 
is needed for the required accuracy. This theory provide a guide for 
determining how many counties to sample and liow lurge a suin]>lo to 
include from each. As wc Icnni more nhout the co.sIh involved and the 
population wo are sampling and its distribution between ctuinlies, tliis 
theory will bo available to improve tlio saiii])lo desigit. At llie oiit.set, 
wc know enough based on rc.scnrch alroady dtme and (‘xin'rlmu'C luul 
general knowledge of retail trade to dclorminc Ihe. first upiirosinmtion 
that should be followed. That first approximaliiin, in lliis case, is to 
start out initially with the sample of 68 primary arca.H used for the 
labor force sample, and to take a fairly largo suhsumple williiii each 
primary area, although it is to ho expected that lliu Haiiiplit will he 
expanded to more areas subsequently. 

THR SAMPIiR FUOM TUB 8UDUNIVEHBE OK SMAl.I.KU HTtIUtCB 

Wc have up to this point a sample from only Die siiliuiii verse of 
listed largo store.s. For stores not on the list, which iiicluile lh(; great 
bulk of establishments, wo propo.sc to cunfitic our saiiiiilc to (he same 
piimaiy areas that arc being used for hamjiling (he lislcd medium-large 
stores. In addition to tlie advantages of minimizing cost of travel al- 
ready discussed, the use of these primary areas for the leiiminiiig .stoic.s 
makes it feasible to develop and maintain an up to dale .‘■am pie of ItirUis 
and deaths of stores as they occur. 

Some of the primary areas include only a small number of store.s, 
and in these areas it is feasible to prepare locally a cmiuilelK li.st of 
establishments in the area and to ho currently iiiformeil on bii lli.s and 
deaths of establishmonte as Lhoy occur. For most of (he piitniiry areas, 
howover, the stores involved aro too numerous to inaki* it feasible to 
list all stores locally and to follow all births and deatlis of eslabliHli- 
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mcDts within the areas aa they occur, and for these areas a method of 
subaampling from the selected primary areas will be used involving a 
further application of an area sampling procedure. 

This area sampling procedure consists of designating small areas 
within the selected primary areas. The small areas will represent the 
stores not included on the large store list and the maintenance of up 
to date listings of stores in these areas will reflect the turnover in busi- 
ness establishments due to births and deaths, 

The problem in designating small areas to be sampled within the 
selected primary areas is to locate and utilize the best available infor- 
mation and facilities for defining efficient Bubsampling units, The types 
of sampling principles already described as well as additional ones will 
be utilized in arriving at an efficient subsampling design. 

For cities of 26,000 population or over the detailed Sanborn Insur- 
ance Maps referred to earlier provide an excellent mapping source that 
can be used in defining subsampling units. These maps are brought up 
to date at frequent intervals — about once a year, and show the loca- 
tions of most atores within blocks in all such cities. Using these maps, 
it is possible to approximate the number of stores in each block and 
draw a sample of blocks stratified by size. An alternative possibility 
which will be followed sometimes is to designate small areas which 
have, according to the map, one, two, three, or as many stores as we 
desire, to be used as subsampling units. Such areas can be designated 
for inclusion in the sample by giving each block a chance of coming 
into the sample which is proportionate to its size in terms of number of 
stores, and then each sample block so selected can bo segmented into 
areas of approximately equal numbers of stores, One of those areas is 
chosen at random from each sample block for inclusion in the sample.^ 

The methods used in sampling these small areas are such that any 
errors in the number of stores shown on the map will not bias the 
sample, although the poorer the counts made from the maps, the larger 
will be the sampling variance. Actually, the counts of stores from the 
maps have been found to be of such a quality that substantial reduc- 
tions in sampling error have been made possible through their use. 

In cities of 2,500 to 26,000 population, the Sanborn maps are not 
being utilized. The particular cities of this size to be included in the 
sample are obtained by a subsampling process witliin the selected 
counties and the 19d0 Census returns arc used in designating the ones 


» For tho theory Involved in Bomplinn witli probublllLy proporLlonntc to flito, bcc, Morrla 11, 
Ilnriffon oriel VVillleiiii N, *On tho Theory of SnmpJiriK from Frnito Populafiojis, " AunutA cf 

Mathsinalicot SlatieticB, Docombori 1043, 
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to be included in the Bamplo, Each city lios a clmnco nf acloctinn pro- 
portionate to the number of etorcH in tliiit city ticcordin^ In llio 10-10 
Census. In most of the counties, howcvcfr, tlicro arc only a few if any 
cities of this class, and all of llicin in the county mny l>o included in 
the sample. For the cities of tliis size that are in tlie .*<uinj)l(f a straight 
eample of city blocks is being drawn for cnumcrnlion ouU-ide of the 
downtown area of such city, niul a comphiU; listing of store aildrcjwos 
will bo made for the downtown areas and a sulwainplo of htorcs or of 
small areas will bo dcsignotccl for coverage IjOHCd ou the itifornmtion 
obtained in this listing. 

To obtain a sample of the cilics under 2,500 popululion and of other 
rural areas, minor civil divisions arc used as .sampling iinils. For ihese, 
1940 Census information on the number of stores in each area is not 
available, and rough estimates of number of bIoics in cnrii minor civil 
division arc computed. These eslimatea arc based on the 19-10 p(ii)uln- 
tion of the areas and on the proportion of that popninlion living inside 
and outsido of tovv]is and villages. Tlicn Ihu actual areas In be included 
in tho sample are selected with probability proportionate (o this inoaB- 
uro of size, or arc stratified on the basin of thi.s nieaaure of sizo as wius 
indicated above for tho Bclection of blockH in the larger eiticn. 

For tho cities of all sizes, once a Ret of Binnll arcua is (Irnw)i into tho 
sample all stores in those areas arc lintcd. The enuincralor is given a 
map showing tho boundaries of the arcan and is iimlnielcd to canvass 
the areas and list every store Included therein, Tliu advantage itf the 
aim approaches that it gives all stores not on the largo. htifPc list a 
chance of being drarvn into tho snmjilo, including both mnv (‘Mtubli-sh- 
ments and ones inadvertently omitted from tho largo hlore list. 

METHOD OF ESTIMATION FIIOM THE SAMPLE 

A fundamental part of a survey de.sign is the inolhod of (>sliinnlion 
from tho sample. Eqiiolly fundamental is tho method of evaluating 
the reliability of the estimates. Tho main aspocUs of the iiielliod of 
estimation and lor evaluating contriinitions to the snmyiling cTror for 
earaples of tho typo here outlined Ls presentod in nnother |taper tiint 
degcribes tho methods and principles of ostiinnlion for llio lubor force 
eamplo,* Tho data from tho 1040 Cciihuh of llelnil Trndo will be ef- 
fectivoly utilized in preparing cstlmatr.s from the .«nm]>le, and will bo 
utilized in such a way as to increase subslantinlly the reliiibllil.y of (ho 


• Boo roforcnco oUqi] In foolnolo 7; nnti m rUo roferfiri^o rllwl In foolnoU 0, 
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eamplo estimates through tho use of ratio or regression types of esti- 
mates. 

SUMMABY BEMABKB 

There will necessarily be variations introduced into the design as the 
plans are developed and put into operation, but the main principles 
followed will bo those described above. Once the work in the field has 
progressed over a period of time further variations in tho design will 
be introduced. For example, procedures may be developed through ex- 
perience for handling an extensive list of largo stores expeditiously in 
which event the large .store list will bo extended considerably. Again, 
the number of primary areas covered may be extended to make possible 
regional or State estimates as well as more detailed and accurate na- 
tional estimates. At the same time, changes will bo introduced as called 
for through further study of the costs involved, the sources of contribu- 
tions to tho sampling error, and the problems arising in carrying out 
tho survey in the office and in tho fi'cld. 



ACTUARIAL ANALYSIS OP THE OPERATING I,1FE 

OF B-29 AIRCRAFT ENGINES 

Obcar L. Altman and CiiAnirKH Cl« Goon* 

Washinglon, D. C. 

Th‘m Blndy lUo iicluiiritvl mclUoil^ vaftnil to ilctor- 

mine tho prolmblo Hcrvicc lifo of Uio H-33/»0 ciigincH used in 
B-20 aircraft. Tho ubo of ncUiarial miitlunlH to ckUnnlnc tho 
cxpoctaLioii of lifo of ciiginert undor ftctiml fHirfaUng crmdiLionH 
is clearly Kiiporior In llinL of iiHrng aVoragCH hnnoil on tlio Hying 
houTH attained solely by cngiitcH Pwmovod for overlmol. Tliii^ 
Buporiority ifl grcntcHt when Iho engine diHtrilnition or 

operating condiLions are chaiiging. 

Though thcBo mcLhoda and jirocccbircd were u«cd in jjlAiming 
R-3350 ciigino rcquiromonts, production and Hliijjping sehed- 
iilcBj they arc generally applicable in determining llio niuiiber 
of roplacomonU ncceaflnry to mainlrun a prcdeleriiuncd Bebod- 
iilo of operation and can nlHO bo UHCd in aotting rnleu of do- 
pTcaiablon. 

This ai'liclo prcsoiils the iiuinhor of liourH ll-33fin eiigiriOH ran 
before removal for overhniilj iiion>nircB llin imprnvdineiit in huC' 
ccBsivc jnodole of cngiiiCB, doUTmincH the differonfM! In life 
between new and ovorhaiilod eniginCB, and sliowii the efTect of 
dilTcronb operating uhcs upon engine life. 

I T WAS necesstiry, very early in Uin 11-29 aircraft program, to pNlinmto 
tlio expectaLiou of lifo of 11-3360 cngincH prior to removal for over- 
haul, and to develop sonsitivc mcasurca of uotiml operating life in order 
to adjust those estimated cxpcctatlonn of life (planning raU^s) to QX[n)~ 
rienee, The expected number of operating or flying liourH prior to ov(^r- 
haul was a major element in determining tho number of re- 

quired each montli to support tho 11-20 training program in tho United 
States and to make possible tlio planned number of eombal and ot)mr 
tactical missions against llio enemy. Tho lifo of tlinso engines was also 
a major element in determining tho number of flyablo onginoi^ that would 
be available month by month to support tlio B-29 program. TIiuh^ do- 
cisiona with reapeefc to 11-3350 engine reejuiromonts nn<l avuiliihility 
vitally affected a whole Berios of ititor-dcpeiidout variublcH, including 
(1) the uliimato size and the rate of expansion of tho B-20 ntriking 
force, (2) the number and length of inismojiH of B-20 ain'ruft, and (3) 
the required amount and rato of expaimion of 11-3350 engiru! prothujlion 

* Tho procod^ircfl und dnln doaedhed in Uiln nrllrlo dov<*lol^l by bt. Tfil. AIIimar and Mr. 
poor wlillQ Uioy woto nUnohod lo tho Aniilyala nud Plniwi Urnwli. A-1, Anuy Air I'orrra. 

llio autliora wlah lo Uinnk Llircfiolhor moinbora of llio Hranclj for tt>ftir etiiilribuilui^a: Mi«. NIiia \V\ 
I^vln and Mlsa Cdthorino Gordon for Uich nanlalanco In tho mhI i\iinbf«)Ti of iho orlttbuU 

dalikj and Lb, Col. Ilnrold Lamborlon for Oia prepamUon of all oliarta involvofl In hUjilloa, 
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and overhaul facilities. Accurate decisions with respect to the expansion 
of production and overhaul facilities were particularly important. On 
the one hand, the relatively long time required to obtain, fabricate and 
assemble the materials and components made engine production sched- 
ules relatively inflexible. On the other hand, expansion of facilities 
required large amounts of critical tools, materials and labor. For these 
reasons, the actual and planned operating life of 11-3350 engines under 
combat and training conditions was a particularly important deter- 
minant of the entire B-29 aircraft program and therefore of tho long- 
range air attack on Japan. 

Engines for B-29 aircraft were critically short in 1944 and the first 
half of 1945, and the supply was extremely tight even at the end of 
the war with Japan. For many months air transportation was used to 
rusli R-3360 engines to combat units overseas and then back to the 
United States for overhaul. This was no small feat since the great bulk 
and weight of these engines made it impossible to carry more than two 
R-3360 engines in the largest Army Air Forces transport. 

All these factors created great pressure for accurate measurement of 
engine life in order to make possible the most effective supply and dis- 
tribution planning and control, and led to the establishment, for tho 
first time in the Army Air Forces, of tho record-keeping and field re- 
porting of the data required for the accurate determination of engine 
life by actuarial methods. 

The fundamental purpose of this actuarial analysis of R-3360 engine 
life was to measure tho average length of life of these engines, as well 
as their average future lifetime (expectation of life) after any specified 
period of flying time. The basic data used were the ratios of the number 
of hours flown by each engine removed for overhaul, to the number of 
hours flown by all engines, including those not yet removed for over- 
haul. Until actuarial methods were adopted, engine life prior to over- 
haul was measured solely by tho average number of hours flown by 
engines removed for overhaul. 

The latter method of necessity incorrectly showed low average engine 
life for many months after the introduction of a new type of engine 
for two reasons: (1) When all engines have flown a relatively small num- 
ber of hours, the average number of hours flown by removed engines 
must also be relatively small. TJius, if no installed engine in a group of 
operating aircraft has accumulated more than one hundred hours of 
flying time, any engine removed for overhaul from this group would 
have a maximum of one hundred hours, and the average number of 
hours on all engines removed would be considerably less than one hun- 
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drecl hours. As the surviving engines of this group nccumulato more 
hours, both the maximum find tho avorngo flying hours rm removed 
engines would increase. (2) Tho “ago” difitributioii of inslalled engines 
would bo affected by tho introduction of large numbers of new aircraft 
into the group. These new aircraft wouhi have engincB that Imvo flown 
only a small luimbor of hours. While the Intrcrluctlon of new aircraft 
would not affect tho rise of the maximum number of Imurs at rontovnl 
of engines in this expanded group, it w’oultl retard tho iiioreaw in llio 
average number of hours at removal, In short, tho inotlvod of ineosuring 
the number of lioura flown by englnoH prior to overlmul solely uii the 
basis of engines removed for overhaul always yields incom^ct results 
under changing conditions of warfare bceauso tho nninbor and 'higo*^ 
distribution of installed engines is constantly changing. 'JliiH nioihod 
can yield accurate results only after tho ^'ngo” distribution fff infiLalled 
engines has been stabilized, and then only if operating conditions con- 
tinue unchanged. Until the dialribiition bccorricH stuiulardizcd, 

which may take a year or inoro under usual rntOH of htnkl-up of Lho 
striking force to poak slrongtli, tho avorago number of honm flown by 
removed onginos prior to their removal w'ould riso month liy montli, 
In the meantime, uso of llicso averages as a planning rate for the future 
or aa a measuremont of pcrforinanco in tho post would bo Horiously in 
error and hopelessly inflate engine rcquireincuta, 

Actuarial mofchoda make it possiblo, on the other band, to calculate 
the expectation of lifo of onginos, with substantial accuracy, )»olh wliilo 
tho "age^ distribution is changing and after it has stabilized. 

uabic data 

Tho data wore collected in greater detail as tlio actuarial nudhocl of 
analysis gradually gained moro and more support. By the spring of 
1946 the following data were being collected by a training air force in 
the United States each month: 

1. Number of installed engines; 

a. On hand, beginning of period 

b. Arrived during period 

c. Lost during period 

d. Departed during period 

G. On liand, end of period 

2, |[Number of engines removed for ovorliaul; 

a. For accident, modification or other nrlntrury r(‘asiiu 

b. For “normaP^ ongino failure 

Each major using organization in tho United Slates and overseas 
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was required to report tliesc clalii in 20-liour flyinR time groupn, with 
time measured as the number of houra flown since mamifuclurc or lost 
overhaul. Tlio data w'ere reported Bej)aralely for nmv ami overhauled 
engines and for each model of R-3350 engine. (Tiic vnriouR engiiio mod- 
els represented various stages in tho dcveloi)incnt «nd iiiiprovcincnt 
of the engine, beginning witli the uninodificd 11-3350-23A rnrburctor 
typo engine used in training and in early opcrnlionH from India, fol- 
lowed by tho modified II-3350-23A carburetor typo and then later by 
the R-33G0-67 fuel injection type,) 

Collection of the data in this detail has iiimlo it pooslbln lt» coinparo 
tho relative performaoco of tho various engines inodols, the per- 
formance of the same model in difTcront theatres of action and under 
different operating conditions, the relative perform nnco of now versus 
overhauled engines and the change in performance of any one model 
through lime. 


METHOD OP ANALYBia 

From these dota wore calculated, in terms of 2()-hour flying lime 
groups, tlio number of engines oxiioscd to the coiUingcney ut failure, tho 
crude and smoothed per cent removed for overhaul, the ])er cent of 
original engines surviving and the expectation of life, A sainplc calcu- 
lation is shown in Table 1. The general method of compulation may l)o 
described oa follows with reforenees to the columns in Tohlo J , nJ^Humhig 
that frequency distributions by 20-hour flying time groups wore re- 
ported for each of the following items: 

(1) Number of engines removed for '* norinnl" engine fnituro (col. 8). 

(2) Number of engines removed for nccidont, combat daningo, modi- 
fication or other arbitrary reasons (col. 7), 

(3) Number of instolled engines on hand at tho Imginuing of the 
period (col. 2). 

(4) Number of installed cngluca on hand at tho cud of the period 
(col. 6). 

(6) Number of installed engines on aircraft that arrived within re- 
porting jurisdiotlon during ijcciod (col. 3). 

(0) Number of installed engines on aircraft lost during period (col. 4), 

(7) Number of installed engines on aircraft that ilcjiartcd from re- 
porting Jurisdiction during period (col. fi). 

The exposure in miy hour group X, is tis fellow's: 

<0 

[col. fi'j. = 2} [ool. 8]^, + 2 (col 6 ” col. 2j„., H- i [col. 0 - col. 2], 
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+ 23 [col. 4 + col. 5 + col, 7 — col. 3]x+r 

+ h[co]. 4 + col. 5 + col. 7 - col. 3]^ 

whore the column numbers refer to the items in Table 1, Col. 9 being 
the "Engines Exposed to Contingency of Failure. 

The crude removal rates wore then computed as a percentage by 
dividing the number of engines removed for normal ongino failure in 
each hour group by the exposure in that group. 

Analysis of a large number of these crude engine removal rate curves 
indicated that they had similar trends. When these crude rates were 
plotted on semi-logarithmic paper, they approximated straight lines. 
As a simple and quick method of graduation was desired, tlio data were 
plotted on semi-logarithmic paper with hours on the arithmetic scale. 
A sti’aight line was then fitted by inspection. Chart 1 illustrates the 
results obtained by this procedure. 

The percentage of the original number of engines surviving to the end 
of an hour group was computed by subtracting the per cent removed 
in that hour group from 100.0 per cent and by applying the remainder 
divided by 100 to the percentage of engines that survived to the begin- 
ning of that hour group, 

The average length of life or the average future lifetime was then 
obtained by using the standard procedure for calculating the "complete 


1 Tills formulix is an ndnpUllon of bho gonoral "oxposed lo risk” forinulno used in. Iho cnloidallon 
of morlniiiy tables for Iiumnn lives, Tbo following oro tlio basic clcmonU In L1>o construction of Lho 
formuln; 

(1) Every ongino that roAched nn hour group ercAlor limn X during tlio period of obscrvulion 
must liAvo pnBficd llirougli tbo hour group X during iho period of obsorvAlion unices U begnn. Lho period 
or entered Lho oxporionco during tlm period, At nn hour group grcalor limn X. 

(2) Tlicrofori?, for niiy hour group X, tha formula counta tlio numherof onRinca tlml passed through 
llml hour group during tho period of observation os tho sum of (n) lho onginoa removed for '‘normal" 
engine failure nl hours greater than X, during Lho period of observation ; plus (b) tbo engines dcduolod 
from lho cspcricnco becauao of "'other" ronsona for romoval, loss whilo Installed in Aircraft or departing 
while insLallcd In aircrafti, at hours greater llinn X, during Lho period of obacrvAlion; plus (o) lho ou'r 
glnca still insLalled at tho end of tho period of obsorvation with hours greater than X. 

(3) From tlio total In (2), abovo, aro aubLrnolcd lho onginca Ihat could not possibly liavc passed 
through tho hour group A" during tho period of obacrvnlion bccauso Clioy (n) started (ho period of ob- 
Bcrvntlon as Inslnllcd ongiiies at hours grcnlcr than A; i\nd (b) arrived installed in aircrnfl during tho 
period of obfiorvfttion at hours greater limn X, 

(4) In hour group X, n corroclion of 4 is mndo for each ongino In Dial hour group, except onginca 
removed for '"nurmar oiigiuo fniluro, on ilia asaumption that ihoy itro uniformly distributed llirougli 
lUo hour group and nro Lhereforo oxposod lo failuro for Only i tho lima. 

(6) Eaoh ongino romovert for "iiormar ciiRiiiQ fniluro in hour group X is counted ns one bneauso 
these removals during lho hour group aro conBidorcd as exposed to llio end of lho hour group. 

For A morn complcto dlsQURslon of lho goncral "ox|)oscd Lo rlBk” formulnn, lho render la rcfcrTcd lo 
II. B. Doors, ‘'Notes on Exposure Formulae," ^'ronfloefiona of fha Aclonriol Socxtly of ylTncricn, Vol 
Xl-iV, Page 41, and following discussion, Mny 1€44, 
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expectation of life.” Specifically, this was accomplishGcl for the end of 
any hour group X by (1) obtaining the sum of all survivorship per 
cent ages for all hour groups higher than X; (2) multiplying this sum by 
20 hours to convert from the hour groups to the number of hours; (3) 
dividing this by the survivorship percentage of group X; and (4) adding 
one-half the hour interval to the result. 

FINDINGS 

Improvement in expectation of life of new R-3360 engines , — Sufficiently 
reliable information was collected to measuro the effect of improve- 
ments made in successive models of the 11-3360 engine upon the num- 
ber of hours flown prior to their removal for first overhaul. Early com- 
bat operations in India, during the summer and fall of 1944, were con- 
ducted with B-29 aircraft equipped with unmodified 11-33 60-23 A en- 
gines, which had an expectation of life of 163 hours prior to first over- 
haul In February 1046, when the B-29 aircraft were equipped with 
-23 A engines which had been modified and improved with more efficient 
cooling devices, the expectation of life of new engines rose to 280 hours, 
an increase of 117 hours per engine. The longtli of service was also in- 
creased substantially, as follows: 


PER CENT OF NEW II-3350.23A (CARBUHETOR TYPE) ENGINES SURVIVING TO 
SELECTED FLYING HOURS IN OPERATIONS FROM INDIA 


Modol 

100 Iloiira 

200 Iloura 

a 00 Hours 

400 Iloura 

Uiimodlflcd 

60.0 

33.0 

0.2 

D 

Modined 

05.3 

61.6 

47,3 

6.7 


In February and March 1945, while the expectation of life prior to 
removal for first overhaul of the modified -23A engine was 280 hours in 
aircraft operating from India, it was 304 hours in aircraft operating 
from the Marianas, due largely to easier flying conditionB in the islands. 
Later measurements indicated that the 304 hours would probably 
have been approximately 316 hours with more refined data. 

The next model engine put into use was the fuel injection-equipped 
11-33 60-67, Information is not available on the expectation of life of 
this engine prior to removal for the first overhaul in overseas operations. 
In the United States, however, the expectation of life of fuel injection 
engines was 329 hours compared with 310 hours for carburetor types 
engines. The increase in tho expectation of life of 19 hours scorns to in- 
dicate that tho expectation of life of new fuel injection engines is some- 
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■what bcttev than of mburetor engiiusH. Tho operiiliuK Kurvival diatrilm- 
tion was also lengthened somo'vlinl, as follows: 


T>ER CENT OF NF,W II-J380 CAIlBUnBTDlX A NO FOEl. IN'JKnTOS" ENfilN-IvS 
HORVIVINO TO flELKCTKl) IlflUIIH IN OPKUATIONK IN 
Till! ONITKn 81'AIKS 


Moclot 

IQQ llouril 

SOOHoum 1 

3(10 llouiH 


wif) Ijtluis 

Cfvtburolor (-23 A) 1 

HA 

fiK7 1 

A7,0 

24, n 1 

SI. 4 

Fuel Injeolion (-fi7) 

OA.O 

64. a 

na.a 

ai.y 

4 .U 


It should bo noted, liowover, that the fuel iiiicethm (-DRiiioH are safer 
and easier to operate, and the changeover was priniiiriy jtlnniutd for 
these reasons, 

ExpcciaUon of life of ncu) atul overhauled rnomrft. — Th« luiniber of 
hours flown by now cngiiios prior to removal for first overhaul is sub- 
Btantially greater than limb flown by overlmulrtd ongiiu's prior to sc'cond 
or later overhaul, despite the fact that during uverUmil engine's arc 
completely disassembled, all worn jrarta replaced and llu> nMisseinblcd 
engine thoroughly block-tested. Experioneo in the li.Iari!um.s showed 
that the expoctalion of life was* 310 Iuhivh for new engines nrnl 27(1 hours 
for overhauled enginea. Experience in training ojierathm.s iti (he United 
States showed that the expectation of life wms 310 hours for new, niu) 
249 boui'8 for overhauled engines. Thus the cxperlalion of life of over- 
hauled enginea wns 15 por cent lower in condmt and 20 per eent lower 
in training than that of now enginea. 

The operating Jifo of new engines boforo re)no\’al for overhaul was 
Bvibstantvally longor than that of ovorhaulwl crtgiiU'H, both in the 
United States and overseas in the Marianas, as shown in tin* following 
table : 


PER CENT OF NEW AND OVF,IUrAUM:T) R-aaSO-SIA KN(IINKj< SI’RVI Vl.Vd 'r<J 
SELECTED VLVINQ IIOURB OVEUHEAH AND IN THE UNlll.ll hlVIKS 


XocAdon nnd 

Ovcrhnul Slntus 

100 Iloure 

200 Ifourfl 

000 IToum 

4tX) 

/>0i| llourfl 

Oversell^ — combnt 

Now 

00. B 

67.6 

62.7 


0 

Ovcrhftulcil 

D2.6 

7B.6 

43-4 

HM 

(1 

Untied Staica — ItalnuiR 
Now 

04,1 

fll.7 

67.0 

24,0 

2.4 

Overli Ruled 

67.0 


afl-4 

10.4 

0,6 


It will bo noticed that both new and uvorbnuled modified earlnirelor 
engines in combat in the Marianas Ivad greater ex]WtlivliouH of life 
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than the respective groups in training in the United States. Ordinarily 
it would be expected that engines used in combat would not last as long 
as those in training. In this case, however, the situation was reversed, 
The very long range B-29'3 could climb very gradually after the take- 
off from the Marianas, thus saving the gasoline and avoiding tlie engine 
strain required to gain altitude quickly. In the United States, the air- 
planes were flown to high altitudes more quickly and, in addition, were 
probably put through extensive flying maneuvers as part of training 
operations, rurfchcrmore, because of the extremely long distances to 
the target, the planes in the overseas group were flown combat^^ 
only a very small proportion of the total fliglit time to and from the 
target. 

On the other hand, both the unmodified and the modified carburetor 
engines showed a much lower expectation of life in India than in the 
United States. The differences for new engines of both types ai e shown 
in the following table: 

Unmodified ^f edified 

IndIn 103 hours 280 hours 

United Slntcs 221 hours 310 hours 

This was undoubtedly caused by the rugged flying conditions from In- 
dia to enemy targets, which included rapid climb to get over the 
and landing for refueling in China, followed by another take- 
off and anotlicr rapid climb to roach high altitudes over enemy held 
territory, 

Use of expectation of life and survivorship percentages . — Requirements 
for spare engines to replace thoso removed for overhaul wore deter- 
mined by applying the estimated expectation of engine life to the 
planned schedule of hours to bo flown. The planning factor for the 
unmodified R-3 360-23 A, adopted long before any B“29*s wore put in 
quantity operation, was 200 hours. Actual operations proved that this 
global planning rate was somewhat high, This rate resulted in an under- 
statement of requirements in India, where the actual expectation of 
life was 163 hours. This understatement was compensated in part by 
an overstatement of requirements in the United States, whore the ac- 
tual proved to be 221 hours. 

The global planning factor for the modified R-3350-23A, adopted 
long before these engines were put in quantity operation, was 300 hours. 
This rate proved to be remarkably accurate, and had the virtuo of 
slightly overstating requirements for the Marianas and slightly under- 
stating those in the United States. 

By the summer of 1946 it was clear that tho planning rate of 300 
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hours would have to bo Te\isod downward for Ifi lC aiJw.p, the increasing 
pioporlion of overhauled to new engines would result in n lower ospec- 
tation of life for oH carburetor t.vpo engines, wlnrli would not ho oflsot 
by the somewhat better performance of the fuel injeoUon ungiJJCH wliidi 
were scheduled gradufllly to rcplnco tlio carburetor engine. 

For short-run supply planning and distnlnition for iiidivirliml groups 
or areas, tlie diatrihution of survivorsliip i>crcenlftges liy 2(1 hour flying 
time groups (as shown in Table 2 and muniunrized in C.'lmrt 2), should 
be used instead of an expectation of life. Tho BurvivorHliij) jwreentagea 


rAUM-; 2 

PER CENT OF OmOINAI- ENGIN1« SUUVIVINO AT KAOU 30 IKUUtfl 
BTUIjV as op 91 JUl.V IWB 



Fuel Injecifon 


CArliur«for 


Number 
o[ ^Toure 

Training. V< 8, 

Trnlnlngt U. 6. 

MniinrtM 


No>v 

Now 

OvnrlmutfKl 

Kf'W 

Oteihuulctl 

0 



100,0 

nm.o 


20 



08.0 

00.0 

00.0 

4D 



06.7 

OD.l 


00 



08.1 

Ufl.d 

0D.il 

80 

00. a 

Q5.0 

00,2 

07.7 

(14.0 

100 

05.0 

04,1 

67.0 

M.D 

lf2.6 

120 

08,6 


— 

06.4 

00. 1 

XiO 

01,7 



04,2 

67.2 

m 


87,8 


1^.4 

B.1.0 

IBO 

87,2 

85.0 


00.2 

80.0 

200 

B4.a 

81.7 

mam 

87.6 

76.6 

220 

81.1 

77,0 

OO.Q 

HI. 2 

70.4 



7a,r 

M.4 

(UI.2 

01.5 

250 



48.6 

75,8 

6H.a 

280 

HIH 

58.7 

42.4 

on. 4 

M.D 

800 

03.8 

67,0 

30.4 


48.4 

820 

57. C 

51.6 

30.6 

M.O 

86.0 


fll.4 

44. D 

24,7 

40.6 

27.8 


44.8 


lo.a 


20.0 

aeo 

38.1 


14.6 


14.0 

400 

31,2 

24.0 

10,4 


B.a 

4220 

24.0 

IBA 

7,0 

11.1 

4.8 


18,4 


4.3 

6.7 

2.1 

400 

12,0 

8.3 

2,4 

2.1 

.7 

460 

8.4 

4.8 

1.2 

.4 

.1 

500 

4,0 

2.4 

.6 



520 

2,4 

1,0 

,2 


-.TK x-i .«. 

MO 

1*0 

.3 

,1 




.8 
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.1 
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ahoulcl be converted into a table of i)robal)iliti<‘R of removal within the 
number of flying lioura oafligncd for the iMfriod; and tliew* r’rohnhilitioa 
should be applied to tlio flying time “nge" diHlribulion of the. engines 
installed in aircraft at the begimiiug of Iho period to dcHcnnino “nor- 
mal” engine reciuircnicnta. 


taiu.k 3 

AVEHAGB nouns ON iiKMovAm c' 0 Mr’Ai<i:i) WITH Kxri orAiin.s oy i.rn; 

OF n-33IH)-23A ENOINM IN' COM 11 AT IN TIIK MAIIIANAH 


DaIq 

1 Kxp«clMion iif Irifti 

AvrriaBB lU^ura 
urt lUmtivaii 

All eN0i'ii«A 



30 Nat'. 1014 

— 

n 

ail]e&. lOU 

— 

13^1 

31 Jnn. 1045 

— 

I.4L 

20 Feb. 1045 

271' 

m 

2a Foil. 104B 


m 

31 Mnr. 1045 

aIOL 


30 Apr. 1045* 

310 

m 

31 May 1045 

314 


30 Juno 1045 

303 

2M 

aiJuly 1045 

303 

m 

New Enshi* 



31 Mnr. 1045 

3(M 

IV'5 

30 Apr. 104 5» 

310 

230 

31 May 1045 

310 

•M 

30 Juna 1045 

310 

2?5 

31 July 1045 

310 

270 




31 Mnr. 1045 

2fi0 

130 

30 Apt. 1045« 

m 

m 

aiMny 1045 

204 1 

215 

30 JUTU) 1045 

m 

212 

81 July 1045 

270 



I Lgaaoa ol InaUUcd onslneA woro oralllctl ftlitcft <lRtu tw*l ftxiUUMp. (tir lUU 
'Uoeflnnine; 30 April 10^(5j roraovjkl were Urifted an normal rernovftl^ nnly. tliiectly 

QllrLLuUblo lo ncoidenl or oombAl ilAmefio nncl oitfHneii rcinovc«] for rmri>o^ii of iiiikIi ficAUun or model 
obango -weie not ^aod db romo'volB. 


Contpamon of engine planning rales based on aclunritil studies of nil 
engines and studies of only removed engines, — Acliinl exj)i!ri(!in'i; in the 
measurement and planning of 11-3360 engino life prior to lemoval for 
overhaul demonstrated beyond doubt Iho miperiority of the uw! of ac- 
tuarial methods applied to the ])orr()rininioc of holli reinoA'cd and in- 
Btallcd engines over tho use of avorngon haacd solely ciu the flying timo 
of removed engines. 

As was expcctedt the average number of bwira flown by engines rc- 
movedfcT overhaul inorcosed steadily month after month, Tim upward 
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trend did not represent an increase in performance, however, but rather 
a change in the “age” distribution of installed engines. The average 
number of hours on engines removed from aircraft operating from the 
Marianas was 91 in November 1944, 161 in rcbruary 1945, and 272 in 
July 1945. (See Table 3.) Thus, even after nine months of operations, 
the average number of hours on removed engines had not yet attained 
the expectation of life of 310 hours to which it is asymptotic because 
the continuous and rapid increase of aircraft diluted the engine “age” 
distribution with new engines. Similar results were observed with ro' 
spect to engines operating in the United States. 

CONCLUSION 

The use of actuarial methods to determine the expectation of life of 
engines under actual operating conditions is clearly superior to that of 
using averages based on the flying hours attained solely by engines re- 
moved for overhaul. This superiority is greatest when the engine “ago” 
distribution or operating conditions are changing. The need for ac- 
tuarial methods is most pressing when (1) costs are high and produc- 
tion, transportation or dollar resources are limited; (2) expectation of 
life of the engine is high, since it will then take many months, even un- 
der stable operating conditions, for the installed engine “age” distribu- 
tion to become stabilized; and (3) the build-up of the total number of 
installed engines to its peak takes many months. 



SYSTEMATIC SAMPLINCl AND ITS IlKLAl'ION 
TO OTHER SAMPLINO DESIGNS* 

LiIiLIAK II, Mauow 

Thia paper prcacnlfl A aimple inlrfuliirfutn In llio Uicory oI 
syalomnlic anmittiiiK- relalutn Ui rniMlmn aninpling, niralU 
Tied rnnduni ennipling ttiul rluBler aniiiplitig tii ehnwii )iy mcani 
of a niiincricid example. Kihiic ndvire Ik givnu nii Uie rlrcuia- 
Btaneea under wliicli ayalcmalic eninjOing nitty lit! ndvaiila- 
gcoiialy lined. 

I N DEVELoriNQ pny given Buiniile Kurvey, mnny tlpeigim enn yield euf- 
ficicntly accuiato cBtinuitc.*!, il Ruflidenlly large exiH'udituroB are 
maclo. The problem then in to select from aiming the vnrioUH posaiblo 
designs the most efficient one, i.c., the one limt cililniiiB llio most in- 
formation for a given cxpciidiUirc of rc.s(JurecH. Tlio earliest sUvtlslicnl 
theory of sampling dcBigus gave resultH for tlici iiiircstrirted random 
design whereby any desired degree of acciirary cciuhl 1 it* obtained by 
altering tlic size of sample. In nclually collueling data, however, the 
unrestricted random design rvas in general iiapmcUeal ndniinistralivcly, 
and thorefoi'o mi'cly used. Alternative designs were usmhI, hoiiu* for which 
theory was availablo and aoino for which Ibe ohtiuuiU'S of error could 
only bo guessed. 

One basic sampling teebniquo wliicb Ima liecn in use for mnny years 
but for which until recently no supporting theory e.xiHU'd is the system- 
atic sampling design, which, roughly speaking, coimiKls in Kotccling 
every fetli element of the population, the first cleim'nt living wdected at 
random. The systematic sample was often used in prcfcnoien to other 
designs for which theory was avnilalile, because it was udiiiiiiiHlrnlively 
simplo and it was supposed that the results would be iKiller than or at 
least close to thoso that Avould liave been obtained by unrcHlrieled 
random selection. It was also tbougiit that the systciiinlio design might 
take advantage of posaiblo hidden atrnliricalion in the olcnujiils of the 
population. More refined conaiderntiona of the merits of ibc syslomnlic 
design over the unrestricted random or other designs wivs hardly pos- 
sible, since the theory of Ibo syatematic design wan nut known. 

The beginnings of a theory of the sysleinaliu Hampling ilusign have 
already been given.^ The results of that paper ur« luire presented in 
less teohnical form anti with numerical culculalioiis eiirrieil out <in il- 

♦ Ducil on n lliMls •iibmUlotl lo llio arndunlo Vnoutiy ur llio Anii-ilpnn Uiilv#i«liy In iinillpil 
lulftllmoat of Iho reaulramonlo fot llio disiiiriio of AtMlor of A|l«, Juno llUA, 

1 ‘On the Theory of ByaUmnilo Snn>pllii«, P by Willlnm 0. Mwlow nnil Ijlllon II. Mmtow, In 
Ihe ilTina^ 0 / Mothemaiieai Match tOi4. 
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lustrative examples. It is to be lioped that, with the theory of system- 
atic sampling available to give the error of estimate of this design and 
to make effective comparisons with alternative designs, more confidence 
will be placed in a decision to use or not to use the systematic design 
in any given survey. 

lllmtrative example. In sampling a human poi:)idaiion for a given 
characteristic, say to estimate the number of owner-occupied dwelling 
units in a given area, the procedure usually resolves itself into first 
dividing the area into strata by a geographic or rational grouping, and 
then estimating the characteristic within the strata by taking either an 
unrestricted random or a systematic sample. To compare these two 
designs in this situation, we shall assume that one of our strata consists 
of the 20 blocks of census tract S-6, Boston, Massachusetts, as enu- 
merated in the 1940 housing census. This tract was selected only for its 
convenience in size. The data are presented in Table 1, 

TABLE 1 


CENSUS TRACT S-0, BOSTON, MASaACIIUsETTS. APUIL 1 , 1040 


Block nuwi6£!r 

Number of owner-occupied 
dwellino 

If 

Xii 

1 

0 

ao 

2 

7 

40 

a 

1 

1 

4 

11 

121 

fi 

23 . 

52D 

0 

14 

100 

7 

7 

40 

6 

8 

04 

0 

£ 

25 

10 

3 

0 

11 

0 * 

30 

12 

21 

441 

13 

B 

04 

14 

8 

04 

15 

e 

30 

10 

4 

10 

17 

3 

D 

la 

a 

04 

ID 

4 

10 

20 

7 

40 

2 

IflO 

1874 


iSince the variance of the estimate of the mean of a sample drawn 
from a stratified population depends only on the within-strata variance 
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and not on the between-strata varinnce, any reiliirlioti in Uilnl variance 
must come from n reduction of the williiii-alrala Yrtriancr'. For the data 
in Table 1, we ehall invcstigale whether the uiirrfiUieled random or the 
systematic design givoa the smallest williin-Hlraln, variance. For this 
purpose, we can consider the Boslmi census tract a ptijmlulion P con- 
sisting of H elements, ii, Ij, ’ ’ • *.v. Af ^20. 'I’hc mean value is Riven by 


and the variance ia 


- 1 f 

-r = -rr ^ 
jV <..,1 


i 2 (« - i)>, 

N i«ii 


where by a’, the variance of the alralum which we are cunHidering a 
eubpopulatlon, is meant the variance of n ninrlrnn wunple of one clc- 
ment from the population of "N eloincnls. 

Substituting from Table I in the formula for i and a’, we rcp. that 

100 1874 

is — = 8,0 and «r» « - - lil.O 20.7. 

20 20 


The problem now is to lake for rnch iiropo-Hcd fle.'-igii a wiiiiplf! of n 
elements of tlie possible A'', where 20, to Minke nn estinmle, f, of the 
population mean, i, where S*=3.0, nnd to fniil the vnrlmico of llie rsli- 
mate about the mean. 

The -unreslrictcd random sa?n!}linff dr/ttgrt. In this design, the ]micc(Uirc 
is to select at random n elements from the A? pussible oiu-s, wilhont re- 
placement. The exact procecluro may be soniclhiiig likr the fnlloiving. 
First, the elements of the poimlation, if not already in sonic order, 
should be numbered from 1 to N, Tlion, if N m, nay, 211, and it i.s desired 
to take a sample of 4. elements, a Htnrling point in a 2-(ligil cohinm of 
a table of random niimbcm is selected at random. If tin* raiiilnin mini- 
ber is, say 16, then the clement in the popiiliilion immlK'rcd 1(1 is se- 
lected for the sample. If a number in the l^dde in grculcr lliuii 20, it may 
ha skipped. This procedure is continued until 4 cleniciil.s hove been 
selected. If a second number 10 oecum in Ihc luble of riiiidoiu nnmhcm, 
then it must be skipped, if the sampling design Is In hr without tvplii(;e- 
ment. Other random procedures could also he flefined. 

For the design consisting of random Hiuni»ling without replocmneiit, 
the estimate of the population mean in given hy 

1 " 

» “ ~ Z *0 

n (-1 
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where x ia the arithmetic mean of the results of the n drawings, and is 
the result of the ith drawing, This is an unbiased estimate of and the 
variance of the estimate ia given by 

N - n (T^ 


where iV, n, and have already been defined. 

For the example given in Table 1, suppose we consider the sampling 
procedure that consists of selecting 4 blocks at random from the set of 
20 blocks. Then, in practice, we calculate x for the sample in order to 
estimate x. Substituting in the above formula for we then have 

20- 4 29.7 

(T'J 6.2526. 

20-1 4 

It is readily seen from the general formula, that the variance of this 
design depends only on the population variance, the size of n, and the 
relative sizes of n and N, To use the unrestidcted random design effec- 
tively, then, it is necessary to have some rough idea of the variability 
of the elements in the population in order to estimate and it ia neces- 
sary to have a prelisting of the population so that a random design can 
be associated with the elements in the population. It is not necessary, 
however, to have any further knowledge about the characteristic of the 
population to be measured. It ia not necessary to know whether the 
characteristic to be measured tends to cluster in groups or whether it is 
widely scattered throughout the population, or whether there is a serial 
trend in the characteristic. In collecting social or economic data, it 
would be unnecessary to know anything about the areal, color, or in- 
come level distribution of a population, if the design to be used ia the 
unrestricted random one. The requirement of having a prelisting of the 
population that is up-to-date is one that is very often difficult to meet. 
If the prelisting is out of date, a random sample based on that prelisting 
will be biased. 

The sysiemaiic sampling design, The theory of the systematic sam- 
pling design was developed directly in Reference 2, but it can also be 
derived in a simple manner from the theory of the cluster sampling 
design, since the systematic sampling design is cluster sampling in 
which the elements within clusters are arranged somowhat differently 
than usual, 

In the usual type of cluster sampling, the procGdiirc is to divide the 
population into classes or clusters, taking the elements of the popula- 
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tion in tlieir natural order, i.c., the clomenlfl of enrh poKi-iljIc cluster ate 
contiguous elements of the populnliriii. Tlie witiifilt* |lu-n ctjiisists of 
several of the possible clusters, and lIuTe nmy Ih* subwniijilinK witlii 
clusters. ^ 

The theory of the systcinnlic sninpliiig de.-iign follows fnuu the aim 
pleat case of cluster bampliiig, i.c., llio cuse in whir li o,i1y o,u' cluster i* 
sampled and there, is no snlminpniig williin the cliiskT.® 'The big dif 
ference is that in the syshunnlio drsiyii, if there .-jn? k pitsciblc rhisU'rs' 
the Clements within any oik; of the clu.stcrs niv k ciciucid.s apnrt in the 
population, and no two clcriuml-s w illjin any of llic possible clusters am 
contiguous elements of the iiopuhilhtn. 

For the simplest elimlcr sampling design, the prr»cctliirc is to dlvitlo 
the population of elements into k cliwlerK of n rlcm. iHs each. Only 
one cluster is taken in the snm|>Ic and tlicrc is no hubramiiling witliin 
the cluster. In this case, each of the po-s-sihle k cluslerH )iu« tlic prohnbil. 
ity l/k of being the one Hint is aelecled, N'^ku. 


£ J’.7 

For tliig iWs„, wo doBno 

ofttoilh.duBlcr,on(lJ,i»lboinc«nofllioilliclii.,UT,i-l, ... * Tlio 
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po^blo oor^plo th, ono lh.l i, polootal. Tbi. ...timolo i ,*1" 

and tho vnnanco \s given by w ci, 
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(I + (n ~ 


e'li^atlon*' con-elation coonicicnt nnd i« given by the 
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respectively. From the formula for crj^, it is row possible to see how 
much the variance depends on p, the intraclass correlation coefficient. 
It is easily shown that when — 1/W— then the variance of the 
cluster sampling design is the same as that of the unrestricted random 
sampling design, Making this substitution for p, we have 



<r^[N - n"| 



the well-known expression for the variance of a random sample of n 
observations from N when the sampling is without replacement. 

Moreover; it is readily observed that if p is less than — l/iV — 1; the 
variance of the cluster sampling design is less than that of the random 
sampling design, and if p is greater than — 1/iV — 1, then tlie variance of 
the cluster sampling design is greater. Or, roughly speaking, if p is 
negative, cluster sampling yields a smaller variance than does unre- 
stricted random sampling; if p is positive, the random sampling vari- 
ance is less; and if p is approximately equal to 0, then the two designs 
yield approximately the same variance, although tlie variance of the 
cluster sampling design will be the greater one, 

It is now possible to apply this formula to the Boston census tract 
we are using for illustration. Since we want n=4; the design will be to 
divide the population of 20 elements into 5 clusters of 4 elements each 
and to sample one of the clusters at random. 


TABLE 2* 



Cl 

C'i 

Cl 

Ci 

Ct 



0 

2a 

6 

B 

3 



7 

14 

3 

B 

8 



1 

7 

0 

0 

4 

1 


11 

8 

21 

4 

7 

1 

1 

1 

26 

62 

35 

20 

22 

100 









0.25 

13.0 

8.76 

0.6 

6.6 



1.76 

6.0 

.76 

1.6 

2.6 



a. 0026 

26.0 

.6026 

2,26 

0.26 

37,120 


* Tho Biimo ab in l^vbld 1, bui nrrnilHcd in. 5 efufitora of 4 eferaonia cncii. 
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(Xi - i)* 
i-l 


37.125 


- 7.425. 


To calculate p, wc let 

7.426 


20.7 


[l 4- (.1 — 


and wo find that p = 0. 

If wc rearrange the data of the HonIoh r(>ii.MiiK iruri ilmL (Ijq pU 
ments witlim the poasihlc cluelcra arc 6 olr-mfnhM nimrl in the iKiinik, 
tion, we have a syatcinatic arraiiRemenl of the data, Th<* hn,«i(; calculn' 
tions for this deaign arc given in Tabic 3. 

Taijlk V 



Ki 

ft 

14 

0 

4 

A’l 

7 

7 

21 

3 

fCi 

I 

H 

« 

H 

Ki 

11 

A 

« 

i 

4 






30 

3B 

25 

iiH 

a 

7.6 

OJ 

0.25 

7.0 

ii(-*i 

.6 

1.0 

1.70 

1,0 

(!<-*)> 

.25 

2.25 

0,0020 

1.0 


SI 

0 

7 


I .7fi 




eloin«nlii -witliln each of "nifl^claiHc J blaintt ov”*' ft nf 4 frl^inenU wrli. th 

SflcuLivoly Itrrnngcd witlilit cliulon Cofit ^ f l>ttrrtilAii«n iMtl«ra 4 nf \\t\ufi rt)^ 

oluBtora, cJcmonU of iho iHipuUMun uro u, IZ 

variree of the r‘'‘ """‘K 

le cluster eampling design just given, we calciilule 

, 0.025 

« = = 1 .025. 

6 

To <lnd ,, ,v, 1.1 1.825 = ^ ^ 

For Wa U,o„, ,, „,.8 
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doua gain in efficiency as a result of the systematic design, in this par- 
ticular example. 

In general, in the systematic design for selecting a sample of n ele- 
ments from a population oiN —kn elements, the procedure for selecting 
the sample involves the following steps- 

1. One of the numbers from 1 to fc is selected at random. 

2. If the number selected in Step 1 is i, then the zth element is se- 
lected for the sample* 

3. Every fcth element following the tth element is selected for the 
sample. 

Let X now be the average of the n elements selected according to the 
above procedure. Then, x is unbiased, and has the variance 

(jJ’ = — [1 H- (n - l)p], 
n 

where p, the intraclass correlation coefficient has the same definition as 
before in cluster sampling. In this case, however, the clusters instead of 
having been, shall we say, given by nature, have been formed by the 
sampling procedure given above. There are h clusters, the zth cluster 
corresponding to the selection of the number i in Step 1 above, 

To understand the character of the systematic design, i.e., to deter- 
mine for which populations the systematic design is advantageous, it is 
desirable to substitute for the intraclass correlation coefficient a sum of 
serial correlation coefficients, In the cluster sampling design it is fre- 
cjiiently too lengthy a job to calculate the intraclass correlation coef- 
ficient which is 00 important in estimating the necessary sample size. 
In many cases, however, it is possible from the nature of the character- 
istic of the population to be estimated to guess at a reasonably good 
figure for this intraclass correlation coefficient. At least, it is possible to 
determine whether it is expected to be positive, negative, or zero, just 
from the rational considerations of the problem, and an understanding 
of what p measures. Similarly, for the systematic design, it is useful to 
think in terms of the serial correlation coeffleienta, even though in a 
particular problem it may be too lengthy a job actually to perform the 
calculations, In the sy.stematic sampling design, a good estimate of the 
variance depends on a good estimate of the serial correlation coef- 
ficients. Those coefficients measure the degree of dependence of succes- 
sive elements in the population. 

The serial correlation coefficient, using the circular definition, is de- 
fined to be 
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where J = 1, . . . ^ n/2, wlien n in even, nncl a ra i 
n is odd. 
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of the systematic sampling design is less than that of the random sam- 
pling design, and if the sum of the serial correlation coeffleients is 
n—1 

greater than ; then the variance of the systematic sampling 

2(Ar — 1) 

design is greater. 

It ia not possible to give simple directions for the conditions under 
which the systematic design is moat appropriate. Some statements 
may, however, be helpful. Administratively, the systematic design ia 
simple. Clearly, it ia simpler to select every 7cth element from a card 
file, a map, or a prclisting, than to check with a table of random num- 
bers before selecting each element to be included in the sample. The 
chief danger in applying the systematic design occurs when the data 
have a periodic formation, and the sampling interval chosen is equal 
to the period of the data. Past experience will provide useful informa- 
tion in the prediction of the relative efficiencies of different designs. 
When evidence is obtained that the systematic design is effective for 
one size of sample, care must be taken not to assume that it ia effec- 
tive for even a relatively close size of sample. As an illustration of the 
dangers of the uncritical use of the systematic design, an analysis of 
some data on seedlings is presented. In addition to testing the use of 
the systematic design, comparisons for aeveral sample sizes are also 
made with the unrestricted random and the stratified random aampling 
designs. 

Before giving the calculations for the seedling data, it might be well 
to use the Boston census tract data again to indicate the calculationa 
that are made in connection with studying the applicability of the sys- 
tematic design to a set of data. The calculations are too voluminous to 
reproduce for the seedling data, and therefore only the results will be 
given for them. For the Boston census tract, however, it is possible to 
give all the calculationa. 

The basic data and calculations are given in Table 4. 

We have already calculated for these data that a; = 8,0 and = 29.7. 
From Table 6 we can now calculate 




1101 

64,0 = ^ 8,95; 

20 


jD6ii - — .30136, and 
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TABLE 6 


n 

k 

2X]pt6* 

5 


10 

42 

-.3097 

4.213 

21 

20 

- . 104fl 

3 ,001 

26 

16 

-.1781 

2.148 

ao 

14 

-,4012 

.093 

42 

10 

-.1621 

1.742 

00 

7 

-.4260 

.203 

64 

6 

-.0120 

1.220 


* pii Usutninccl from i = l to lS = ii/2 if » la cvonor to n-'l/2 If n ia odd. 


For the same values of n as given in Table S, calculations were made 
for the variance of the unrestricted random and the stratified random 
designs. The stratified random design was simple proportionate sam- 
pling within strata. The strata were of equal size and one element was 
selected from each stratum. The results arc given in Table 6 together 
with a comparison of the relative efficiencies of the systematio and 
stratified random designs with respect to the unrestricted random de- 
sign. 

TABLE 0 


n 




ElTsk 

Efitsji 

1 

2 

3 

4 

5 

0 

10 

10.203 

7.212 

4.213 

42.7 

144,3 

21 

4.770 

2.000 

3.001 

60.1 

66.8 

28 

a. 016 

2.002 

2.418 

08.0 

45.4 

ao 

3.204 

1.002 

.003 

71.0 

371.0 

42 

2,260 

1.202 

1.742 

74.8 

20.7 

00 

1.600 

.8183 

-2031 

84. 0 

472.4 

64 

1,004 

.6062 

1.220 

03.7 

- 17.7 


In Table 6^ the first column represents the sample size, and columns 
2, 3, and 4 represent the variancea of the unrestricted random, the 
stratified random, and the systematic sampling designs, respectively. 
Columns 5 and 6 represent the relative gain in efficiency of the strati- 
fied random and systematic designs, respectively, over the unrestricted 
random design. The efficiency of the alternative designs was measured 
by dividing the variance of the unrestricted random design by that of 
the restricted design, and expressing the result as a per cent, Bv 
this mcttsiue, a restricted design has the same efficiency as the unre- 
stricted random design, if the measure is 100 per cent. If the restricted 
design is more efficient than tlie unrestricted random design, then the 
measure will be greater than 100 per cent, and if the restricted design 
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ia less cfBcicftt, then tlie meusure will Im lcr<s limn IfW) jwr cent. ThU 
mcBBurc of relative cfficioncy cimnot l»c iicgiilivc, nf cdurw, Ijy definU | 

tion. , ; 

Another ivay of looking nt llii« moimimi of n'lnlivc cfBcicncy is in ; 
teima of sample si'/e. For example, for TaMc 11 Kltows that (or 

every element in a fitratifieil winiplo, the uiireiilrirhnl rornlom fijitiiplc 
requires about one and one-half clcnuuils lo have rbt- f<amn rffiriciicy. 
Similarly, for n=>10, the rnndum wimple rcipiiri'u nlmut two mul onc- 
liolf elements for every pieniciit of Ibc fiyoU iimlic dpnigii In liave the 
eaitve clbcioivcy.. 

Table 6 shows some inleroslmK infornmli«>n ubnut some clmraelrr' 
jstics of the systomalic design. Firsl, we nolire Ib.nl llie value of 
although always iiOKalivo, i** exlnuuely variable, and tbut it does 

not vary consiBleutly with either ?i. or A*. Tim value for any given 

value of 71 or A, depends not so numh on llie vsiUn* of fj or A as on the 
'^rj'angcraont of Ibo elements in the original pojiulalinn and llie degree 
^to which aucccssivo cloineiit.H in Urn popiiltUion am posilively or nega- 
tively conelftled. Wc also wm. that allliongb, in gr-imriU, llie. variance 
of the .systematic design dccrciis(!.s with incn’iising si^'^n of n, llil.s tie- 
creosc is not uniform. For example, llu* vnriain'e at a >".111 in tiiucli lower 
than that at ?r=28 or n=»J2. Again, llin viirinnei' n1 ne-'dlb is much 
lower tlian at 71*= 42 or 7r«8'l. 

From Tabic 0, wc can compare tlvc* vn.riane.eH of the sy-sleiuntic de- 
sign with two other designs for tb« wiiiur sainjile .‘■iiies. T‘be variance of 
tho aystematic design for different values of n linrtiial,<*s, wliere.us llie 
variances of the proportionate stvalified rauviom ami inin-hlricled vi\n- 
dom designs behave in a slnldo nuiriiier. For llie lafler de^igiis it enn 
alw’ays bo said that if the variance is known for a givi n n. Ilm luiiiuiice 
for a sample of 7r-|-i» will be smaller, no inatler wliai ibe value of ni. 
Tins statement does not hold for the sy.slenmlio ilcfigii. 

The stratified random design shows a slirndy iueicaiHu in eflieiemiy 
over the unrestricted design for inerensing vahieH of «, ns (‘■ini be. seen 
from Table 6. Tho cfBciency of the .systcinalie design iia eotiiparial with 
the unreati’icted random design, however, is ernilie. The HysliMiiatic 
design is more efficient than tlio slralilicd niiidoni de.Hjgn in the cas().s 
when 71 = 10, 30, or 60, but it i.H less efllelent than llie Ktiiilllied raiidoin 
design for the cMca in W'huili nn-2!, 28, 42, or 81. In all eiisr'S except 
forn^Si, tho systomtiltc dcnign is luore elTleieiit tliaii llie. nnre.^iU'ic.leil 
random design, but for the reliUivo effieieiiey ia less llmu UK), 
being only 83.3 per cent. 
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For these data, the stratified random is more efficient than the unre- 
stricted random design for all values of n, but it never attains the de- 
gree of efficiency that the systematic design attains. In the oases Avhere 
the systematic design is more efficient than the stratified random de- 
sign, the systematic design ia about twice as efficient as the stratified 
random design, whereas in most of the cases in which the systematic 
design is less efficient than the stratified random design, the stratified 
design has only a slight gain over tho systematic design, 



CALCULATING TUB OEOMNTUIC MEAN FROM 
A LAIICJE AMOUNT oF DATA 

Korlhuttitrn L*nt Pcfeily 

Thi* uoto iirwfluU a aliorl pror^tturo f»»r ralnilaling the gw>. 
melrifl menn from a Jarge aniowril ol tfaln. The method in. 
volVDB ft) uflitiR a groiUiing r.if llio Avriucnry ilinirilmlion auch 
Uiftl the ratios of the cIobs liioiia ate r<|tirtl, ninl hi an niiplicft. 
lion of the “Hhorl method" f<ir calndaling iio; nrillimelic nver- 
oRo. liy this pnirediiro llin rnlnilniiMn nf llir* gioitnoirie nicftn 
tftkcft more ttma Ilian IIikI of tlio. arilhoo-lio iio'aii, only to lha 
cxlcul of fiottiiig llm logarilhma «»f hoir vnlii<‘?i nnd tin* nnlilog. 
nridim of 01115 vahii', Anitlogous iirori'tlnro ran )ii< forlbo 
hnrinoiiic and other inrana. 

I NTitoDtJCTiOM, DmciissioDB ill HtftliMil’H It'xla lonvi* lint imprcHsion 
that the calculation of tho Kcotnclrii* ini'ttU nf n lurfti' iiunilior of 
mcosurehicnts rcquirc« mucli nuiro linii) lliini tin* r*iiii|iiiLjih(»n of Llio 
arithmetic avcnij'c. Tho procethiros uMiuliy jirwulnl iiivolvti oilhcr 
n) tho dotorniinolion of t)ic logarilliiris of I'uch iiir'H.siir('iiinit, ivliidi 
is unnccDssory; or b) the tine of niiil-poiiitit of oiniiil inli'rvulu of tlm 
nritlunGtic voluoa, which givea tho roaulliiiR gi'ornctiin iiii'uii nn upward 
bins. The irtirpo.se of this note is to show (hnl it in juiwaililu In enlculiilc 
the geometric mean of a largo uvimlier of uK'iiHun-iuouts jiml iilnmt iw 
easily ns tho arithmetic avemge. By ihia proriMliiro tin* t'lilruhitiou of 
the geometric mean tnkes more limo tlmn Ihnl of iho nritluiu'.lir menu, 
only to the extent of gelling the lognrilhiiia of four vului’S nnd (he 
antilognrilhm of one value. Furihornuire, muilogoim iinti’i'iluru cim ho 
used in obtaining tUo Imnnoiiic and olher meium, whU'h by (Iflinilinii, 
involve arithmetic nvoragea of Koiim funclioiis of I ho oi igiiinl viihiea. 
Grouping the frequency diKlribnliun with Kuilubly rlniai'n uniuiunl in- 
tervals and tho application of the so-cnilwl ‘'short luolliuil" fur ciilcii- 
lating the arithmetic averago arc the basie of Ihu proui'iluro to bo 
demonstrated. 

The General Idea, 'I'lic geometric ftiul linnnonii' iiu*iins uro cxnmplca 
of a more general averaging process which may bo desn iliiul as follows: 
X, the original variable, w traiisfonncd by lucuns of a rcliilion.sliip 
2=/(A'). (For tho geomotrio menu, A'). Tlion Urn ariOiiimlic 

forage of tho Z’s, 2, is obtained and tho dcaired averngo of llm A’^'a, 
Xi is merely tlio value of X oorrespouding In 2. (For itin gooiiinlrii! 
average, X=nntiIoe 2. The idea of the prupowul prurntiun is (bat, if 
a grouping method with equal class iiUervnlK on Ihc. 2 walo is used, 
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then it is not necessary to apply the transformation Z=f{X)f for each 
measurement. It is sufficient to find the X values corresponding to the 
class limits on the Z scale. This yields unequal intervals on the -X" scale 
according to which the X values can be grouped. 

Demonstration of Method. In the following, a short practical way of 
calculating the geometric average for a largo amount of data is ex- 
plained using the data in Table 1. 

TABLE 1 
THE DATA 


51G.B 

364.7 

201.3 

300.7 

237.3 

262.0 

223.8 

270.2 

370.0 

304.0 

aoi.Q 

334,3 

349.0 

300.7 

204.3 

288.0 

318. a 

363.7 

417.1 

360.6 


180.0* 

482.0 

218,6 

343.0 

6B4.8 

200.8 

308.0 

412.5 

416.3 

364.3 

206.3 

664.4 

331.6 

431,3 

602.0* 

241.3 

373.3 

402.2 

206,7 

373.7 

472.4 

302.4 

400 .7 

2(30,6 

331.4 

246.0 

364.0 

358.0 

282.1 


* nigh ftnd low vtiluoa. 

By definition 

log G = 

N 

where G is the geometric mean, X is the value of the measurement, / 
its frequency, and N is the total frequency. This formula can be used 
if the frequency distribution of the logarithms is known. It is possible 
to get this distribution in a grouped form without getting the logarithms 
of the data. 

Step jfl. The Class Intervals. In order to avoid getting logarithms of 
each value of the data, wo determine class intervals such that the 
ratios of the upper to the lower limit are constant. These arc appropri- 
ate because then the corresponding grouping of the logarithms would 
have equal intervals. Tor the data in Table 1, 

(High value) Log 692.0 = 2 .7723 
(Low value) Log 189.0 = 2,2765 
Range of logarithms = .4958 

Ilcnco, in order to have seven classes, the range of the class interval 
of the logarithms should bo about .071, Since the value .071 cor- 
responds approximately to an antilogarithm of 1.18, 1.2 would be a 
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conveniont ratio to use in detcijiiining tiio grodping (ivitli iincrjua) 
intervals) of the arithmetic values. TJien tho class intervals for the 
logarithms •would have a range of log 1.2= .0792. Thus, arbitrarily using 
180 as the lower limit of the first class, wo got the cln.sa intervals given 
in Table 2. These intervals are obtained by rniiltiplying 180 times 1.2 
to get 216, 216 by 1.2 to get 269, etc. (A slide rule is adef|imlo.) 



limits Included In intorvnh. 


Step § 2. The Frequency Dislnbulion. The grouping of the data ac- 
cording to the unequal intervals in Table 2 is made in the imiml way, 
and involves no more work than if the intervals wore equal. It is im- 
portant to see that this is also the grouping of the logarithms whoro 
the equal class intervals have a range of .0792. 

Step #3. Cakulcilion of the Oeomclrio Mean, Tho BO'Cftlled “hhort 
method^ for calculating an arithmetic avorago from a frcfpioncy liis- 
tribution can bo opplicd in calculatiiig the arithmetic avorngtj of ll^o 
logaviblnns whose frequency distribution is given in Table 2. In llii.s eii.so 
tho assumed meon is the mid-point of tho class, log 311 -log 373, or 
2.6323. Hence, 


2.6323 4- .0792 




G = 338.2. 


Tho above involves an application of the formulas 

Y _ Y' 


where X' is tho value of tho assumed mean, il tho arilhmotic avorago 
of the d’s, and i is tho range of tho class interval. 






THE DESIGN AND ANALYSIS OF METHODS FOR 
SAMPLING MICROCLIMATIC FACTORS 


H, G. WiLM 

Us Ss Department of AgrieuUuret Forest Semce^ 

TliG purpose of this paper is to outlino tlio principles and usg 
of a method for sampling factors — such as the amount of rain 
Teaching tho ground under n foroet during a series of storms — 
^vhich exhibit variatione in botli space and time. Solutions of 
two somewhat dilTeront sampling problems are discussed. One 
is designed simply to provide a sample catimato (average or 
eiiin) for any desired factor over a period of time, Tho other, 
with little loss of eflicioncy, provides a sample estimate for 
each of a aeriea of short time units malting up the period, as 
well as an eatimato for the period as n whole. It ia shown that 
those sampling methods are likely to supply a substantial gain 
in eflicionoy as compared to methoda that have been commonly 
employed. 

I N hbcent years the intensive study of microclimate haa added a new 
task to the scicncG of climatology: that of sampling and comparing 
the average magnitudes of microclimatic factors on relatively small 
land areas. As illustrations, the climatologist may -wish to compare the 
average amounts of evaporation and transpiration of water from fields 
containing different crops in a formally designed experiment, or tho 
amounts of rainfall reaching the ground on watersheds or plots contain- 
ing different kinds or densities of plant cover. In such studies the use 
of a single climatological station in each field or watershed fails to pro- 
vide records adequate for reliable comparisons, and it becomes neces- 
sary to sample the desired factor or factors intensively in order to mi- 
nimize errors associated with local variation, 

By contrast, much of the earlier climatic research — like that in other 
fields — was designed to find out facta about the behavior of various 
climatic factors over a period of time; usually through the use of single 
climatological stations maintained at selected positions in space. With 
the aid of inductive reasoning, repeated experiments of this sort have 
contributed greatly to our fund of knowledge on the general behavior 
of tlioflo factors. When viewed in tho light of our newer requirements, 
however, Bucli studies are inadequate for deriving quantitative esti- 

1 Rooky Mounldln Forest nnd Rnnso Flxparlmoiit Slntlon, Fort CoUina. Golorndo, Urnloful 
noknoTvlcclgmont la mndo to W. Q. CoclirAn and F. X, SahumnDliDr for Uiolr liolpful BUggcsliona o-ud 
crUlolam of tho molhocls doaoribod In llila pjipor. 
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mates of the average magnitude of any factor on a land area large 
enough to contain local variations in microclimate. 

The solution of this newer problem i.s not clinicult; it in only neces- 
sary to sample eacli area by some standard teclmifiuo, with coiitiniioua 
records obtained from a number of climatological instruments or sta- 
tions installed at randomized points in the area so ns to reduce sampling 
errors. This method may, Jiowevcr, be extravagant in cost, since it calls 
for a number of expensive iustnimonts rcciuiring cc)nsid(>ral)lu attention, 
and provides unnecessarily prcci.so information on time variations wlnlo 
adequately minimizing the sampling errors which are n-ssocialcd with 
variations in space. Soractimc.s, in fact, the ncecRsary mimljor of instru- 
ments may incur prohibitive co-sts. One writer has even slated® tjmt 
"it was early discovered that rain in the forc.st eann(»t be nioasurcd” 
because of excessive local vwiation.g in net precipitation under a forest 
canopy, 

The purpose of this article is to outline a more ofTicient method for 
sampling microclimate and to discuss tlio etatisUcal methodB of nnnly- 
sis that are suited to it. With appropriate modifications, this method 
should be adaptable also to tlic sampling of other variables tliut are 
characterized by variations in both time and space. In brief, it rcc|uircH 
the use of only a small number of iuHlruinoiitH for eacli ar<>a to bo 
sampled; these instruments are not placed at fixed po-silioiis in the 
area for the duration of the ntudy, but aro moved after each sampling 
observation to new randomized positions. Each individual oliHorvation 
contains sampling errors associated with both the lime and tlio place 
at which it is taken. With properly designed sampling, liowcver, uaeon- 
founded average or total values can be obtained for any desired time 
period long enough to permit thorough sampling in both time and space, 
and both types of sampling error can bo simultaneously minimized with 
a good deal of efficiency. If these moving instruments m e eupiilcniontcd 
by one or more fixed stations — employed for the 8tttti.slical control of 
variations associated only with time — , oven short-time (na daily) aver- 
age values may generally bo calculated with satisfactory precision and 
little additional field work. 

This method has been used in samjding not rainrall under ft conifer 
forest’-* with n striking increase in cfTicioncy as compared to the use 
of rain-gages kept at fixed locations. In a rnndoinizcd-bloolc cxinu'imi'nt 

■ Rudolt Qolnor, 'Diw ICIinm tier liodoiiiinlian I.iirurhlchl,* WimirnKhn/l, viil, 7H (IIWJ). 

I C. n, Nicdorbol and II. 0. Wllm, USqcI of cuttiiiic iiiiiiurQ lodKf-P<do lillin on ridnfnll Inter- 
copHon, Journiii of Forcu^ry, vol. 41, pp, i7-01. 1043i 

*11. 0. Wiltn, DolarmliiliiK not rAturnll unOor in conilor ffironi, JoumnI of /lpri'6ii?^urnl Ii«*6nrch 
vol, 67, no. 12, pp, 601-512, 1043. 
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a total of 80 gages, moved after each of 24 storms to sample new loca- 
tions on each of 20 plots, provided data on average net and gross rain- 
fall that were as precise as though over 400 fixed gages had been 
employed. 

PRINCIPLBB OP THE SAMPLING METHOD 

Any factor to be sampled may be thought of aa characterized by a 
true value p. for a given area and season or other relatively long period 
of time, and by variations within the area and period due to two gen- 
eral sources; a component t) due to the time unit (aa a day or storm) 
during which any single sample observation is taken, and a second 
component € Eissociated with the position of the sample observation in 
the area at that time. Then the magnitude of a single observation Y, 
taken during the ith time unit of the period and at the jtli position in 
the area, may be expressed as: 

Yij ^ p rii 4- €,/, I 

As stated in this equation, the magnitude of the time component is 
common to all observations taken in the area during any particular 
time unit, while the component of position is peculiar to each observa- 
tion obtained during that time unit, If both are random and independ- 
ent in the probability sense, the mean value of each or their joint value 
will tend toward zero with increasing numbers of observations. 

In most investigations it is not practical to make an enumeration of 
all possible positions and time units in an area and period of tinne; in- 
stead it is necessary to take a randomized sample of these two popula- 
tions. From such sampling the truo average value p and the true vari- 
ance of either population cannot be determined exactly; it is possible 
to obtain only a sample average and an estimate of the error of tliia 
average in approximating /i. If Ti, y 2 , * ■ • are n values of a random 
variable drawn from a population whose true average and variance 
are p and then (j being the average of the observed values), 

S{Y - 

which provides an estimate of II 

n — I 

If the sample is made up of n observations, the variance of their aver- 
age is equal to s^/n; the variance of their sum is and the square root 
of cither value (standard error of the sample average or sum) provides 
an estimate of the failure of the sample statistic to equal the population 
value. 

• For Iho symbollflm omi>1oycd Jn lliin pnper, fseej Q, W. Sncdccor, 5/tiiiab'ca( Methods, 4tb edition 
(pp. 34-36). lowa Stnlo Collego Prcaa, 1040. 
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In the sampling problem under tlisciission there nre two categories 
of variation (time and space); each of whicli may bo dcaorihccl by a 
variance. Then the variance of a single observation r, rsiiidomizcd in 
both time and spacO; may be exproswed ns 

8r» = 8,» -h 8.» III 

and the variance of tlie averngo of namidc observations taken at h new 
places during each of n timo units is 

Sf’ — IV 


that is, the variance of the average in reduced in proportion to tlie num- 
ber of observations taken in each category of variation.' If tlie saniiiling 
observations in time arc taken repeatedly at the same set of k positions, 
then 

s?* = -b s,^//c. V 

And if a single instrument is left continuously at tlio same po.sition (as 
in earlier studie.s), the variance s,V« becomes zero, wliilc s,’ is not at 
all reduced. If the position variance is at all large, tliis i>roccdm‘c may 
cause a serious error in estimating the population value, simply be- 
cause the available data describe only one point in Iho area Hainplod. 
It is evident that the sampling error of an average is likely to be mini- 
mized Avith greatest efficiency by taking observations at now jilaeos 
during each of a number of time units (equation IV). 

Up to this point our discussion has dealt witJi random sampling in 
both timo and space: a type of sampling which may lie employed in 
the study of microclimate, although continiinus observations in time 
may be more frequently dc.slrablo. In sampling microclimatic foetoi's 
it is ordinarily necessary to visit each sampling ))oint twice in order to 
obtain a single observation: once to install the instrument, and once to 
obtoin the observation at tlie end of a short unit of lime. For this reason 
and because values for short timo imits are frequently ilesirod, it is 
usually most efficient to move each instrument to a new Rampling 
location imincdiatoly after each reading is taken, fio timt the resulting 
observations folloAV each other witliout a break. By tliis mcan,H a com- 
plete enumeration is obtained of variations in time. Then, introducing 
the correction for a finite population, equation lY becomes 


a,* fW — n\ 8,’ f/C — hi'y 
n t n ) kn\ K ) 


VI 


• KoelDollng corrMlIaru for niiile popiilKlIons. whloli ikIIiihI lli« error vorlnncn nl mrpinii lo wro 
cia 71 nnd k bccomo nquol lo Uio wbolo populallao. (Sco P. X. Selnimnclirr noil U. A. Olmpmoii, 
"Somplliifl Melliodfl In ForoaUj' and Ilnngo MnnaiftniQiil,” Oiffre Vninrtilu Sekool o/ Porrilrp niilfe/ia 
7. lOda.) 
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where N and K are the total numbevs of time units and positions in 
the two populations; and since n — N when all time units are enumer- 
ated, the first right-hand term becomes zero. 

DESIGN AND ANALYSIS OP THE SAMPLES 

In the following sections are discussed the design and analysis of 
two variations of the general sampling method, as developed from the 
above principles. For the sake of clarity, the discussion includes only 
the simplest sampling designs; these may be varied and amplified to 
suit a variety of requirements. In the first sampling problem, the objec- 
tive is to obtain a reliable average value for any desired factor on a 
land area over a period of time such as a month or growing season. In 
the second, the aim is to obtain relatively precise average values for 
the area on successive days or other short time units throughout the 
whole period as well as an average value for the period. 

First problem: the estimation of an average value for a penod of time , — 
If the investigator desires simply an average value for any factor, 
based on consecutive observations taken over a period of time such as 
a growing season, the only requirement is to obtain an unbiased esti- 
mate of this statistic and of its sampling error in space (os estimated by 
5i^). These may be obtained by taking sample observations at two or 
more new positions, randomized over the area to be sampled, during 
each of a number of consecutive time units (as days) which add up to 
the whole period. Then tlie variations in time and space which have 
been sampled by this procedure may be pai-titioned into their compo- 
nents by a simple analysis of variance (Table 1). 


TABLE 1 

ANALYSIS OF VAIIIANCE IN THE SAMPLING OP MICHOOLIMATE 


Source vf variaiiort 

Degree a of freedom 

Varianeea ealimated hg 
eceh mean square 

(1) Total 

^:n-l 


(2) Time unilB 

n-1 


(3) ObBcrvnllona ivi thin limo units 

n(fc-l) 



Since the sampling error variance of the average value obtained by 
this method contains only for our present purpose it is necessary to 
calculate only the mean square for ^‘observations ^ivitliin time units** in 
Table 1, From this mean square the standard error of the sample aver- 
age may bo calculated: 
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AMEIHCAN BTATIHTICAI. AflSOCrATION 


22G 

TliiB aampling method is illuati-ftied by tltilfi ohliiinpd in an mvPHliRa- 
tion of the quantity of net rainfall icncliing the ground under a forest 
of young lodgepole pine (Table 2, "Net Ilainfall”: eoliiiniis hooded 
"F"). In this study two standard rnin-gftgcs were j)laccd at newly 

TAHbE 2 


anoss AND NET rainfall in a I’OIUvST OF YDUNd LODOKlM O.K I'lNM 


BLorm 

NO. 

Rdlulnll — Inchca j 

Blonu 

No. 


(ftom 


Cofeiiinfcrf 

avtroua 

CiVr^^A 

iV// 

deilcuiated 

arttofft 


CV) 

(V) 

IK) 


(.V) 

cn 


1 

0,00 

D.oa 

0.000 

11 

0.14 

u.oo 

O.IUO 



,oa 




.12 



1.23 

1.01 

.074 

12 

.30 

,28 

,22B 



.72 




.30 


3 

.02 

.7fl 

.725 

13 

.73 

.02 

.505 



.71 




.06 


i 

.22 

,20 

.104 

14 

.SO 

.11 

.14B 



,14 




.15 


fi 

,03 

.05 

.062 

16 

.14 

.00 

.100 



.04 




.07 


6 

.11 

.00 

,070 

10 

.24 

.08 

.180 



.07 




.UH 


7 

.11 

.04 

.070 

IT 

.27 

.28 

.2W 



.08 




.18 


& 

,B3 

.38 

.413 

18 

.17 

,10 

.121 



.44 




.10 


0 

.00 

.03 

.030 

10 

,00 

,00 

,000 



.0(1 




M 


10 

.40 

.20 

.350 

20 

.24 

.12 

.ISO 



.30 




.10 



Ayorago riiJiifDll 0,32 

Averogfl Tfllnfnll per alarm 0 , 3 I(J 0.2-11 

Bum olAcjunrca VlHiin elormfl "“0.1107 
menu square « 0.0008 

randomized poaitioiiB in tho forc«k during caeli of 20 Hucroanivc wtornia, 
so that at the end of tho aliidy period a total of 10 poHilionH ha<| Uvvn 
sampled. The observed sample value for tho toinl not rainfall ovta* tlio 
20 storms was 4,82 inches of watci’,* and tlio avorago n<^t rainfall pta* 
storm was 0,241 inch. Prom cq^uation VII, the Btandard error of thi.s 
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average in estimating the true value for the area and period was cal- 
culated to be ±0.012 inch.'^ 

The results of another study of net rainfall can also be cited to illus- 
trate the precision of our short-cut method. In this experiment rainfall 
data wore obtained at 20 positions in a pine forest, with the gages left 
at the same positions for a period of two years. Since the gage positions 
were not properly randomized; the resulting data may not provide 
unbiased estimates of sampling errors; but they can serve to show the 
benefits of more efficient sampling. For this purpose a consecutive series 
of 10 storms was selected, all occurring in a single month, Based on 
these 200 observations, the average net rainfall for these storms was 
0.2973 inch; the smallest and largest storms averaged 0.009 and 1.036 
inch; and the range from the smallest to the largest reading in a single 
storm was 0.68 inch. From these data 4 different samples of 20 readings 
were drawn, each composed of 2 readings taken at random without 
replacement from the 20 readings available for each of the 10 storms. 
The resulting sample averages were 0.3000, 0.3046, 0.3085, and 0.2960 
inch. Thus even the poorest of these small samples provided an average 
value which deviated only 0-011 inch (3,8 per cent) from that provided 
by 10 times as many observations obtained with gages at fixed locations. 

Second 'problem: Che esiimaiion of average values for each of a series of 
shorUivie nnits » — The relatively simple procedure required for solution 
of the first problem becomes somewhat more complex if a reliable aver- 
age value is desired for each shoi’t-time unit in the whole period. Be- 
turning to equations I and III, we have seen that any single observa- 
tion contains sampling errors duo to the particular time unit and posi- 
tion at which it is taken; and that each of these components of error 
can be estimated by a variance. Hence it can be appreciated that, 
even though the average of a series of randomized observations may be 
quite precise (equations IV and VI), each separate observation or the 
average of only those obtained during a single time unit provides a 
relatively poor estimate of the desired factor for the whole area during 
that time unit. This fact is illustrated by the variation between the 
members of each pair of observations in Table 2, and by the large 
standard error of their average (pooled standard error = ±0.054 incli). 

In order to obtain a more reliable average value for each time unit, 
we might take a considerable number of randomized observations dur- 
ing each of the series of units that make up tlic whole time period. But, 


’ Blnoo varinLloiiB in not rainfall tend lo 1)o correialcil wUli Uio amount of rainfall In Ilia etorm, tlio 
logarilhmH of Uio (lata from iliia axpcrlmont mlglit preferably Imva been employed in lumlyaia. Tlie 
natural numbors wore used, liowevor, In order lo eimplify llio dlHGUSsioii of aampling principles. 
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na in tlic fiiat probleiiij this procedure is unwieldy and may be made 
more efEcctiyo. In order to increase efficiency we can proceed exactly 
oa in the first problem, taking only two (or k) randomized observalions 
during each time unit. For our new purpose, however — the statistical 
control of time variations — , one fixed station (or more than one, if 
desired) is employed in addition to the two moving instrumentn, with 
the new station maintained continuously at some convouient point in 
the area sampled. In order to minimize the chance of bins, lliis Hlution 
should be carefully located and care aliould be taken to avoid tlio 
trampling of crops or any other innuence that might bo cumulative and 
peculiar to the fixed station,® Observations taken at tlio fixed station 
during successive time units will completely measure variations with 
time at this point; they will fail to do so for the whole area only to the 
extent that the ti’uo value for the whole area during each lime unit 
interaots with the corresponding value observed at the fixcil station. 
With the aid of regression analysis, iheso clota will provide a himi.s for 
estimating the most probable average value for the space impulation 
during eoch of the time units which make up the period of study. 

For this purpose a regression equation can bo calculated to express 
the relation of obaevvatioos taken, at the moving slatlona (V) to those 
taken at the fixed station. This regression siiould ordinarily be linear 
and quite strong; if it is linear it may assume tho form 

F = + b(A' - £) Viri 


where E is an average value calculated for the space [lopulaliou during 
any single time unit; b is tho linear regression coefficient computed from 
the corrected squares and products for "time units" (line 2 in Tnblo 
1); X is any ainglo observation taken at the fixed station; and 2 is tho 
general mean of all fixed'Station observations. 

From equation VIII can be computed an avorngo value E for each 
time unit, corresponding to each value X observed at the fixed station. 
And the sampling variance of E may bo calculated from an ccpiation 
of the Coriti 





+ 


{X ~ 

Sx^ } 


IX 


where Yg is tho desired error variance; 7(/.* is tho mean HC[unro for errora 
of estimate derived from tho regression analysis (in lino 2, Tablo 1); 
and is tho corrected sum of squares for the fixed -slalion data. This 


"Ary BUoh bltu wlH not aSqqI tlio ovorago voUioo otitolnoS from tbo Miinplo; but It nUglit ofToot 
vilucs CAlouklfld for indiykluiil llmo unlli, and it will ba ralloalfld In ilia mngnlludca of Ilia aampllni 
errors lor Umo-unU avornsoo. 
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equation estimates the error of any value E in estimating the true 
average value for the population in space and time which ia character- 
ized by that single value for X from which the value E was calculated. 
As indicated by the right-hand term of the equation, the precision of 
the estimate E decreases the deviation of X from the average value 
increases; where X is close to the average, E may be almost as pre- 
cise as the average of all the moving-station data. When, on the other 
hand, X is very small or large, the calculated value E may bo relatively 
unpreciae. Hence this sampling method may not give satisfactory re- 
sults where it is desired to obtain reliable estimates for extreme condi- 
tions. 

It should be observed that, although the regression may have re- 
moved moat of the effects of time variation on average values and their 
errors, the quantity may still contain variances associated with 
both time and space, as shown in line 2 of Table 1; but now the time 
variance estimates only a residual effect: the failure of the fixed station 
to isolate completely variations with time on the whole sampled area, 
Thus the mean square for errors of estimate may be expressed as 

7v.x = fcs/ -h 5.* X 


where is the residual time variance. Incidentally, any bias associated 
with the fixed station should be expressed in the magnitude of this ref- 
sidual variance. 

As it ia developed above, equation IX is not entirely adequate for 
calculating the error of short-time values unless a single time unit and 
sampling position may bo considered a minute portion of the popula- 
tions in time and space which are being sampled, Ordinarily even the 
mean of a considerable number of sample observations in space may be 
so considered, os a single rain-gage or thermograph occupies only an 
infinitesimal part of even a single acre of land. In our sampling prob- 
lem, however, the time population ia completely enumerated; and even 
the residual error estimated by the variance for a single time unit 
may represent an appreciable poiiiion of the population of these time 
deviations. In the calculation of from equation IX, therefore, it 
may be desirable to break down Vv.* into its two components, and to 
adjust the time component for its sampling of a finite population. Then 
equation IX assumes the modified form 


} +*'JLS+-Sr-J' 


XI 


Obviously tlie use of this more complex error equation may induce 
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little gain in prcciBion unless s,.* forma n substaulin! part of the mean 
square for errois of estimate. 

When the error variance of a seasonal average is cnlculaled, all the 
right-hand terms of equation XI except a.Vfca \)t!ci)mc zero; m in our 
first problem, the average contniiis only samiiliiig errors nssocinlcd 
with variations in space. 

This extension of the simpler method of sampling may OKum he 
illustrated by data obtained in aforcat of young lodgcj'oh', j)ine (Table 
2). From theao figures on gross and net rainfall (X and T) we calcu- 
lated an analysis of covariance (Table 3), following the form set up in 
Table 1. Thence we obtained a linear regression equation which ex- 
pressed the sampled relation of net to gross rainfall and from wliicli, 
by inaerting individual Blorm values for gross rainfall, wo could com- 
pute the most probable values for net rainfall per storm on the whole 
study area. These calculated values (jB), as fil\o^vQ in Table 2, arc ob- 
viously more stable in their relation to gross rainfall than arc thn paired 
sample values for net rainfall, and provhlo a more reliable estimate of 
the true not rainfall per storm. 


TABLE 3 

NET BAINI’ALL IN A FOniMT OF YOUNO lODOKFOl.K I'l.S’H: 
ANALYSIS OF VARIANCE ANO COVAIIIANCK 


Sotirca of 
tarictioii 

Di(jrccM 

of 

/rtedom 

CortccUti tguortt 
dPirf prccTufll 


Hrfrtri t>f 

*qnt4r<* Hlitard 

aci T]f 

Cl) Tolftl 

30 

3.7102 2,0706 2,0700 


a« 0.2Hlfl 0.0074 

C2> Timo 





(sLorniB) 

10 

3,7103 2.0705 2.5530 

+0.007 

18 0.1051 O.OOD2J 

(3) Obaor^ntiona | 



1 


wUliin Blorma 

20 

0.0000 0.0000 0.1107 

0,0001 

20 0.1167 0.0058 


HeBTcs&lon cqxiftUou'- 5 — £> 

^0.2410 +(0.80X700) (.Y -0.3X00) 
-0.S0J8X -0.0124 
* r BCooIHclcnl of corrclnllon 
t No Tcgresemii nvnllnljlo 
t NotfllBnlflcnnl; ji>0.05 


Using equation XI and the data in Table 3, \vc cau cHtimato the 
sampling error variance of each of thcKo calculnlod value’s: 

V, . +„.iri. +i£.- 

L I 20 j JUo 3.7i02 J 
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Sf® = 0.0058 2s,* = 0.0092 — 0,0058 = 0.0034. 


Hence 


Ve 


=[ 


(Q. 0034)(19) 

"20 


+ 0.0058 


‘][5 


+ 


(X - 0.3160)*' 
3.7162 . 


which givea 

Ve = 0.000226 + 0.002430(X ~ 0.3160)*. 

For the first storm measured, with a calculated average net rainfall 
of 0.060 inch and a gross rainfall of 0.090 inch, this equation becoraea 

7b = 0.000226 + 0.002430(0.090 - 0.3160)* = 0.000360, 

whence the standard error of the calculated average net rainfall for this 
Btorm is estimated to be 

jSe = ± 0.000350 = ±0.019 inch. 

Thus it can be seen that, by the use of only three instruments, we 
not only obtained a reliable average value for the whole study period 
with consider ablo efficiency, but also derived an average value for 
each short time unit in the period without much additional work and 
with relatively high precision. In sampling other variables or even net 
rainfall in other places, of course, the relative precision of this shoii;- 
out method will depend on the degree of correlation existing between 
observations taken at the fixed and moving stations. 


bummahy 

In the study of microclimate, the investigator may desire to obtain 
quantitative estimates of the average magnitude of some climatic fac- 
tor such as rainfall or temperature on one or more areas of land. This 
objective has been attained in the past by establishing ^^stations" con- 
sisting of rain-gages or other instruments in each area and obtaining 
continuous records of the desired factor over a period of time. If enough 
instruments are installed in each area by some scheme of randomiza- 
tion, this method should give satisfactory results; but it may involve 
excessive costs for the necessary instruments and their care. 

The cost of such sampling may frequently be reduced with httle loss 
in precision by the use of a more efficient sampling method which is 
outlined in this paper. Instead of the considerable number of instru- 
ments which is ordinarily required for adequate sampling, this method 
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calls for only a small number of instrumonls — two or more — for each 
area to bo sampled. If, for example, it is rlcJiircd only to obtain au un- 
biosed average value for the area over a period of time, two iii.slru- 
ments may be employed, These aro placed at randomiMd positions in 
the area, and moved after each of aseries of short liinc uriit.H (as days 
or storms) malting up the whole period. By this nioatiH variations a.'<.sa» 
ciated with both position nnd liino ore aanipicd fiinuiltiiiKMUisly, ho 
that ot the end of tlio period of study all time varinlion.s inu'o been 
enumerated and a number of po.sitions in the urea liavc born Hniniilrd 
with a oomparativoly small amount of work. 

While this sampling method provides relatively preeiHo nvorago 
values for eoch area nnd period, the resulting average values for tho 
short timo units are not so precise because eilcli is ha.s«l on the sninijling 
of only two locations. If, however, one addilionul inhtniinenl (or more, 
if desired) is maintained continuously at a fixed posilion in earli area 
for tho whole study period, tlic records ol)tainctl from (Ilia instrument 
and the moving ones can togcDicr be employed for tlie cahailiilion of 
more reliable average values for each sliort lime unit. 

Witli appropriate modificaliona, it should be posHible to ndu]>l Iheflo 
methods to the sampling of a variety of biological (iw.tnm in Mldiliou 
to those associated with microclimate. 
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OF TABLES 


Jack Ladebman, Chemical Warfare Sermccj War Dep^ 

AND Milton Abiiamowitz, Mailiematical Tables Vrojeci^ 

U, S. Bureau of Standards 

D uniNO the past twenty-five years, a variety of machines have been 
constructed for computational work required in business. Most of 
these machines, although designed primarily to meet the demands of 
business, can be applied to scientific computation- Mathematicians, 
statisticians, and other scientists engaged in computing are in most 
cases limited to the use of these machines. Although machines designed 
for specialised computational work exist, and no doubt a machine can 
be constructed for any type of mathematical computation, they are 
not available to most computers. Thus it is essential that existing busi- 
ness machines be applied to scientific computation. Great progress has 
been and will be made in the improvement of such machines if they 
are more universally utilized in scientific work and their inadequacies 
brought to the attention of the manufacturerg. 

The greatest application of business machines to scientific computa- 
tion has occurred in the field of punched card equipment. The flexibil- 
ity of the IBM punched card equipment has enabled those engaged 
in mass computational work to adapt this equipment to perform their 
tasks in a fraction of the time formerly required by other methods. 
Wlule considerable progress has been achieved in this field, its full po- 
tentialities have not been realized. However, new applications of this 
equipment to scientific computation are being constantly discovered. 

There are other business machines, although much more limited in 
operation in comparison with IBM equipment whicli, nevertheless, 
can be applied efficiently to certain computational work. One such 
machine is the Undcrwood-Elliott Fisher Sundstrand Accounting 
Machine, Model D, which can be applied to differencing of mathemati- 
cal tables. The main purpose of this paper is to explain this particular 
application which is of great importance to mathematical computers, 
Differencing a table until a sufficiently high order difference vanishes 
or fluctuates within predetermined limits depending upon the order of 
difference, is the most efficient method by which professional com- 
puters check the accuracy of mathematical tables. However, there are 
many applications of a machine which can obtain differcnCGB of high 
order. For instance, such a machine can be ufied in the inverse operation 
of constructing a mathematical table from its differences, for comput- 
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ing moments by progressive summation, for inton)0lntloii, for sublnbu- 
lation, and for numerical integration. 

The first attempt to construct a machine lo difrercacc nuitUomalLcal 
tables was made by C]mile.s Babbage in 1823 wlio worked more than 
ten years and spent approximately $80,000 on bis Differcnce-Kiigino 
without success. The main inirposo of Bubljuge's iiiacliinc woh lo com- 
pute tables from differences, but this opeiuliou is OKstmlially the same 
08 differencing tables. After a i)nrt of lliis niiicliinc whs assembled in 
1833, Babbage's thoughl.'j became c'eiitcrctl on a new idea, that of a 
more complicated machine which be called an Anulylieal-J'bigiiu*. Il i.s 
unfovtunato that Babbage nbandoued bis DifloronCR-Kngiuc, for, as it 
turned out, ho was unsuccessful in noinplctiiig cillicr of the two ma- 
chines. Had ho concentrated on the HifTei cncc-Enginc, it is very likely 
he would have succeeded. Ncvcrlhclcfis, Baldmgc’s ablcmiJt Lo build 
these two maebinca was not entirely wasted. There is no doubt llvat 
Babbage had a considerable innuenco on improving tbo preciHion of 
machine parts of hie time and bis work apparently influenced Gcorgo 
and Edward Sclieutz who succeeded in conHlrucling during Bubhnge’s 
lifetime a machine to calculate and print mnlhcmalicivl tablca from 
differences. 

Since Babbage’s time many other attempts were mndo to conslnict 
a Differenco-Engiiio but the mncbincs wore impracliciddo siiico Ibey 
wore too costly and too limited in their application to other coinputa' 
tional work,. Recently macliincfl used in general conuiulalioiml work in 
business have been applied successfully to eompiiling nnd diffcirtmcing 
mathemnlicnl tables. Tho IBM punched card equipment lui« been used 
to diflcTonco tables' and to conBlmct tables from dirfcrenccs,* However, 
only second order differences can bo obtained in one run of llie curds. 
To obtain higher order differences, llio lower oidor difforeiicfis nro 
summary punched on a new set of cards which arc run (brdugh tlio 
machine, their differences summary punched, clc. Another iimchino 
which has been used to difference tables is llie Naiioniil Accounting 
Machine.* This machine has been used by Coinrio Lo obtain uinl print 
all the differonces up to the 5th oitlor. Tlie Burroughs Aceounling 
Machine has also been used as a differencing inncliinc by (lomrio in 
England and by Eckert in the Hiutcd States. Teu-kc.y adding nmchinc.s 

'Umlkowolor, II. V, nnd Miner, II. 1?., ‘OlHMnln* TllnerencM trom TunrlieJ Jour. 

Amer. 5«al, Aiui. Vol, 07, p. 285-207, June HU2, 

I MeThorMii, J. 0., ‘Mnlliomnlieal 0|i«r*llona wlUi Funchcil Cnrtli,* Jour, Amtr, Hlal. Anoe., 
Vol. 37, p, 376-2ai, Juno KUO, 

‘Comiio, Ix. J., ‘Inveree InlorpolnSon end SclenlKlo Apiillentloiu o( lUe Nnllonnl Aeoounllnn 
MnoWno,’ Ropai Slat. Soe. Supp. Vol, III, Nov. 2, 1030. 
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have been used extensively during the past ten years by the Mathe- 
matical Tables Project to compute the ?ith differences of a table by 
adding n+1 Buccessive values multiplied by the appropriate binomial 
coefficients. For example, the fifth difference is given by the relation: 

- (a:) =/(i) -- 5/(a?+/0 + 10fix+2h) 

-10/(x+3/i)+6/(:c+4/0 -/(x+5/i). 

In the event that a computer does not possesa an adding machine he 
will find that this differencing process can be performed with consider- 
able succefifl on any of the standard calculating machines such aa 
Marchant, Fridcn, or Monroe. 

Through the efforts of the United States Hydrographic Office, the 
mathematicians of the Mathematical Tables Project, U. S. Bureau of 
Standards, and of the Underwood-Elliott Fisher Co,, the Model D 
machine has been set up to difference and construct mathematical 
tables. Since January 1946 these machines have been computing and 
printing all the differences up to the 8th order of 12 digit entries merely 
by setting the entries on a convenient 10-key keyboard and pressing 
actuating bars. The argument a;, the entry /(a;), and the eight differences 
A/(x — lA), 2A). . . . A®/(x— 8A) are being printed on a single line 

across a 24^' paper roll at the rate of 120 lines per hour. The appearance 
of the results of differencing a table of is aa follows: 

X f{x) Af{x—1) AV‘(x“;8) AV(x— 3) A^f{x — 4) A^f(x — B) 


6 

7776 

4651 

2660 

1230 

480 

120 

7 

16807 

9031 

4380 

1830 

600 

120 

8 

32768 

15961 

6930 

2560 

720 

120 

0 

69049 

26281 

10320 

3390 

840 

120 

10 

100000 

40961 

14670 

4360 

960 

120 

11 

161051 

61051 

20100 

6430 

1080 

120 

12 

248832 

87781 

26730 

6630 

1200 

120 

13 

371293 

122461 

34680 

7960 

1320 

120 

14 

637824 

166631 

44070 

9390 

1440 

120 


The machine is a multi-register adding machine containing two add- 
subtract croasfooters and eight adding registers. The subtractions for 
differencing are performed in the croasfooters; each result is simul- 
tancously printed and stored in one of the registers as well as being 
applied to obtain the next higher difference. The machine operates in 
accordance with a specially designed control plate set for this differenc- 
ing operation. Other operations, such aa constructing a table from its 
differences, can be performed on this machine by changing the control 
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plate. The designing and setting ol a control jilnlc lias to lie perrormed 
by the company but once a plate is set for a particular o])crtttioii, it need 
never V>e changed except lor normal mcchttnical repairs. Several dif- 
ferentplates can he maintained witli the iiinchinc ho that the upei'iitions 
can be changed frequently w.ithoul delay, the iiitorclinnging of two 
control plates being a simple procoRS. 

The application of the Undcrwood-Klliott Fisher Accounting ma- 
chine, Model D, to the conatrucliou of malhemalicul tables is excep- 
tionally effleiont. If the function and nil its difTcrcniccH tiro of the, Huiiic 
sign and if the 7th or lower difrerenee w constant, then the niacliine 
will compute and print automatically all the lower order differences and 
the function values without requiring tl>c conlimioufl prcflcncc of nu 
operator. The operator would start the machine by Rctllng up the first 
line containing tJie difTcrcnces and tho function value. The ninchino 
■would then automatically rejtcat tho constant differonco, compute 
and print the lower order differences and function value, repnut the 
constant difference, etc. This ia a considorablo nccompIiHlunonl, For 
example, one can. evaluate autoinalically certain seventh degree poly- 
nomials over a long range of equally spaced values of (Itc variable after 
setting eight quantities into the maclunc. The function values would 
then bo computed and printed at a rate of three per miiuUe, If the 
6th or lower order difforenco is constant, the arguments cun uIho bo 
printed a-utomatically. Tha appearance of the resulls in tabululuig 
would bo os follovvB^ 

X A*J{x-4) A’fix-S) Afix-l) /(a:) 


6 

120 

480 

1230 

2550 

4061 

7770 

7 

120 

000 

1830 

4380 

0031 

10807 

8 

120 

720 

2660 

6030 

16001 

32708 

9 

120 

840 

3300 

10320 

20281 

60049 

10 

120 

960 

4360 

14670 

40061 

100000 

11 

120 

1080 

6430 

20100 

61061 

101061 

12 

120 

1200 

0630 

26730 

87781 

248832 

13 

120 

1320 

7060 

34080 

122401 

371203 

14 

120 

1440 

0300 

44070 

100631 

537824 


The machino will operate cnUrcly automatically for certain fvnvcHons 
other than those liaving all tlioir clifforcnccB of tho sumo sign, but in 
inost onaos when tho difloroncoa change sign, or wlicu tlio scvoiiLh order 
differonco is not couBtaiit, an operator imist Ih) i»rcHoat to op(?ratc tho 
machine. Function values can be computed and jirinlcd by inserting 
any column of known dillotcncos up to tho sovonth order and by pross- 
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ing vwiouB actuating bars, Tbe function values can be obtained at a 
rate of 120 per hour. 

The foregoing TJnderwood-Elliott Fisher Accounting Machine, a 
standard business machine, accomplishes more than Babbage expected 
of hia Difference-Engine and represents a marked improvement over 
other machines used to difference tables. The ease with which the opera- 
tions of the machine can be changed, its comparative aimplicity, easy 
manipulation, and low coat, greatly enhances ita practicality and 
demonstrates how a machine of this type lends itself to specialized 
computational work. Unquestionably, many more machines of this 
general nature exist which appear to be unknown to scientific com- 
puters. There is no doubt that the great effort currently expended on 
computational work could be appreciably reduced by stimulating a 
wider knowledge of the capacities of existing business machines and 
by promoting a broader extension of their applications. 



NOTE ON SAMPLING PROBABILITIES 

IIoiiDROOK WOUKINO 

Food Research InstiMe, B^tanford Vnivemiy 

H g. noMio, reviewing in thin /ounuit* n recout imhlicntitm of inino, 
, suggests that "It would have been wine, for llio. author to have 
extended his remarks os many arc confiiHctl by the fact llmt Llii; luol la- 
bility of acceptance for product of f (luality under n given saniiiling 
criterion diffora from the probability of udccpliince for ii Kinglc lot of p 
quality. In fact, many have cansidered tlioni iclonlionl,” 

The fact to which ho alludes may bo iJIuntratcd iiHWt simply by con- 
eidoi'ing the question: what ia iho probability of ruuling no tlofoclivo 
orticle in a sample of five drawn from a lot conlaining forty nrlicics? 
Tho question may bo nnsworecl on the basis of an a.sHiiinjjLion regarding 
citlier, 

n) the quality of tho lot, or 

b) tho quality of tho univorsc from wliicli llie lot came. 

If the assumption taken be that lire lol lias a fraoliun dofcclivo 
^=0.1, the probability ill question is 

30 36 34 33 32 

P .5720. 

40 39 38 37 36 

If tho assumption bo tliot tho univerao or proem luus a fraction de- 
fective the specification of lot size has no bearing on the prub- 

lom, and tho solution is simply 

p = 0.0' « .6006. 

It is apparent that in this Instance tho probability coiTc.simnding 
to a specified process quality can be determined more easily than that 
corresponding to a spocified lot qiialiti'. When the problem iiroscnlcd 
is less simple, as in the enso of single sam])ling with an ncceplaticc num- 
ber c>0, or in problems of double or multiplo snnipling, the advanlngo 
of Working from process quality is rolativoly greater. 

Perhaps the caso with which assumptioiiH regarding jiroccas (puility 
can be jUBtitied on tho ground of simpliricivtion hiva encouraged neglect 
of tliQ question of principle. Another contributing eireinunVivni'c baa 
been that when such quostious I'cliitu to iuduHtriul wunpling, it in easy 
to point out that tho sampler is usually ccmcerne.d willi a Hcriea of wun- 
ples from an industrial process, and so apparently to justify cunsUlo.ra- 

' B«IiUiDbtt, lOlB. pp, lia-lB, 
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tion of procesa average, ignoring the question whether the industrial 
process is truly a single process from the probability standpoint. 

In any case, it seems worth while to emphasize that the best reason 
for founding probabilities of industrial sampling on procesa quality 
rather than on lot quality is neither a reason of expediency nor one 
arising from peculiarities of industrial sampling. Such reasons are 
worthy of notice, but they ought not to obscure the fact that consid- 
eration of procesa quality is to be preferred on grounds of principle, 
The principle, whether the question be one of the fluctuations of quality 
in industrial samples or of the sampling fluctuations of an average or 
of any other statistic or parameter, is that by founding the probability 
analysis on characteristics of the universe, serious difficulties of inverse 
probability are avoided. 



FllEDERIGIC L. liOFFlMAN 
1866-104.0 

F nEDEiiicK 1 . HOFFMAN wlio cliccl in Sail Diego, Cnliforninj on Febru- 
ary 23d at the age of 80 was almost llic oldest among the vetorana 
of the American Statistical Asaocintion. Ilis onrlinst book printed as a 
monograph bytho Association ajijionrcd fifty yenra ago and fifteen yoars 
later he was chosen for its President. For more Ilian twenty years, 
1896-1919, ho was one of the most frequent and valiKul oontributom 
to ita publications. 

Born and trained in Germany but coming to the United Slab's be- 
fore he was twenty ho brought with him an industry, which more, lliiin 
Teutonic was almost titanic, nn eager deairo to improve man’s estate 
especially by reducing ita burden of 6ickne.sH, iiovertl' mul et'ime, nn 
unshakable conviotion that if one was to do good lallier than barm iu 
such nn effort ono must study the .successes and failures of the jinsL and 
gather widely alt relevant facts about the present situation, and tliat 
to this end ono must rest heavily and constantly upon Dm sluiislical 
method. Becoming statistician of the Pnidenliiil Insumneo CJotnimny 
of America about ten yenra after lie landed and before lie was tliirty 
j'eara old he quickly a.'isomblcd in lii.s ofTufo wlml was probalily tlm larg- 
est collection in the country not only of Federal reperl.s but nlj-o of the 
scattered and fragmentary state and nuinicqinl re|iorlH dinding with 
demography in the broadest sense of ilic term nnd began to pour out 
articles and books iniorprotiug tliis materia). 

Upon the interpretation of wiiat ho gathered, for example wlieHier 
the greater prevalence of tuberculosis among Negroes is thus mainly 
to inlieritanco or to onvironmont, or wliotlicr the increase in the deaths 
reported ns duo to cancer meane that cancer mortality is really ineri'ns- 
iog, opinions might and did differ. His great eervien lay in focviwlng Llic 
attention of the public and of scholars upon many social evihs and 
furnishing a bosi.s of fact mucli needed for llicir successful nnnlyHis. 
This ho did for mining and industrial accidents, nnd for ninny disensos 
especially pTevalcntin certain occupations or of iinporlance beranse of 
the large number they enfeeble or kill, These studies wore on tuberculo- 
sis, malaria nnd cspcclaily cancer. 

Thirty-three years ago he read before a medical society a ph-a for a 
new organization to study nnd try to provenL cancer. Ah a ic.sull tlio 
American Cancer Society was formed almost at onco with him ns one 
of tho founders and in his later years he gave rnosl of liis atlontion and 
devoted most of his publications to that field. 
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In the middle of the twenty year period which covered his contribu- 
tions to the Association's Publications he read before it a paper on 
“Problems of Social Statistics and Social Research” which epitomized 
his life work before and after. He conceived social research as aiming at 
"the solution of the problem of poverty with all its resulting problems” 
and then outlined “a working plan of social research.” This was ar- 
ranged under ten heads; wage-earnera' expenditures or budgets, peri- 
odical savings aiming to detennine whether the prosperity of the 
masses is or is not increasing with a subdivision of this topic to de- 
termine how far the deposits in savings-banks came from wage-earners, 
safety of investment made by wage-earners, preventable industrial 
diseases, preventable industrial accidents, employments for persons 
physically impaired, morbidity and mortality of wage-earners, suicide, 
and finally “possible physical deterioration” of city populations and 
particularly of city children. To this paper he added eight short sta- 
tistical appendices outlining some of the information he had garnered 
on these problems. 

It would repay some student beginning work in these fields to re- 
view the subjects on which Hoffman pioneered in order to discover 
what progress later scholars have made. This would prepare one 
admirably to carry on his work. 

Walter F. Willoox 
Ithaca, New York 



CAUL SNYDlCll 
An Ai'pnKciATioN 

C ARJj bnydeRj pnat picsidcnt of tlic Auiericau Stulislical Associa- 
tion, died ou Fcbrunry 15, 1040, at Serena, CJarpintcn ia, Cidifornia, 
at the age of seventy-pix after a long iUiicHH. lie was limn at Cedar 
Falla, Iowa, of an EngUali mother and an Amerieun father, I tn atlcudcd 
the University of Iowa for two ycara, Imt Ida aplrit rraa loo resllesa to 
be confined to college routiiies and lie gave liunat'lf in aiifcecding yeara 
an extensive and liberal education. At twenty he waa the citlitor of a 
newspaper at Council Bluffs, Iowa. 

He lived abroad in Switzerland and England for a uumlier of years, 
writing on various subjects, but increasingly in the field of husiiiess and 
finance. From 1017 to 1910 he was a special writer on furaiielal subjects 
for the New York Tribune, and in 1020 began fifteen yeai'H of distin- 
guished service with the Federal Reserve Bank of New York, first aa 
the organizer of the Bank’s research department, and later tw Clenoral 
Btatiatioian. Puring this Iruitful period lie lectured frequently at Co- 
lumbia University, the New School for Social Iloaoarcli, other Univoi-ai- 
ties, and many economic gatherings. 

Ho was president of tlio American Slatislicnl Awiociatiim in 1028 and 
was chairman of tho Social Scienco and Economic Section of Iho Ainnri- 
can Association for tho Advancement of Science in 1034. He wrote ex- 
tensively for tho Journol of tho Statistical AwioeittUon and oHier 
professional magazines and was tho author of the following hooks which 
had a substantial circulation, 

New Conceptions in Scionco — 1903 

La Nuova Scienza — 1901 

American Railways as Investments ■ — 1907 

Tho World Machine — 1907 

Businesa Cycles and Business Measurements — 1027 
Capitalism, the Creator — 1910 

In any generation and in any field of knowledge tho new ideas nro 
the product of a few. Most people accept tlio fashionable idenH of tlieir 
day, and thoir sorvico (not a negligiblo one) is in dialributing Iho.so idea.s 
and proliferating them in greater detail. In Gconoiiue,s a few yuiu'H ngo 
everybody wrote about tho business cycle and spun out tho theories 
of its causes and its consequences. At another period (jentml hanks 
wore the fashion and wo were told how our troubles could lio cured 
just by having a central bank. To-day llio fa.shion is compunsalory 
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fiscal policy^ whicli has its high priesthood and its ardent devotees. A 
few peoplej however^ have the originality and the vigor to break out of 
traditional molds of thinking, and Carl Snyder was one of these. He 
was an enlightened non-conformist, and his mind cut through drab 
theory into the realities. He insisted on digging up more and more 
facts and in learning his economics directly from the facts more than 
from the textbooks, 

The outstanding discovery that Carl Snyder made when he insist- 
ently examined all the old facts and persistently dug up masses of now 
ones was the impetus of growth in economic life under capitalism, He 
insisted on using the old-fashioned word "capitalism” instead of calling 
it "the enterprise system” or some other phrase that ducked the preju- 
dices of politics. 

He unearthed long series of figures, all of which consistently proved 
the law of growth. On ratio charts he plotted the figures with trend 
lines, fitted by eye or by mathematical formula, whichever did the job 
bettor, On the basis of these records of history he denied that the Ameri- 
can economic system was decadent or doomed to a downward trend by 
over-gaving or maturity. 

In his search to see tlic whole picture and the real picture he joined 
to his studies of production studies of distribution and prices and wages 
and bank credit, trying to put together the composite in a way that 
made sense. Out of all this arose a new over-all measure of the fluctua- 
tions in the volume of trade and a new measure of the general price 
level as distinguished from wholesale prices, With these instruments 
there became possible for the first time a coherent quantitative measure 
of the equation of exchange. 

Some of these series of measures were rough. The weights to be at- 
tached to different kinds of prices in the general price index or in differ- 
ent kinds of production and trade in the trade index had to be approxi- 
mations. Dollar figures which were “deflated” to turn tliem into volume 
figures were subject to substantial error. So there were many critics 
who thought that these new discoveries were unprecise and departed 
from the pathway of exhaustive and critical scholarship, as indeed they 
did occasionally. But they came nearer to measuring the reality of the 
whole picture than very preeiso mcasurea of bits and pieces. 

It was from these studies that Carl Snyder developed a firm, even a 
passionate, belief that the Heserve System by its open market and dis- 
count policicB could and should exercise a strong influence on business 
fluctuations. His findings and his convictions were no small influence 
on Federal Reserve policies under the unusual leadership ol Governor 
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Benj'ami?! Strong. The I’csiilts k1k)WP( 1 Hftincilliing of holli llip troth and 
limitation in llieso principloa. A ntnv cliujjtcr wh.h wriiion in central 
, banking theory and practice. 

The best fruits of his lliinking Carl Snyder put into his hook, Capi- 
lOihsni Ihs Creator. It in packed with the cvidenco lie had ncennuilateij 
It is sprinkled with flnulira of his ciiriouH.rculi.stic, and vivid mind. It 
ia ivithal looaely put together and is vulnerable to tlio critical Imrbij of 
the exact student, but it has in it more penetrating wisdom than Iona 
of conventional economic writing. 

One can do no bettor than coiichidc willi a quotation from Virgil 
Jordan: ^ 

"Tho burclona of prosperity and progross aro liorno hy tmi a few crealivo 
spirita, insatiably Bcokiitg knowlcdgo, recklessly risking dnnger, eiidiiririe end- 
loss labor to bring order and ocooniplishmcnt out of tlie indifference of naUim 
flud the mdolcnca of nmn. 

„ „ , Handoppii Bimkiesb 

Now York 

April 1, 1940 





BOOK REVIEWS 

Edited hy 

Obcau Kutben Burob 
Rutgers University 

Federal Dlmenalonal Quality Control Primer: A Simplified Method for Applying 
Statlaflcal Quality Control to Dimension^) Heviaed Edition. Providonce 11, L; 
Federal Products Corp. (1144 Eddy St.), 1046. Pp- 38. Paper. One to six copies, 
gratis; seven or more copies, $0.25 per copy. Two reviewa follow: 

Reviewed by Casper Goffman 
Indudtfial Malkematicianf Westinghouae Electric Corporation 
East Piltshurgh^ Pennsylvania 

T his booklet gives nn olementary presentation of the method of construct" 
ing control charts and of their use in controlling machining operations. 
Several excellent treatments of this subject already exist, notably the 
A,S.T,M. Manual on Presentation of Data and the American War Stand- 
ards, 21.1, 21.2, and 21.3. (Reviewed in this Journal 40(231); 377-80 
8 ^45.) 

It is the reviewer's opinion that the present treatment would at first sight 
have greater appeal for the shop supervisor or inspector than most existing 
preBCutntions. On the other hand, it offers no convincing explanation of the 
practical meaning of afcati.stical control or of the relationship between con- 
trol chart limits and specification limits. Indeed, the reader ia likely to 
acquire a false understanding of the latter since tlio control chart limits on 
averages of B are likened to the 3cr limits of a frequency distribution for in- 
dividuals, No mention is made of a frequency distribution for averages of 5. 
The reader ia likely to believe — as many users of control charta do until 
shown otliorwisG — that a process will make good piirts if it is in control and 
has control chart limits within the specification limits, Tlie practical conse- 
quences of this misunderstanding can be drastic. 

A short section (pp. 4-8) is devoted to a discusaion of the variability in- 
herent in a product and the use of the frequency curve to represent the de- 
greo of variability. Most of the remainder of the book ia concerned with the 
control chart for averages and ranges. 

Another technique, nob a control chart technique, is considered on page 26. 
This eousistfl of drawing action limits at calculated distances from the toler- 
ance limits. The reviewer feels that this method merits greater attention than 
has been given to it in the book, especially since it has wide application to 
machining operations with tool wear. 

Pages 32-34 consider a plan for operator participation in quality control, 
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Review nv LiiOVD A< Knowlkii 
Associate Pfo/cssor of Afnlhcniutic^t 
Stale [/mrcrsRy of /otua 

1 LTiioTjaii D{)«cnstonaJ Quality Control Primer wah prnbubly writton to 
A. del in (iho sale of preciHion mcaHUriiig iimtrunicntH, it jh wortliy of rather 
careful attention by one interc«tofl in tho fieW of <|unlity control. Ah ilH nnmo 
impliesj the Primer is intended to fununh nmU^rud Ruilulile (or rciulinp; by the 
uninitiatcd“-'"iii no ficnKO to bo a coniplete troatino on llio Hubjnet.'’ Itefor- 
on COB to Bomo additional nmterid nro given at the end of tlio booklet. 

Only tlio protUiclion or fabrication phoao of nnniily control hy hlatif^tical 
methoda ia diGcusacd. TJiisplinHO ia further limited byn diacuRHinii of only tho 
60 -callcd average (7) and range (R) clmrta. Ar ndglil well be cxi>ccted, but 
slight reference ia made to design and Hpccincatioris boRCcl on the procosa, 
and little or no reference to acccptauco eampling, or to other typCH of con- 
trol charts flomotinics used in production or fabricutiont 

The following points, well known by workers in lliin area and often made 
by other writers, are probably worthy of epcciu! allention; (o) ‘‘HutiBtical 
Quality Control, in itself, is not a coniplolo panacea for usauriiig the qimlity 
of a product. Enginecruig and Managcmcnl acUortt hewed upon the fads o&- 
lairted from the slQlhlicQl mtihoih, is aino ncccssnrp;” (h) SinliHlical (jUnlity 
control is of value to many other imiuutrics bucIi ah loxtilc, rubberi and opti- 
cal where interest may not bo focused on the merhanind partn; and (c) Sta- 
tistical quality control is suitable for oilier than large organ'w.ationR. 

The booklet gives reasouH tor and states cor lain advantagcH Rcicurcd from 
the use of dimensional quality control. SuggOBliona are given for the installa- 
tion of statistical quality control with particular rcforenco to Holeclion of 
operation and dimension, the eampliug procedure, the couHtrucliou of H and 
R control charts and tho interpretation of the results. An inlcrcating exainpio 
is used to illustrate tlicso points. 

In general tho ideas of variation aro rather well developed- nowover, 
figures 8 and 0 might bo a little confusing since tho frequency curve repre- 
Bonting the ontiro lot in figure 8 is not the sum of tho Hcparato parts; and 
tho 3<r limits and tho average in figure 0 do not refer to tho data set o\ib on 
tho oliart, Again some disagreoment might result from what wan meant to 
bo an elementary analysis of a car on a highway in figure 10. 

A reader might question the wisdom of recording Ihc data to four llgurca 
as on tho work aUcct iu figure 11 when tho deviation from the mean or a 
nominal wo\dd represent much less work, docroiiHo the error Im/ardH, and 
make calculations eiinplor, Also, tho advisability of rowritiug tho liirgest 
value and the flinaUest value in computing the range is quCHlinned. Tho 
numerical calculations on this work ttheot might bo rcclicckcd: H Ib 

apparently obtained by dividing .0000 by 16. Tlim diHurepiuiey idtorH tlio 
ruimerlcal work and some of tho analysis on tlio following pages. 

Afl witli many statistical papers, fiomo now notation and variation froin 
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somewhat standard procedures have_beeii developed. l'"or example, X' and 
R* denote standard values instead of X' and R' aa set by the American War 
Standards; crosses have been used for averages and circles for ranges instead 
of using the same notation for each chart; broken lines have been used ns 
guide for averages, and vertical ones for ranges — ^tliia was defended but prob- 
ably not too convincingly. 

The diflicult subject of control limits as related to tolerance or specifica- 
tion limits might very well bo rewritten. No test formula is given (one might 
be implied, but it would be necessary to know theory or method to got it) 
to determine whether or not individual items meet ape cifl cations when the 
process is in control, 

The examples and analyses in this booklet are much better chosen than 
in the first printing. The booklet is of convenient size, has an attractive ap- 
pearance, and is easily read. The illustrations, diagrams, and pictures are 
interesting. The above comments are intended to be taken in a constructive 
manner. Many of the minor objections could be adjusted in the third print- 
ing. 

It is recommended that the PrimeT be read by those interested in quality 
control by statistical metliods, It represents a considerable amount of work. 

Federal Products Corporation is to be commended for making more readily 
available, material on this important phase of quality control by statistical 
methods. 


Methods in Climatology. Victor Conrad (Research Associate in Climatology, 
Harvard University), Cambridge, Mass.: Harvard University Press, 1044. Pp. 
XX, 228, S4.00. (London: Oxford University Pre.ssj 1040. 22s. Od.) 

Revidw ly H. C. S. Thom 
Senior Meteor ologi^i^ V. S. Weather Bureau 
Slatisiical Laboratory ^ Iowa State College 

T his is tJie first full-lengfcli book in English on methods in clinifitology. It 
is devoted mainly to the application of statistical methods to meteorol- 
ogy, for climatology in a broad sense is simply statistical meteorology. The 
book definitely reflects the author’s long experience as a meteorologist, and 
he is to be complimented for pioneering a text in this increfisingly important 
field. The book covers n rather large but perhaps somewhat biased sample of 
the older climatological methods. Many who have been hoping for a text in 
applied climatology will be disappointed to find that this text does not fulfill 
their desires since it discusses no applied problems. 

The book is divided into four main parts and follows a logical plan of de- 
velopment of the subject, Part I takes up general methods and is largely a 
discussion of elementary statistical methods. Meteorological or climatologicnl 
elements together witli their nicasuroincnt and errors of observation are first 
discussed briefly. Next tliore are four cliaptcrs on statistical methods ap- 
plied to these elements, the last two eliaptera of this series being devoted to 
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curve fitting and hamioiiic njialyHiH. Viitl 11 covcr^i tlio rliumotcri nation of 
Hie varioUH features of the lueteoroloRieiil dcnmnls. Tiic«tnti^ticr\l chnrnctcr- 
iBlics of tho shftplo elementfi— tciupcraturei pr<iKHUr(% ami wiiut- arc 
cussed in the first three chapLers of this part riiiikiiig use 0 / tools developed 
in Part I. Heio the book (Icpnrtfl tflighUy from it^ logicnl order fr)r considera- 
tion of certain combined elements nnd then roUiriis to coiii|jlet<» the treatment 
of the filniplo clomcnts, cloudiiicHS and prccipitntinn. Purl HI i« concerned 
with the general problem of upatitd ceinpnriHMrw of urnteofcdngimd olomenta. 
After preliminary discussion of the teiidoney toward nnifonnity of records 
of adjacent etations, lltc problems of hoiiiogcneity of eliinatolfigiriil series 
and tlio completion of buoJi Rcrics are treated. A dmptcr on correlation and 
regression follows. This order docs luit scom nnlirely logicnl tineo comdation 
imd TCgrcsBion arc the nulurul toolw tor th<^ mmlyew of eomparLKous and 
iiiiglib better hfLVc been introduced at tho beginning of Ibis purl. Clrapliical 
methods of comparison, related problems in iinoninlies, nnd llio Hjieciul prob- 
Icnia of wind occupy the next tlirce chapters, l*art III is conipleled with 
very brief chapters on iiir niusH rlhnutology nnd rliiunlin iiidircH. Part IV 
(UseussGB the cUmatograpUy whudi in the gonetul dchcriptiou of tlie climate 
by various modes of rcproKcntation. There arc append in*H devoted to Uin 
forniH of climatic tables, tiibIcH required in llio text, aiul u Imndy iublo of 
day numbers, 

Tho main defect of the book is the iimdccpiucy of the disensmon of sta* 
tisticttl iTvotUodB. While the author mentiouH mo<icru KtiitiKtivul me.tboda 
largely by referonccBj fow of theso motliods Imvc fouiul tlieir way into the 
text. Tho distinction between the saniplo and tho population in not mndo 
clear, and toetfl of significanco arc barely meiilioncd. The fact that slutinticH 
theniBolvcs arc random variables is not Dxpluinrd and Ultlo ukc iu nimlo of 
fttandcird errors of Btatmtics. The atatiBticiiiu will reurlily recognize the ate-* 
tistical method as that of twenty or more yewra ago oven though references 
are made to more recent papers on clinialological inelbod^ 

Specific criticisnifl of the Htatistical inetliorl arc principally Hiohc ut vague- 
noBS, inadequacy, or omisBioii. On page 10 tho problem of eliooMiig the nizo 
of tlio class intervals is summarized with "^Tlie choico. of the aizu of dasn 
intervals is dependent upon tho innid)cr of obBorvaliona incliulod in tho 
sample and on the degree of cxactiiOKs required,” Tina given the reader no 
method for making tlio choice. Again on pagea 24-20 mrdian fiuurlileB, and 
deciles arc disensBed soparatcly but could bettor have broii trealnil genorally 
ns quantiles which are important in cUuuvtology, hTo umntiou in miidi*. <\{ the 
Btandard erroiB of these RtatisticH and tlu'ir variability in tleKcribed by 
"these iJietliodfl asBUine their real value oidy if tho alze nf the aainidn ia ho 
largo that half tho nuinbor of itH iteiriM T(pr(‘H(^nlH a Horira of iriiiny luimJrodH.” 
On page 34 tho "more corroot” dcHoriidion of llm normal <liHlrii)uLhm of tlin 
footnote iniKbt have been iucorpcirated in tU« text. At the U\iU\u\ uf page. 35 
el 5e(7, the fact that diHCributionn iiiiiHt be nornwil iu onlcu’ that aurh an 
interpretation of the standard dcvirition may be made in too vjiguely ox- 
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pressed. Many distributions in climatology are not normal and care must 
be exercised in the use of the standard deviation. Neither tests of goodness- 
of-fit nor errors of forecasts are discussed in the chapters on curve fitting, 
The discussion of curve fitting and regression could have been simplified by 
use of the analysis of variance. An early introduction of the analysis of 
variance would also have meant a great improvement in all of the statistical 
discussion. In the chapter on coinpariaon of observational series clearer and 
more meaningful exposition could have been attained by extensive use of 
regression theory. On page 162 the non-nonnality of the distribution of r ia 
not mentioned and the student who has acquired the level of statistical 
knowledge offered by the rest of the book might get into trouble using the 
probable erj’or of r. A number of statistical concepts important in climatology 
such as contingency tables, autocorrelation, the tendency to normality of 
the distribution of certain statistics, special distributions of climatology, 
the ohi-square teat and others, and goodness-of-fit of frequency curves are 
either not mentioned or inadequately treated. 

On the climatological side, the book is definitely continental in scope. 
References to papers of a tlieoretical nature are largely to the author's own 
papers or to those of continental writers, The excellent modern works of the 
Russians have been ignored. To be sure language difficulties hero are great; 
however, abstracts and translations have been provided for a number of the 
important Russian contributions. References to American and English 
theoretical works arc also few. Both of these countries have been more active 
in the development of modern Btaiisticnl method a than the continental 
countries and both have consequently applied these more extensively to 
meteorology. Such concepts as the recurrence interval, Thiessen method of 
weighting, area- depth curves, and others all typically American and im- 
portant methods in climatology are omitted. The decision for inclusion or 
omission, of course, remains the prerogative of the author, but this text 
only runs to 215 pages, a short book for such a large subject. 

The author characterizes his own book well in his concluaion which the 
reader would do well to read first: 

The reader who runs over the pages of this book is perhaps disappointed 
in not finding this or that special method. In the first pages, it waa shown 
that the number of derived elements is not limited theoretically; thua com- 
pleteness ia unattainable. 

Moreover, it is intended to preflcnt only n system of methods which 
facilitates the step from the qualitative to the quantitative. Many ways 
are offered for attaining this purpose, and tliey^ all should load not only to 
an exact and comparable description of the climEito but, in the end, to a 
physical explanation. 

The number of elements being unlimited does not mean that the number 
of methods cannot approach adequate complGteness. The second paragraph 
of the conclusion is a broad claim hardly justified by the contents of the 
book. 
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This hoak is finding and wJl cflntimio to find conflulcrablc nee as a Aonrco 
book for the qualified etatiiiticiaii ^vorking in meteorology and iH highly 
recommended for tliia purpose. It is not recommended as a text or handbook 
of cHmaboIogical mothoda. 


Cleveland Market Data Handbook, 10-16 I'Mition. Ifawiird Whipple (tTcen 
(Diiactor, Ttonl Property Inventory of MolropoHlftii Ciovrinnd). Olovolnjid 16, 
Ohio: Heal Property luvontory of MoLropoUtnn Clcvcliuul (lOOl Huron IUkuI), 
1046. Pp. 60. $2.60. 

Rkvijcwed dy Prank Stroiikarck 
Emarch ))epartmenlt The Curtia riibtialnng Cornpaiiy 
rhiladelphiaf Pcmiaylvania 

T HIS handbook, an annual publication, is well known in iU field, A» tho 
title Biiggcf^ts, tho handbook la prepared for tho uho of murUcLing men 
interested in the Cleveland area. 

It is a compilation of Btatisticfll data drawn from federal and local (iourcea 
and presents valuable Blatistica derived from, local HOiirccfi horolofore not 
published, 

The GO pages wliioh comprise the handbook arc iiiadn up of 10 pages of 
promotional toxt, 34 pages of char La, 13 i)ages of la))lcw, and 3 jiagcs of index, 
The autlior, as in past publications, lias attempted to filiow too much in- 
formation in some of tho charts; o.g,, the bars of tho charts are often divi<lcd 
into four or inoro components. A f(Mv of t)m curve cliartn are alH(J Cmifiming 
because of the detail of data shown. 

The handbook will be very useful to those intcroBlcd in obtaining social 
and oconomlo etatisticB concerning llic Cleveland area. 


Stadfftificho Methodoa tilt lYa t ii rwis son sch attar, Modlsdacr, und lagcnfouro, 
(Statistical Methods for Natural Heientistfl, Medical lioscarch Wiirkcrn, and 
Dngmeors.] Arthur Linder (Professor of Applied MnlhfcrnaLical RtalifiticH, Uni- 
versity of Genova; Instructor at llio Cantonal Tochmea) University in /urich), 
Basol, Switzerland: E. Hirkhi’luscr it Co., 1046, Pp, 160. Cloth, Prs. 18.50; paper, 
Frfl, 16,60. 


ItUVIEuTD BY IltJNnY SctrEFKi 
Asaociaie 7^ro/c3sor of Engineering 
University of California at Los Angeles 

C ONeiDiCRTNQ tliG gcncml abunduncoof scientific bonks written in German, 
ono is puzzled by the lack horctofore of any oxjmunding the fiuniliar 
(to ub) statistical methods employing tho £, F, iiml tnldoH, Since this 
book— an olomentary oxposiUon in Ctoriimn — will bo of use to few rciuh^rs 
of this journal, wo eliall omit n detailed Huinnmry iind a listing <)f errors,* 
and instead remark on some aspects which may bo of wi4ior interest. 


Tlioro arc a modotulq number. 
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One of those is the organization of the book, which turns out to bo quite 
successful; It is divided into two parts, the first of wliich, requiring little 
mathematical knowledge, is in spirit and content similar to H. A, Fisher^s 
Statistical Methods for Research Workers^ but covers loss ground, while the 
second ofTei’s mathematical derivations, mostly by Fisher^s geometrical 
methods, of all tlic distribution theory forming the basis of the first part. 

In spite of its title thero is little in this book aimed directly at engineers, 
Treatment of acceptance sampling is lacking, that of control charts and curvo 
fitting is highly insufficient. The one example of curve fitting in this book 
is apt to give tho engineer or physicist a poor impression of what statistics 
has to offer him here: A lineat graph is fitted for the regression oi y on x 
where z is the velocity nt which tlie braJees are applied in an auto and y is 
the dis banco required to stop. The range of data is consider able, x varying 
from 4 to 26 mi/hr, the variance of y is thus far from constant, yet equal 
weights are used. Later it is decided by a statistical test that the straight 
lino ia satisfactory as a regression curve. The reader with a little knowledge 
of jneclinnics will be loft slcepticol or confused, This might have been used 
aa an example of the powerful procedure in which the form (or plausible 
forma) of tho regression curve is determined from physical considerations, 
after whicli the parameters (or decision between forms) are determined by 
statistical method s. Tlie advisability of considering a transformation to 
logarithms iji pliysical problems could also have been illustrated Iiore, The 
moral is that it ia dangerous to expound applications in a subject matter 
field without a good feel for its elements. 

An interesting difference in mathematical education may bo inferred from 
the fact that while for the first part, according to tho introduction, ^^a knowL 
edge of tho simplest algebraic formulas sufficcs,^^ single and double subscript 
and summation notation is freely used there. This would trouble most 
American students who have 3md a year of calculus. One also finds it strange 
that in a language bo adaptable to tlio coinage of new words the same 
word (Strciuing) is used for variance and standard deviation. Actually it ia 
used bore with five different meanings; for population and sample values of 
those two quantities (although the distinction is preserved in the mathe- 
matical symbols used) and also for tho more general idea of dispersion, ns 
when we say '‘measures of dispersion*' (Strcuungsmasae). 

Operating characteristics (power functions) of tests, and estimation by 
confidence intervals are not mentioned, altliough the author comes very close 
to the latter in the case of the parameters of the binomial and Poisson dis- 
tributions, and ail the necessary distribution theory for many examples of 
confidence intervals is at hand in the book. Indeed, except for brief mention 
of a control chart for the sample values of standard deviations, there is noth- 
ing that could not liavc been written twenty years ago after Iho appoarance 
of Fialicr'fi famous book, Nevcrthelesa, this is a very atbractivc little book 
and its author lias dono a great service to science: He merits the gi'utitude 
not only of all experimental workers who read English with Ices ease thni^ 
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German, but of Btatieticiftne everywhere who HhouUl be Imppy that tlieso 
methoda have been made more widely available, and may even hope that 
Bomo who would not otherwise have been ul traded may he Htiinvviutcd to 
further study and pcrlmpa eventual contributiona to stutintieH. 


Tim© Series Auolyslfli Smoothing by SlngOB. Lewi^ A. Maverick. San Antonio, 
Texas: Paul Anderson Go,, 1045. x, 153. $3.00, 

Revikw by Leonid llunwicx 

Jlesearch AssocialCj Cowles CommisBiofi Jor Itescarch in Economics 
The JJnwtTBXly of Chicago 

T he main objective of thifl book is to prnaent the incchaiiicH of a rjielliod of 
handling time BericB. Thia is nccompliRhed by n general deHeripliou of 
the procedures to be u«ed, followed by a miinbor of ilhiHtrationH Liken from 
tlio field of economics (San Prnnciaco real opiate aclivily; wheat prices and 
production; crude petroleum output; production of cotton, jug iron, and 
Parfclaud cement; Erie Canal freight), 

A partial justification of the method ih contained in the i)rcfaco along 
with some references to the author's earlier conlrilnitioim, 

Consideu a time sccjacncQ of obficrviiliouK Xi on an ccouonuo variable X 
at time f. The time unit )iiay be a year or sny, a (tiiiirlor of n year. Then, it is 
(implicitly) assumed by the author Unit tlic olwervcd vnluca nmy he dccojii- 
pofied into (1) the Ircud (poaeiblo iucKidiug **long wavey”), (2) the major 
cycle, (3) the short cycle, (4) tim annual cycle (tim BcnKunal), and (5) the 
irregular (random?) remainder. Write Uiia as 

X, •i.Fiil) 

where J^/ia the j41i component in the above listing, (The altornalive formula- 
tion in terms of jiroducts rather than eiiniB gives rifle to analogoufl pro- 

cedureaO 

Defining 

( 7.(0 

the method of ‘‘smoothing by stages” may be dcBcribcd aa Hint of fitting 
to Af, GtiD to ftfOi etc. The G^b arc called ‘‘flinootliing lincH<” Giit) 
("smoothing line A”) cliininntog the sensonal nuctuatioiifl and the irregular 
remainder, butretaiiiH the two cyclca and the trend; fji(0 ("HnKjatliirig lino 
B”) ifl free of tho short cycle, but alill rctiiinfl the major cycle iukI the trend; 
Gi(t) (“Bmoothina lino M”) ia suppORcd to coiitiiin the trend only. 

Fitting ifl done by moving nveragea or freehand, A good deal of apace ia 
devoted to advice on tho methoda of fitting. Onco tho winontliing liiicH have 
been drawn, it, is possiblo to obtain tho cyclical ami HOaHonal compoiienta by 
subtraction (or, hi the miilliplicativo ease, by division). 
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The properties of the separate cyclical components can now be studied. 
Further, a claim is made that such decompoBition will help correlation 
studies — either for various components of a given series or for the same 
component of several series. Tliis is designed to help find certain causal 
economic relationships. Finally, extrapolation of the smoothing lines is sug- 
gested for forecasting purposes. The author is careful to warn with regard 
to both correlation and forecasting tliat mechanical procedures must bo 
supplemented by economic theory and corrected for anticipated departures 
from past patterns. 

The author does not use any of the tools of modern statistical inference. 
There ia no explicit statement of the properties of the universe or precisely 
what it is that is being estimated or tested. Sampling problema are ignored. 

Apparently in ignorance of the work recently done in the field of time 
series (von Neumann, Koopmans, Haavelmo, Mann, Wald, and many 
others), the author repeats, without taking sides, the once widespread fallacy 
of nonapplicability of correlation methods to time series. 

There was a time when the economist's distrust of statistical procedures 
was amply justified. But the well-founded objections which had been raised 
against mechanical application of least squares regressions to economic data 
have stimulated the development of new methods which utilize economic 
theory and follow the principles of statistical inference (cf., c.g., Tjalling 
Koopmans, “Statistical Estimation of Simultaneous Economio Relations^” 
this JounNAL, December 1945 and references cited therein). 

It may be that GOino elements of the author's method will turn out to be 
acceptable, if not optimal, for certain purposes. But a proper appraisal 
must await rigorous formulation of the model to which the method ia to be 
applied. 


An Introduction to Educational Statistics. C. W, Odell (AsBOciato Profeasor of 
Education, University of Jllinois). Now York 11: Picntice-IIall, Inc. (70 Fifth 
AvoO, 194G. Pp. xiu, 260, 13.60, Two reoiewe follow: 

Review by Paul J. Blommers 
Difedor of Univctdly Uxaminations Servico 
University Examiner and Registrar 
State University of Iowa 

P rofessor Odell's stated purpose in writing An Introduction to Educational 
Statistics was to] provide a textbook suitable for use in a one semester 
course designed to develop in students ol education the (fl) to select 

appropriate procedures and measures, (6) to compute measures, (c) to 
interpret measures reported by otlicrs, (d) to associate terms and concepts, 
and (c) to present results. 

The content, except in the matter of emphasis, does not differ markedly 
from that of other statiatics textbooks written for students of education and 
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psychology. Prielly etatcd, it deals with the common dn.scriplivo Htiitistics, 
wtli incaBuroa of relatlonrfiip, oud witli error tlicory, TJio relative 

amount of attention given these rather ))roiid and overUii)|)ing division^ cor- 
respondfl to the order in whicli they Imvc been named. Tim Lrcntment W(ng 
it must be in n book of lids typo) iionninlhemutical. 

The difficultica experienced by those who have urulertaken tlie task of 
preparing noumnthematical tcxtbooliH on statistics arc generally recognized 
and appreciated. WordineJa is nliiiosl inevitable^ and run* indeed is the book 
of this type which has cRcaped without some involved uud awkward hcv\- 
tences — not to mention involved and awkward cxpn.Hilions, I’rofossor 
Odoll^B book is Bomewhat loss imitlicinatical than moHt voluuicH of this typo 
and consequently it is nob surprising to find such scntonces and expositions 
OQcuri'ing in it. To illustrate the point> n few examples arc fiulunitted: On 
page 60 is an explanation of the procedure for computing the nritlunotic 
mean of grouped data by the so-called “short method.'' The description of 
the entries in the d coUnnii is concluded as follows: “In other words, they show 
how many intervals above or below, that is, larger or smaller tlmn, tho 
assumed mean class each of the other classes l.s.” On page 127 is the Hontence: 
'Tn general, if a aubtest is uncorrclatcd with the other Bublosls eomposing the 
whole test, the coeflioiont of correlation between fleoros on it nnd on the 
whole is ill which nh the number of times as long the wliolo is as the 
aubteat.'^ And on page 131 in a section on interpreting coefTicients of conehi- 
tion; "by dividing v'2-2t' into values of the measure of dnviuLion empkiycd 
.6 less and ,5 more than the dilTcrcnco in posilion concerned, using the results 
Q8 entries in the first column of suoh a table of the nortnal curve as is given 
In appendix, finding the corresponding areas between pairs of onlinales at 
the given deviation dietanccB, and finally doubling thorn, the per cents of 
cases falling within divisions the posiUons of wliicli differ by the given 
deviation diatancea may be found. This aoundn viorc difficult than it ts." 
(Italics mine.) 

Perhaps these samplo eontenccfl (it is not possible to cite horn nxaniplos of 
lengthier expositions) onhance the contontinn of ProfoRRor Ibdon M. Walker 
that it is impracticnblo to present statistics without resorting to some ele- 
mentary mathematical concepts and that individuals dosirouB of studying 
statistics and lacking a knowledge of Uigbc concepts had \mt take lime to 
learn them first. Or perhaps thcBC sample Hcntenccs Buggest cnrolrHs editing, 
They are not to be consirued ns typical of the writing of the mUirn volume. 
The fact remains, nevertheless, that they occurred with Bufliciciit frcquoJioy 
to cause irritation. 

Sampling error theory is discusBCd in the book's final eliaidcr. The treat- 
ment is brief, This is BuriMiHiiig in view of the importaneo of Lin* theory in 
educational statistics and in view of the liberal amount of Hjiuee devoted to 
toploH much lees complex. 

In postponing coiiBidcration of nampling theory to the final chaiilor, the 
author follows a pattern set in Bovoral other recent bookn of iliin typo. It 
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BeemB unfortunafco that at least a portion of this material was not intro - 
clnccd earlier in the volume so that advantage could have been taken of every 
possible opportunity for applying the theory in a variety of situations, It is 
also invariably true, when sampling theory ia thus postponed, that the 
student must cope with problems in which sampling is implicit without 
benefit of a preliminary disciiesion of the theory. In Professor Odell's book, 
such problems range from the extremea of smoothing frequency distribu- 
tions (page 38) to the chi-square test for goodness of lit (page 210). In the 
latter instance the use of chi-square as a test of the hypothesis that a given 
set of measures is a random sample from a normally distributee) universe ia 
described without benefit of any preliminary discussion of sampling theory. 
In this connection it should bo observed that Professor Odell chooses to 
ignore the work of R, A. Fisher, and to use the number of classes less one 
as the number of degrees of freedom despite the fact that both the sample 
mean and standard deviation were used to obtain the theoretical frequencies. 
Professor Odell is somewhat inconsistent in this position, however, for later 
in discussing contingency tables (still without benefit of an introduction to 
sampling) he uses (r — l)(c — 1) as the number of degrees of freedom for 
chi-square. 

When the discussion of sampling theory ia finally reached, one learns (p. 
260) that tlio author does not approve "the use of degrees or levels of 
confidenco in stating the significance of results.^' Instead ]\c prefers to state 
the number of chances to one that the obtained statistic is within a specified 
distance of the corresponding hypothetical value. In making such statements, 
several instances occurred in which the "chances to one" phraseology was 
improperly applied. To illustrate, on page 244, the discussion of an example 
ia concluded with the statement that the cliances are 3.7 to 1 "that there is 
a real difference in the direction indicated." In this connection it should be 
observed that Professor Odell advocates the use of the area under only one 
tail of the distribution in stating “chances," Again his position la inconsistent, 
however, for in the case of the t test applied to means, he employs the area 
under both tails. 

Attention should be called to the fact that in Professor OdelPs opinion 
most of the measures used in education are reported to the next smaller unit 
rather than to the nearest unit. Throughout the volume, the limits of the 
classes of grouped distributions are defined so as to be consistent with this 
view. It abould be noted, however, that this view cannot be reconciled with 
present day theory of educational measurement, 

Somo prospective users of this text may find to their liking the author’s 
attempt to “enrich” the students' statistical vocabulary. On page 83, for 
exaniplo, he introduces tlie need for a measure of variability, "also called 
variaiiorij diapcrsiont deviations^ departure, diserepanep, spread, scatter, and 
fluctuation ” In the opinion of the reviewer the value of tliis practice is 
questionable. 

It ia impossible within the space limitations of this review to give ct com- 
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pletiQ criticism of this book. A few fiiml ol)jcctionAljle fcnturca will be cited 
briefly: (a) The author departs from accepted Rotational practice and uaes 
to represent standard error (Clmp. M). {h) The correlation ratio is said to 
^'summarize the deviations of tlio data from tlie curved line that heal fils 
[italics mine] the means of the rows or coluiiiiis . . . ” (p. 170). (c) Tli^ 
median deviation is said to share many of tlie incrita and wcnkncsflcfl of the 
standard deviation because it ''is regularly found by iiiuUijdying the staml- 
ord deviation by n constant" (p. 100). (d) A Rchonia for changing ordinary 
ranlcB to the “same basis" to pereonlilo nuika) iw prmmtcd ns the noic 
requirement for making ranka comparable (p. 77). (c) The averaging of per- 
centile ranks is presented as leading to the '‘average rniik.^ That lids "aver- 
age rank" may not corroapoud to the pcrccnlile ravik of ihia averago is not 
mentioned (p. 78). (/) A procedure for corroding the ataudard error of the 
mean for the ofTcct of errors of measurement wafl prcaenlcd, niul the cor- 
rected value used In a teat in which the fact that errors of nieuBUromcnt 
were also involved in the obtained mean was ignored (pp. 238 flO. ((?) It is 
auggeated that bias in sonipling may be revealed by drawing, "in the samo 
manner, but iudopondoatly, several samples of equal size," uud comparing 
them (p. 230), 


llBVTKW UY T\ Fi, VBRNON 
Lecturer in Paychology^ UniveraUy of Glaagow 

F rom many points of view this is an admirable book. Tlin reviewer cannot 
call to mind any other which contains so complete a collodion of statisti- 
cal formulae, with precise directions as to their npplicabilit 3 ^ Tim concisoncfta 
and clarity of the definitions aro a joy to the reader. A« u Inxllmuk for be- 
ginnerfl, however, there ia nioro room for doubt. ProfcHRor Odell explicitly 
puts it forward aa covering a onc^somester courne, and claims to emjdinHUo 
"practical computation, use, and undorataiuling, rather Unin derivations 
and thcoreticnl consideratione.'^ No higher iimlhemaUcs is required. 

Possibly the teachers and students whom Profonsor Odell lias in mind 
are more highly selected than the reviewor'n psychology and education stu- 
dents, the great majority of whom would be confuHcd and put off by the 
very abstractness, precision and comprelioiiBivencss of bis trciitmont of the 
subject. Standard books such an Garrett's and Lindquist's are perhaps more 
verbose and in many respects cover lees ground, but they woxdd appear to 
provide the beginner with a bettor imderstamling of the usea of statistical 
methods. In the roviowor*e opinion, tlmrcforop this book should chiefly ho 
employed by the vcHoarch worker for Ycfcrence, when he has ulroudy gained 
Bomo general coniprohcnBioii of HtaLisLics from other HOiirces. Professor Odell 
does, of course, roatriot his field to soino extent by oiiiitliug, for exampio, 
ntialyaU of variance and covariance and factor analyBia, and by giving only 
very brief accounts of multiple correlation, small sajnplo formulae, principles 
of experimental design, test rolinbility, item analj^sifl, and otlmr topics out- 
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Bide the uBual run. But aurely it is moro important for the ^^Gonsumer^^ to 
possGBS some understanding of jiifit these topics than to know, say, the for- 
mulae for the standard errors of thirty statistical measures, or several ways 
of correcting r, S.E.„„ etc., which very possibly should be but Beldom are 
,^\8Gd in everyday practice. 

A few more detailed points may bo picked out for comment. Although 
chi-squared ia one of the moat important, and inoiab widely applicable 
weapons in the statistician's armoury, it ia only introduced, in a limited way, 
towards the end of the book. Actually the coe/Ticicnt of mean square con- 
tingenoy ia described in an earlier chapter without resorting to chi-squared — 
a coelTicient which has little if any practical value, since product-moment r 
based on mean doss values ia greatly preferable. The simplest method for 
the beginner to calculate product moments from grouped data is probably 
Godfrey Thomson's, which involves the variance along the diagonal of the 
correlation table; this is not mentioned. The stock method for biserjal r, 
using 7 ), 3 and would seem considerably easier than the method Odell 
provides. The quadratic formula for tetrachoric r is given without sufEcient 
warning as to tlie inaccuracy of its approximations. Cyril Burt's trigonomet- 
rical approximation is probably closer, and certainly quicker when graphs 
are not available, 

It would be unfair however to list these criticisms without acknowledging 
how frequently Professor Odell provides novel and extremely useful varia- 
tions of standard formulae. The reviewer was interested also in his advocacy 
of the 10th-90th percentile range as one of the best in dices of dispersion, 
for it turned out to be a particularly valuable measure in vocational work 
during the war in the British Forces. Several of the statistical tables, again, 
aro rearranged in convenient forms, though they tend on the whole to be too 
coarse for the practitioner; thus the normal curve table only gives heights, 
areas, cto. for abscissae from 0,0 to 5.0 by intervals of 0.1. There are good 
exercises and probloms at the end of each chapter, but no answers. The typog- 
raphy is extremely clear, and only two misprints have been noted, namely 
the omission of cross-lines through seta of 5 tallies on page 24, and the ab- 
sence of <T in the biserial r formula on page 185. 


Fundamentals of the Theory of Statistlcet Vol, 1, Elementary Statistics and 
Applications; Vol. 2, Sampling Statistics and Applications. James G. Smith 
(Professor of Economics) and Acheaon Duncan (Assistant Professor of Eco- 
nomics), (Princeton University.) New York: McGraw-Hill Book Co., Inc., 
1944, 1045. Pp. X, 720; xii, 408. $4.00 per volume. 

Review by John Wibiiaut 
Reader in SiatiaticSf University of Canihridge 

I T iiAB been a matter of considerable interest to the reviewer to examine 
a modern text on statistics ns hia first academic taslc after six yenra' ab- 
sence on war work. The first thing to note ia that those books do nob simply 
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rcprcfioiit volumoB 1 and 2 of n connected troati^n. Tliey lire intondecl Lo bo 
self-contained expoflitions, tJio firnt elementary and the* second advanced. 
The books have already been reviewed by W. Kdwards DeiiiiuK (this Jniin- 
NAL 40(232): B3‘J^G D M5) largely from the point of view of tlic need for 
an exposition of sampling tccljnif|iie. We are here, h<Mvcver, up aguinbt 
two dcfuiitiona of the word '^annipling.” The Imok docs not profcKH, in thia 
reviewor’a jiidgmentj to go very deeply into tlio toclniiquo of Hiiinpling mclh- 
ocU nnd surveys, niul it may therefore he useful for readers to litive tleHcribetl 
to them the acluevcmeiilH of llie bonkH art a cnuihiii(*d tlieorc'lieal text, ok- 
pecinlly as wliat ia meant by “Sampling StatiHlics/' its opposed lo '•Hleiuen- 
bnry Sfcatisfcica,” is really tests of Hignilienncc, exact so far ftjH Limy cun bo 
made exact, na worked out by nuithoiiuLliciniia for finite or “snudr mujijiIcs, 
compared with the more clnssicnl “large sample" llicorv- 

The Drat book is arranged on more or !eaa ortliodox “noiiuiallienmtical“ 
lines, the inverted comniaa being used to expreaa llic fact lluit while Llmrc ia 
a groat deal of algebra (and also geometrical illualration) in tlm working out, 
for example, of partial regression cocflicients, and some deep mathemalicul 
and logical concepts involved in the study of prolmbilily and its iijqdication 
to the confidence interval, the book is concerned with calonliUiiig the de- 
Bcriptivo “statistics" rather than Lesting their signilicaiu'o. A very great 
deal of groundwork ia covered, and the book in particularly full on llio qiicB* 
tions of tho gathering and prcHcntatioii of aUtisticHt The reader coming ficnli 
to tho subject will Icani a great deal of wimt statistics is almut, idlliougli 
it is quite clear that in these days this will not bo cnougli, and lie w ill there- 
fore bo required to go on to tho subject inatlor of the second bcM>k. This Ib 
iinpHoitly recognized by Iho nmiicroua forwwd rcfcronccH to the Kocoml Ijook. 
This raises tho question of whether It is iutcllcctuany siitii^faetury lu leave 
50 many questions unresolved until a moro advanced Hlagn in luilioa is 
rcaohedi To some extent tlio books fall between Uio two f^limln of jirovicling 
self-contained texts for an elementary and a more advanced set of readers. 
One illustration of this is that tho atudy of tho wiiuplor “islntiKtidH," i.e., 
moan, standard deviation, etc., is followed up l)y tCHln of Hignificanco and 
tho use of tho confidence interval, by nieana of tho “large sample" standard 
errors of the stabistica, whereas from cliaptor 13 onward there Ih no moro 
mention of such testa. Even tho elomcnhiry studont should 1)0 told how to 
teat the significance of a simple regression or correlation curflieient, by nieiins 
of its Btandaid error or in other, more np-lO'Jale, ways. There in a formula 
for tho standard error of z (where r tanh z ) on page 320, Imt il Huh not Leen 
applied in the next chapter. 

It might have been belter to have ])lnimod the whole ns one HlJUidard text, 
while inclioating at tho aivmo time what RoetioiiH could bo oiniUed on a firnt 
reading, or by thoao who were prepared lo take on trunl the clei ivutioui of 
mathoinatioal formulae, being content if llicy know tho buHic iminciplcs on 
which tests were based, and how they worked, hiving, an tlm reviewer does, 
in a country whore authors are atill rather rigidly controlled in the amount of 
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paper they can use, it is apparent that such a method would have avoided a 
good deal of the repetition that has gone into the second book with the com- 
mendable objecfc of maJdng it self-contained. The second book does not ap- 
pear on a first reading to be nearly as good in construction as the first. TriiCi 
it contains a great deal of sound argument^ not usual in the ordinary text, 
on the inferences that can logitiinately bo made concerning the population 
parameters from a knowledge of the sample statistics, and it is clear that the 
authors have studied this question and the work of Pearson and Neyman 
very thoroughly. But the book is somewhat uneven as a w^hole, conveying the 
impression that questions which liave specially interested tlie authoTSj and 
which have doubtless been in consequence worked out in great detail in the 
laboratory, are reproduced in full, while in others the treatment is somewhat 
sketchy. Since there is little in the modern theory which is not dealt with, 
it is surprising to find such a small author index, and to note the absence of a 
number of eminent names, surely the easiest way of finding what has been 
left out of the book. 

It must have surprised the authors to read in W. Edwards Deming^s re- 
view that "the second is not a textboolc in mathematical statistics.” The pres- 
ent reviewer thought on examining it that it was intended to be such a text; 
the present oritioistn rather refers to the uneven "weights” attached to the 
different aspects of the subject. It is doubtful whether a long explanation of 
the distributions of samplea of two by means of an arithmetical model is 
needed when the full composite distribution of mean and variance is later 
derived ; on the other hand it is somewhat startling to find in chapter 12 that 
mathematical methods are laid aside and Fisher's distribution of r merely 
quoted. Somehow one feels that a text should be either the one thing or the 
other. Either these distributions should bo quoted, explained and illustrated, 
giving the same treatment to all, or they should all be derived as well. An- 
other example is the goodness of fit distribution, The impression is left on 
the reviewer's mind that the authors are not yet sufficiently at home in the 
synthesis, and therefore exposition, of the formidable amount of mathemati- 
cal theory that goes to make up the prosent-clay theory of statistics. There 
is no reason, however, why with a good deal of revision in a subsequent edi- 
tion the boolt should not prove useful for the class of student for whom it is 
intended, The opportunity could then be taken to correct a fairly large num- 
ber of minor errors of one sort or another that have no doubt already been 
spotted, A few of the inoiB important may be set down here. On pages 126- 
26 the .95 point has been read from table 8 instead of the .98 point; page 142 
(footnote) suggests that 11 degrees of freedom, and not 8, liave been taken; 
table 24 has not been calculated very accurately, and there is at least one 
major error (.2033 for pi =,105 should bo .2130), also tire mean should be pi 
in the footnote to the table; tho formula in the heading of table 41 is wrong, 
while it is doubtful whether table 42 should be ii>scd for N as low as H except 
as a rough test — Neyman and Pearson suggested it for N greater tlran 60. 
On pages 410-11 tho authors are evidently rof erring to a differont table 
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Trom table 0, eineo in the lattor tho v/iluoa for ni >=•0 appear, which makoa 
interpolation rather pointlcsa, and iiiculontally bIiowh up tlio wcakneae of 
the intoxpolfttion mothoc] advocated. Ono wonders why ViHhor'a hnnnonio 
iiLGbhod on half tho nnliiral logarithm of I*\ cannot bo uacd. Tho authors 
have incidentally used the .01 values tlirouglmut instead of tho M values in 
this illUGtrntion. 

Lastly, a word about nnalynis of variance- The autliorn began i)ro»iiisinBly 
in tho first book by illustraling analysis of varinneo in llio mniplc jiroblcniB 
in terms of population pnrainotern. It was therefore Bonicwlial diHuppoiiiting 
to find tho method dealt with very sketchily in tlic second hook, and treated 
iva a Bomewhat limited tool for special tests. It is not known why they refot 
to so-called 'nnalysiB of varianco*." Tho name is well cstablishcil and is 
need by the authors themaclvca in both books. The process 10 mialyflis of 
variance, and so theio need bo no doubt about tho nnino ouiployed. 


Slatlsticfil Methods: Applied to Ezpodmenlfi la Agriculture and Blologyi Fourth 
Edition. Oeorgo W* Snedocor» (Director of tho Blntiaticnl Lidmralnry, Iowa State 
Coilego; Head of tho SUlistkal SocUon, Town Agricultural Dxjicnnmiil Stalioii). 
Ames, Iowa: Tlio Gollcgiata Proas, luc., 1040. Pp^ xvi, 485. I'hhO. Two reuicwa 
follow: 

Rkvjkw by D. J. Finney 

Lecturer in the Dmgn and Aitalysie of Scicidijic lixpcritjiaU 
UniverBity of Oxford t England 

D es puEUVEfll flftna doubo il cat bon d’avoir dos preuves, nmm il cst peut- 
6tT0 moillour do n*on avoir pas,*** said Qoneral Grentauk of a famous 
Ponguiniati triaU Iloroln Uos tho great dilemma for the author of a hook otv 
applied statistics: ho must avoid inathoiiiiitiuid proofs, yet to convince his 
roudora ho must Justify hie procccUiro logically rather than dogiiiMlically. 
Professor Snodccor has ovorcoiiio tho dihioulty very Buccoi^fully l)y oarcfirl 
choice of numerical examples and by oinpiricnl construction of t)m prubabil- 
iby diBtnbutione required in olcinontary atniitttical tefila. Tho noinuathemnli- 
gqI atuclonfc should gain in understanding of tho Uista very considerably Ijy 
repeating his sampling cxporiincnta. Sinco its first publication in 1037* Lliis 
book 1ms been ono of tho fow to combino aucccsflfully a sound theoretical 
bneia with an exposition su/Iicicntly clecir and detailed for those without 
efcatiatical oxpenenco. Tho rewritten and greatly iniprovcd fourtlj edition 
containa 00 pages more than tho third und hna a slightly suiiillor but l)cttor 
typo; it is a vnlualdo text for tho oxpctiiueiitiiUHt in any branch of biology, 
wlietlior ho bo a novico or cxporioiicecl in HUtislicSi und no cHlicimii of de- 
tail should bo couflidorod ns cl]sparap;ing to tlio whole, 

In chapter 1, tho Goncopba of popiilntion und Haiiiplo parnmclors, null hy- 
potboBOB, testa of signirioaricc, and nduciid linnU arc in trod need through 
Bampling oxporimonta on a table of random nninbora. ApidicaUnns of Iho 
binomial distribution arc diacuased and a useful table of (Iduclal UndtH Cor 
binomial sampling is given. Professor Sncdccor's insistcnco on tho iinpt)rtnnco 

♦ PrOQ/Bl undoubiodlv U 15 tood to DtooCs, but II it pwUtva UIUt nol la them. 
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of probleme of eatimation is a valuable corrective to the absurdity of regard- 
ing testa of aignificnnco as the sole function of statistical analysis. The 
presentation of the logic of the fiducial argument, however, seems open to 
criticism in aome places, since it may suggest to the reader that a probability 
of the population parameter lying between certain limits is being deter- 
mined, In fact, the probability is that of obtaining a sample equally or more 
extreme from a population whose parameter is specified. Perhaps tho re- 
viewer attaches undue importance to the distinction between these two 
forms of statement, but he is convinced that tho student who learns to 
appreciate this point will be saved from many future illogical arguments. 

Continuous distributions are introduced in chapter 2 and the ideas of 
chapter 1 are extended to them. Properties of normal distributions are in- 
vestigated in chapter 3 with the aid of repeated sampling from a typical 
distribution, and the relationships of sample mean, sample variance, and the 
statistic i are discussed. In chapter 4, tests of difference between two samples 
are described. The approximate methods proposed for use when the two sam- 
ples have unequal variances are likely to be suffioiently good for most occa- 
sions in which this difficulty arises, but Fisher and Yates' tables, which mako 
the Fiaher-Bchrens test bo easy to apply despite its logical subtleties, might 
well have been mentioned. Tiie short chapter on computing methods con- 
tains many useful hints for the novice and rightly emphasizes the value of 
common sense appreciation of data in guarding against gross arithmetical 
errors, 

Linear regression is introduced with a very clear explanation of the mean- 
ing of the different components of the total euin of aquores, though the vague 
statement that the standard deviation from the regression line is average 
of the vertical distances from the line^' might well be amended. Correlation 
is discussed in the next chapter and its relationship to regression is omplia- 
eized. The author fails to make clear that tlie tests of significance of de- 
parture from zero for the linear regression cocflicienb and the correlation 
coefficient are identical, and suggests a distinction between the validity of 
the two; the test of the correlation coefficient is not biased by selection or 
restriction of values for one variable, providing that the population regres- 
sion is linear and tlm frequency distribution within arrays of the otlier vari- 
able is normal, 

Chapter 8 describes "large sample" calculations for normal distributions. 
In chapter 9, the author returns to the analysis of enumeration data and 
gives a good account of tho use of the x® test for contingency tables. In par- 
ticular, he describes the procedure for 2 X2 X2 tables, a method not usually 
found in textbooks, Chapters 10 and 11 expound the analysis of variance. 
After a sampling experiment on the variance ratio distribution, the meaning 
of vnrianco analysis, in berms of additive components of variance, ia consid- 
ered. Some Gleniontnry classes of experimental design are described, though 
tlie account of these could with advantage be extended so as to indicate tho 
possibilities of incomplete block and lattice arrangements. Indeed, the re- 
viewer would like to see chapter 11 made still longer in order to give a more 
comprehensive account of analysis of variance in relation to experimental 



AMEIIICAN statistical ABHOOIATION 


204 

deaign. The Btatemonfc that "one misHing Uoin can he ftupplmcl willi the aid 
of a formula'* bKouIcI bo given more prexioe phrasing na it UuuU lo perpetuate 
the belief that Iobs of a fow plota or nniiimls JiinttcrH JiUlc, niiico the Htatia- 
tician can always fmd out wlmt the rcBiilU would have lieoni The excellent 
acoounk of modifieAtiona rogiiircd for cliHproportionalc HubcluBS nurriborH ]m 
been much oxteiuled from the previous edition Covnriniico [Uialynib is wall 
illuflfcratGd by typical examples in chapter 12. 

In hia account of multiple regression, Professor Sncdecor [i/iys more atten^ 
tion to coiTclalion cocnicicnU than is usual; the cnlcuhilioii of the inverso 
matrix directly from fluniH of fiqunroH and prodiiclH i« ROiicrfilly preferable to 
similar calculaLions from correlation cofsHicients. The suhHCqiinnt account 
(chap. 14) of curvilinear regreasion bogiiiH with ufleful suKKOstioiiH oj\ how to 
decide the bestforin of function, and continues with illuHtratioiiHof llie fitting 
of polynomial regressions. Since published tahlcfl of ortliogonnl pulynomlal 
values are auflicient for most practical needs, their ii«e might Imve been do- 
scribed rather than I'ifiiher's original more complex ))rocctlurc fur lilting on 
thogonal polyjiomialH to cciunlly spaced abBcrvations; tlie laltiT method is 
now only required for obsorva Lions of unequal weiglit, a coiiipli cation beyond 
blio scopo of this l)ook. 

The account of indivkliml degrees of frccdorn (chap, Ifi) Is n unefid intro- 
duction to the nnnlysie of factorial oxperimenta but searcely docH |uftlico to 
tho power of factorial design as nit infllrumont of rcHoarcIi; tliere is no men- 
tion of tho possibility of rcdv\oing llm orrora of the more in>porlant Ireatmont 
aonkrasba by confounding those of IcNaer interofit. U is surjirining to find a 
suggestion that l'*iBUor and hia associalOB have met with difhculty in main- 
taining tho thosis that for each degree of freedom m appro|)rjulo Hum of 
aquaroa can be segrogatedl tn chapter 10 fvuthcr aapeclw of binomial and 
PoisBon frequency diatributiouB nro oonsidored, and IranBfoniiutionH of data 
to a form more suitablo for analysia of variunco are diaeuw^cJ. 

The final chapter summarizoB the main priudplcH of tlie planning and 
analysis of sample survoya and is an excellent introduction to a iiiont im- 
portant branch of applied Htatistica which is being increasingly need to day in 
many fields of invcbtigation, This chapter will be di fit cull reading for thoso 
making their first acqiicintanco with BtalisUcal mclhodo, and po.sHibly in 
subsequent editiona Professor Snedccor might consider ita amplification. 

Tho book contains all the usual tables now customary in trjxLbooke of 
statistics for biologists, togolhcr with ficvcral less commonly found, of which 
tho table of confideiico intervals for tho binoiiiial dislribuliun and the short 
table of range in iiorjiial eamploa arc likely to bo the nioHt UHcful. 

The revioworhuB noticed tlio following niiaprinta, iiioHtof which are li iviul: 
p. 120, 1. 0 from bottom; /or 2^J2% read 2421%; p. 221, 1. 10 from boUoiu: 
fot 173 road 172; p. 231, I, 7 above table: Jor 00.1 read 00.4, for 3.r>5 read 
3 . 60 , L 6 above tablo:/or 00,1 read 00.4; p. 246, 1. 2 from buitoin : /or fi juiintH, 
(a, !i), (a, c), and (6, c) read 6 pomi», (ci, b), (b, a), (a, c), (r, n), (b, c), ami 
{cj b); pi 268, 1, 20: for Allon read Allan; p, 2G0, note to Table 11,22: for 
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67,434 read 67.434; p. 296, 1. 8: /or 9.8 read 9.9; p. 312, 1. 8: /or (r-l)(6~l) 
read (4 — 1)(6 —1); p, 316, 1, 14 from botfcom:/or 8.7 read 8.8; p. 316, 1, 16:/or 
Allen read Allan; p, 336, last line of Example 12.10: /or 16.13 read 15.12; 
p. 337, 1. 8: /or 11.10 read 11.11; p. 363, 1. 11: for 0.7412 read 0.7411, 

1. 10 from bottom: /or 0.7412 read 0.7411; p. 408, 1, 2: /or 12 read 12.13, 1. 4: 
/or 12 read 12.10; p. 413: Last two paragraphs refer to an analyeia of variance 
in Tabic 16.2, but no analysis of variance was given there; p. 427, 1. 2 above 
table: for q read h (imcc); p, 477, Index: /or Allen read Allan; p. 489, Index 
under Variance homogeneity of’^/or 349 read 249. 

Review by W. J- Youden 

Physical ChemUl^ Boyce ThorrvpBon Institute for Plant Research, Inc, 
Yonkera, New York 

P noFESson snedecoh^s text on statistical methods is written for people 
without mathematical background with the purpose of teaching them 
how to apply statistical methods to the data of biology and agriculture. 
Mathematical statisticians, who are responsible in the first place for estab- 
lishing the distributions of various statistics, sometimes feel that it is a 
dangerous business to turn people loose, equipped with n collection of for- 
mulas and with only a very imperfect understanding of the theoretical 
foundations of the subject matter of statistics. Certainly, scientific literature 
turns up an annual crop of inept applications of statistical techniques with 
a high yield of erroneous and even absurd conclusions, The reviewer is con- 
vinced that many of these mistakes might be avoided if the exporimentor 
did not so often part company with intimate knowledge of his material when 
he applies a statistical formula. It seems obvious enough that whon the re- 
sults of a statistical analysis are in conflict with an interpretation based upon 
long experience and familiarity with similar data it is time to show caution 
and examine carefully the appropriateness of the statistical method used. 

This particular hazard is not peculiar to statistics. Similar dangers exist 
in the use of chemical techniques. It is impossible for nonchemists to avoid 
chemical procedures; and since they are not chemists, they sometimes make 
chemical blunders. It may be hoped that Professor Snedecor^a liint to seek 
expert advice when in doubt will be followed whether it be in the field of 
statistics, chemistry, or something else. 

The first chapter, '^Sampling of Attributes,” introduces some fundamental 
notions by extended exercises in sampling from a table of random numbers. 
These samples of a binomial distribution arc used to establish experimentally 
the frequency distribution for chi-square, and this ia in turn compared with 
the exact distribution as a moans of establishing confidence in the diatribu- 
tions derived mathematically. The discussion of the term "unbiased” might 
have made clear that it ia used not only with respect to a sample but also to 
a statist ! 0 which ia used to estimate n parameter of the population. There ia a 
misprint in the formula at the foot of page 26 where (1— r) is printed for 
(1-hr). One other misprint was noted on page 183, example 8.27, which gives 
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the equation for the normal curvc» The exponent in minplnccd bo that it 
appears to bo a part of the upper limit attached to the integral aign, 

Great care ia taken in tlio early clinj»tcr3 to keep before Iho reader juet 
what he ie attempting to do. It ifl continually cnipliaHisied thnt an experi- 
menter has some object in mind when he collceta data and that the purpose 
of tho BtafciBtician is to set up a clonr-cut eorresiKmdiiiKliyjmlhrwa with an 
appropriate statistical teat. Throughout the book, the illuhlrativo exaiuplcs 
aa well as tho cxcrclace are chosen from roBcarch data with ciUtinnw to origi- 
nal BOUTCO 0 , Thifl tenture greatly euliancoa the uae of the book by rcKearch 
workers who must dig out tho methoda without henofit of duj^Hrooiu inelruc^ 
tion. 

After diflcuBsing coinpnriBOiifl between two groujia, linear regro^Mon, ond 
correlation, there is n lengthy ar^d excellent prc«ci\taUon of llie nnalyBis of 
vArianco and covariance. Tlio remainder of the text covers nuilLiplo and 
curvilinear regreBsion, individual degrees of freedom, n brief treatment of 
the binomial and Poiesoii difttributiona and coneluclca witli an inlcroeting 
chapter on tho design and analyeie of Bampling which Kaa hnoii added oinco 
the first edition, In all, about 160 pages Imvo been added Bineo the first 
edition. Certain cliAptcra and parts of chaptcra nro indiented m forming a 
short in troduofcory course in the clomcntH of sUiiaUcfl, Tho n«ccto»ary malhc- 
malical tables nro scattered tlwoughoul tho book hut may he rcntlily found 
by consulting on index of tables nt the back of iho book. It is rNpecially en- 
couraging to find how nuieh attonlion is given to tho vidssiiiiclca of actual 
data, {iucli difiicultics as unequal nunibcrs of iiemn in the groups eonijmrcd, 
missing values from othorwiso well-plnnucd experimental data, unequal vatl- 
anccs in tho groups of data under GOinpuriHoUi and iransronnaliom of data 
to bring tboin into a normal dietribution ariBO cnntiniially in nctiinl data and 
arc often ignored in clomcntary texts. 

In condusioiij tho question as to whether It in wine for experimental sti- 
entista to make clomontary fitalLslical applicatioiiB williout [lo.m^f^sing a back* 
ground in matliomaticnl statistics must bo pa?«^o(| u])ori by tlio sciontists 
thcmBfllvcB. It IB evident that evor larger iiuiiihcrs of soien Lists do find somo 
familiarity with statistica of increasing value. Pxofmor Snedccor'a book has 
already earned tho gratitude of many research workers and the new edition, 
with its inclusion of recent dovclopnicnta in slatiBticfl, shuulil get a cordial 
reception. 


Lectures on Statistical Methods of Inapoctlng and ConlrolUng Quality: Dcllvorod 
During a Course of Instruction Arranged by tho Dcparlmoni of Muaitlona for 
Members of Hie Technical Staff: Hold at the Unlverfllty of Mo1bourno» August 
1944. Commonwealth of Amlmlia, Ministry ol MnnilinnHi lb>aiily (hmlrol 
LooturoB, Molhourno, lOld. Kdited hy W. N, W, irol/fl/rfl (Hoad of Quality Control 
Dopartmont, Diroctorato of rCxplnsIvoB Supply). bofiturrH by A/, //. ihU (Asho- 
ciato Profoasat ol MatliamaUcB, TJulversily of Molhouruol, J, Chnrrhtr (fCngv* 
noer, Ammunition Taotory, Footsoray), IC. A. Cornfsh (Officer in Clmrga, Hoc- 
bon dI Malhomalical StatiaUca, Couaoil for Sciontiffo and Iiuluslrinl Ilcdflutch), 
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H. S, Dean (AeaiBtant Manager, Ammunition 3? act ory, Pinabury), C, S. Knee-- 
hone (Quality Control Officer, Exploaives Factory, Salisbury), R.G. Moore (Works 
Manager, Ammunition Factory, Footacray), A, L, Stewart (Standards Aasociar 
tion of Australia), R. S. Thompson (Engineer, Ammunition Factory, Footscray), 
Major Tiilensof (Army Inspection Service) and W. N, W. Wallace. East MeU 
bourne S.2, Australia; Council for Scientific and Industrial Hcsearch (314 Albert 
St.), 1044. Pp, 236. Paper, mimeographed, 

, Review by Edwin G. Oldb 

/ A&Bociate Professor of Mathemaiica 

/ Oarnegie Iiistitnle of Technology 

T^AHLY in 1943, Mr. A. L. Stewart of the Standards Association of Aus- 
, 4 !/ fcrfllia; and Mr, R. G- Moore^ Works Manager of the ammunition 
/factory at Footscray, were sent to America by the Australian Department 
of Munitions to study the application of Statistical Quality Control, While 
in this country, they conferred with leaders in the field and visited a number 
of companies where quality control was in operation. Mr. Stewart attended 
several of the intensive eight-day courses sponsored by the Office of Produc- 
tion Research and Development of the War Production Board, and Mr. 
Moore visited at least one such course. 

Impressed by our success in using statistical methods to improve the 
quality and increase the production of war material, they returned home 
convinced that education in the techniques should be made available to 
Australian manufacturera. Accordingly, an intensive course of instruction 
was Bcheduled at the University of Melbourne, August 9-16, 1944, by the 
Department of Munitions, for those members of its technical staff re- 
Bpon Bible for the quality of production. A total of eight-seven men attended 
the sessions held on the opening day and forty-seven of these remained for 
the entire course. 

The book under review is a mimeographed report of the intensive course 
of lectures. It is assumed that a stenographic record of the proccedinge was 
made and the result carefully edited. The copy read by this reviewer was 
struck off from badly-worn Btencils, and is illegible in spots, but in so far as 
it can be read, the book has a surprisingly small number of minor errors. 
Most of these have been noted on a correction sheet at the end of the book. 

The reviewer found the book tremendously interesting, and believes Ms 
interest will be shared by a great many of the nearly two thousand men who 
attended O.P.R.D. Quality Control courses in the United States during the 
war period. Moore and Stewart left the United States while our course was 
in an early stage, yet the further developments in the two countries fol- 
lowed surprisingly parallel lines. Students of quality control who have been 
wishing for a complete record of the O.P.R.D, courfieUwill;:find this book an 
excellent substitute and, in many instances, will have oonsiderable difficulty 
in convincing thomsclves that the lectures they are reading are not the ones 
to which they tlieinflelvee listened. Other persons will find the book a valuable 
introduction to the field. 
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Tho coiirac at Melbourne wns coiuiutteil by five in^truelon^, (including 
Moom and Stewart) and seven fiprcinl lecturer/i. After an openiiiK day, 
ranged to give cxccuLivcfl nn overview of wlaliKtienl qurdity coiilro] and ita 
value aa a production tool» tho cIqf.s whs langlit Iitnv to eun>^lruct control 
charts for incoeured clmructerifiticB, fraction defective, and dofreta pot unit. 
Lectures ou the norinid curve, liiiioniml di^^tributuin and roiH^^rm diKtribu- 
tien, Buppllcd the theory iiccesFary for control cbatlF, and iinved the way 
for lalor work, on acceptance fsftmpbng. UciioHm by the hi^cial Icclurcra 
Borved to givo tlie HludonUs viewa of qvmUty control nt work. 

A considerable aiiionut of atlenUon wuh given to the vm Scjily^H ruotli- 
fied control limita, and his method for conlroUing a group of maclnucR was 
prcBcnted. The diBtinction between Htimdard and ninfbiied was care- 

fully made and factors dictating the choice of llic latter were luitriL 
I'ollowing ft diflciiBsion of tlic goiiernl problem of arce|ilruico sampling by 
fittributcfl, the etudenta were given ft Uiorowgli explanation nf Lbc Podge- 
Hoiuig Tables. In tho main, this pari of Ihc inslrurlinn followed closely tho 
material in blic three papers originally iiublifllied in the JkU »Hy8ltm iTcc/jnicflJ 
Journal^* and later issued in bnok by Juliii AViloy find Accopt- 

ftncG sampling by variftbles nlno received ntleiilion. 

In comparison with tho O.IMIJ). courses, the MidbourhR course Hcoinfl 
to ImvG devoted considerably lewi Liiuo to dcn1on^lraticm lectures, and to 
Jaboratory work by tho aludontH. On the other Imud, Hoiuewlitit inrirc Ihcory 
was included, and such Bubjcctf? aa Tishcr'a Meat, llic Ohliiiinle cif BigJim from 
Biiccessivo tlilTeroncca, testing tho reliability of chruiiriil nnalysnfli and 
rational sontcncing of arnnmnitiou by uro of fi-dcfcct aaiufilca wTre iucludetU 
Otliorwiec, tho courses wore very similar, relying on much tho Kamc. refcrouce 
material and uaiug about tho same order of presentation of topics. V\w\\ the 
reports on appUcdtlona by epccinl lecturers mm\ very buuiUur . For example, 
trouble with 100 per cent iuRpccUou at one plant wan traced to tlic vIcwctb 
( inBjicctorB) who '"were doing the job to the best of Ihcir ability’^ but ^YlK>&c 
average ago waa "of tho order of 76 ycatH.** 

Tho copy of tho book used for thia review bcara the Mtninp nf Uic Auh- 
tralian Legation, Sclenlifm Ileacarch Liftiuon Office, 1010 K Hlrcct, N.AV., 
Washington 0, D,C. Information is not available here regarding tlic suiiply 
availablo for distribution, or tho possibility llmt a printed edition may be 
in preparation. If obtainable, the book will bo friNcinaling to "filuiuni^ of the 
0,P.II,D. courses, nnd sliould bo Btiiriulatiiig reading for nnyono wlm ivishcfl 
to deepen his imdcratanding of the inothodn nnd applications of «tati.sticnl 
quality control. 

* jr. F, DodR4 ftud It, O, nomlfl, NUtliQil Uvku^cilon," JJHI I'lrhrtfcnl 

/our«ol8:013-31 Oclober 1020, 11. F. Ooiluonml U. Q. lloinijr. ^SfiiitleHanii»nnK mul 
Infipooilon Tnbloo," Dtil SytUm Tcchnia%i JoUrnol 20: I-OI Jnriutiry I Oil, P. H. KfK<lliiE( wnd h. K. 
Ctm, ’•UrioR BduWo Sampling In ^ Mnnulfielurliiif Fluiil,’ neft r^cAriiVfll Jf^urnnl 21? a/' 

Jtiiw 1-012. 

t 3T, F. DodgQ t\nd H. Q. nomlR, Sami^inQ Inspectioti Kow Vcirk: Joint WUoy A SoiKi 

Ino., 1011, Pp, Yi, 100, Sepimb^r 
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Statistical Methods in Quality Conlrcl: 
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Pinclical StaiislIcB for Practical Phy^ 
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•40,* (477 
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William DovoU Bacon (Profosaor o( MaiUen 
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melrica J3 2(1) : 1 F *40,* [478 

Some CommentB on Carnap's Logic o1 
Induction. Ouatav Borgmonn (Asslatant 
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Iowq). Phtfos 8ci 13(1) ;71-8 Ja MO .♦ Sea 
ai7» (47fl 

Approximation of Chi-Square by *'Prob-' 
Us” and by ‘'Loglla*'^ Joaoph Borknon 
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/ Ain Slat Aaan 41(233): 70-4 Mr MO,* (480 
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ONE STATISTICAL WORLD 

Earl Lathaai 
University of Minnesota'^ 

T he construction of a world political system has held the center 
of popular attention at the expense of other international develop- 
ments of importance but the work of building international organiza- 
tions also goes forward in many different subject matter and technical 
fields, less conspicuously and therefore less well known. While the 
dramatic issues of international politics command the stage, interna- 
tional institutions have been formed or are forming to deal with prob- 
lems of health, agriculture, trade, finance, refugees, employment, 
education, and culture. These agencies of international administration 
share a common need for reliable data, scientifically collected and as- 
sembled, and disseminated as widely as demand requires. 

Sound statistics are basic to the formulation and administration of 
international policies, and the organization of comprehensive statisti- 
cal services goes apace with the development of the international 
agencies they will serve. A world system is emerging from numerous 
independent and incomplete fragments of statistical activity: the 
United Nations Statistical Commission; the Statistical Division of the 
Department of Economic Affairs of the UN; the specialized inter- 
national agencies like the Rood and Agriculture Organization; regional 
statistical organizations like the Inter American Statistical Institute; 
and private international etatistical organizations like the International 
Statistical Institute. In addition to these world developments, parallel 
action is taking place within national statistical systems to order affairs 
in such a way that the responsibilities of membership in a world sta- 
tistical system can be discharged most effectively. In the United 
States this parallel action is centered on a new organization called the 
Federal Committee on International Statistics. These efforts to create 

* Formorly wILli tbe Division oi Slatiatioal Standards, Bureau of tbo Budgot. 
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a world of statiatica boar promise of ercnlinii? now fornm rtf profossionnl > 
cooperation whicli will reflect, iiiHlilutionully, Hus Inip univcrfiality o( * 
atatistical acicncc. ; 

Tlie hub of this now atatistical uni\'em(! ia ihr* UiiiU-d Naliona, i 
with rcforeuce to which the varirtUH 80Kim?iilc(l rtiul «|»,'(‘inllzr(l pntt« ! 
ahoulcl asarnno the ordered arrmiRoincut of whor'l ti* axle. 'I'o use Lhig 
figure of spccciv in auotlicr way, tli« skill with whieli axle and wheel 
arc joined may detoriniue lioth the rale ami suuuflImesH of pasHugc ot 
UN nlTnira, if ivol indeed their rlireetkm ainl r'teirw>. Wlu'ther llicse 
affairs follow the track of Phaetim or Apollo will di')>i'iid in great 
part upon the success with which inlenuUioiiul si jilialieal service plots 
the course of policy that neither freezes nor hums. 

UNITEU NATIONS BTATIBTIOAIi COMMISSION 

Of the fivo elements of intcrnalioiinl .slatislicfil organization men- 
tioned, those of presiding iinportanee are in llio United NalioiiH, The 
United Nations Statistical Omnmiw<ion (amies first in point of time; 
and certainly not aubordinatc in measure of iiifliienee. 

At tlie time of Iho San Franeiwo fhniferenec, when the United 
Nations Charter was draflcil, some effort wns imule to draw attention 
to the desirability of establishing inU'nmlicimd atalmlienl Hf'rviiios in 
the United Nations. A conference of the itrineipul Hfntislieal r»fIiciaU 
in the United States Government was called by the Itureau of the 
Budget to preparo and agree upon a statement of nt*nl for iiitevnalionfll 
organization in March 1045, with U'presM'ntativoK in alliuidancc nlao 
from certain accessible international urganiv.alioim, iiudnding the 
Economic, Financial, and Transit Depnrlment i>f the Ta-agiu^ of Na- 
tions, the Intcmalionnl Tmbor Olllcc, the UN Interim (himiiiiKHion on 
Food and Agriculture and tho Iiilor Ainerienn Rtatialicnl InsliluLe. This 
conference proposed to the Hecrolary of Slate that (lUCMliuns rchiling 
to international statistical organization he cmmidcrcd at Sun Fran- 
cisco blit this was not done, and the United Nationn C-liurler is not 
explicit on the subject. 

The Preparatory Commission of (he. United Naljons then met in 
London in tho autumn of 10‘15 and the confereneo of inleniational 
statisticians made furtlier proposals to the Departnieiit of Slate which 
wore transmitted with its approval to the Unitiui SIuIc.m ncicgalo to 
tho Preparatory Cominission, The United SlatcH Ifelegalion did aomc 
excellent stall work in the preparation of a imper lithnl, “< IhHcrvatioiiH 
on Organization of Statistical Work of tlie Secrnlavial.'' 

It had previously been recommended that a Statialieal ChtinmiKsion 
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be established in the United Nations Economic and Social Council. 
The United States delegation in its "Observations'^ proposed further 
that the statistical services of the United Nations be grouped within 
the UN Secretariat in an Office of Economic and Social Affairs, directly 
under an Assistant Secretary-General having charge of that office. 
As the Secretariat of the United Nations was finally developed, it 
was decided to create a Department of Economic Affairs and a Depart- 
ment of Social Affairs in the Secretariat instead of one combined de- 
partment as had been recommended to the Preparatory Commission. 

Heeding the recommendation of the Preparatory Commission, the 
Economic and Social Council in February 1946 established the Sta- 
tistical Commission. By resolution adopted in June 1946 the Gom- 
miesion was charged with responsibilities for promoting the develop- 
ment of national statistics and improving their comparability; co- 
ordinating the statistical work of the specialized international agencies; 
developing the central statistical services of the Secretariat of the 
United Nations; promoting the improvement of statistics and sta- 
tistical methods; and advising the organs of the United Nations on 
general questions relating to the collection, interpretation, and dis- 
semination of statistical information. There is a close similarity between 
these functions and those vested in the Division of Statistical Standards 
of the Bureau of the Budget, a similarity which is not accidental since 
the example of the latter was freely used in the original draft state- 
ments of responsibility'. 

After establishing the Statistical Commission, the Economic and 
Social Council appointed a "nucleus commission'' of nine members serv- 
ing, not as nationals but as experts from the following countries: 
France, United Kingdom, India, United States, Norway, Brazil, 
China, the Ukrainian SSR and the USSR. The appointee from Brazil 
was not able to serve for reasons of ill health and the appointment re- 
served for the Ultraine was not acted upon. The nucleus commission 
met in New York in April and May of this year and elected as chair- 
man its United States member, Dr. Stuart A. Rice, Assistant Director 
in charge of Statistical Standards, Bureau of the Budget. The Com- 
mission considered and reported to the Economic and Social Council 
on its definitive composition and terms of reference. All of its recom- 
mendations were adopted by the Council except that which proposed 
that Commission members serve in their private capacities; the Council 
resolved that members should be representatives of their respective 
governments, 

In its permanent organization the Commission will contain not 
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more fclifln twelve jnetnlierfi, coiifirnicfl by tlie Ecoimmic lUid Social 
Council after nomination by momlier couiilries of Die TIN, and it will 
.meet three limes a year. It was tlio eoiwmHua of the CoJumitision that 
regional Btolistlcul organizations nlioiild be eneonragwl and tliot llio 
International Statiaticnl Instilute shonlit bp brought into Home nigular 
effeotive relation to the United Nations. ('<»nRiilembtc alteiilion woa 
given to the atalistlcal activities of the BpeeiuliKcd iiibTnntional ngen- 
oies and draft language was prepared for iiiclusifin in Un> ternm of 
agreement nogotiatexl between the npeeialized ng4'nei<’a atul tim United 
Nations, covering the eoonlinnlion of tlipir aUiUslical priignima. Tlio 
Commission voted to create a Suh-ConiiniaKion on Sampling and tlio 
Council Qtlopted its tecoinntondnlion, authorizing Ibe CommiKsion 
itself to create tbo Sub-Coininisaion, a departure from the ordinnty 
prooeduro according to wliicli tlio Council makes 11m> apiiriintriicnls. 

Tho Statistical Gomioission sot tiic [Uicn for otlnw eommissioiirt of tho 
United Nations in tho speed and efllciciwy with wbip-h it set about tlio 
tnslra of organising itself, and marked out llio lines for Ibc dovelopmcnt 
of tho United Nations stalislicnt services. It has Ihn great advantage 
of being located near tlic top of the UN bierareby and jKwisr’Hsed of a 
separata organizational life and identity. 

DNITBD NTATIONfl SECUBTAnrAT 

Since tho Statistical Commission is an advisory body and sinco it 
will not bo in continuous session, it is clear tliat the day to day tasks 
of intemationol elntistical administration will have, to be performed by 
tho “statistical scorctariat” of live UN, a shovt-haud way of referi'ing 
to the Statistical Division of tho Department of lOeonomio Affairs of 
tlio United Nations. 

When tho decision was made to create a Department of Iteonomie 
Affairs and a Department of Social Affaira instead of a single Ofllcc of 
Economic and Social Affairs in tho UN Secretariat, it then iH;cnme ne- 
cessary to decide in which of tho two tho central statistical ofFico sliould 
be located. As between the two rtepartmonte, the ease for bHlgenicnt in 
Economic Affairs was the inoro persuasive sinco it is c.vpcclc(l (hat the 
chief statistical problems will bo economic. Although iiuwp perHuasivc, 
tho cose was novortholcBS weak; the better arrangement would have 
been to ostablisb a singlo Department of Economic and Social Affairs, 
since the distinction hotween tho lvvosul)ice,tinulter/io]ilB is frequently 
an abstract and artificial one, and since tho work of both Departmciila 
will be related to ono organ, tho Economic and Social Onuneil. 

Tho United Slates Delegation to tho United Nations Preparatory 
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Commission in London proposed that the statistical secretariat be 
e^iven substantial functions of control and coordination over statistical 
activities of the United Nations and its affiliates. It proposed that the 
secretariat be given responsibility for providing statistical information 
to the Secretary-General and the Assistant Secretary- General; validat- 
ing statistical findings used in UN proceedings; performing functions 
of coordination of statistical activities within the UN and among the 
specialized international agencies; collecting statistics from member 
governments and other international organizations; maintaining cer- 
tain statistical publications; collecting statistieSj where feasible, for 
affiliated statistical organizations; recommending uniform standards 
for national and international statistics; consulting with and advising 
member governments and international organizations about statistical 
problems; and providing a general clearing house service for interna- 
tional statistical data. These recommendations were accepted by the 
Preparatory Commission as a valuable statement of the functions to 
be performed by the statistical secretariat. 

At the moment of writing, the statistical secretariat has not been 
organized, but the general lines of its development and relationship 
to the Statistical Commission can be discerned. The Statistical Com- 
mission is responsible for recommending the general statistical policies 
of the United Nations; in doing so it will be assisted by the statistical 
secretariat. In addition, the continuous tasks of coordination of the 
statistical activities of the United Nations, its organs, and its affiliated 
specialized agencies will be performed by the secretariat, In a real 
sense therefore it will act as the central UN control in the development 
of systematic international statistical organization. For example, sta- 
tistical data required by two or more international organizations may 
be collected by the central statistical secretariat, or may be collected 
by one of them designated by the secretariat on the recommendation 
of the Statistical Commission. It will probably have primary responsi- 
bility for collecting general purpose data of various kinds, like popula- 
tion and national income statistics, although it is doubtful whether it 
will actually gather much original data directly from respondents. It 
is more likely that its collecting function in the main will be one of 
assembling or collating data already in existence. There would, for 
example, be little point in having the statistical secretariat attempt 
to take the decennial census of the United States, even if it were 
constitutional or otherwise feasible for it to do so. Where general 
purpose statistical information is wanted from statistically developed 
countries, however, it is entirely possible that the central UN statistical 
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Bcorctaviat may mulcrlftkc, willi tlie coopornlion nf Uk? coimtry iu^ 
volved, to collect originol dntn. 

aPKC‘IALl25KM AOENTIKB 

The apecializcd intematioiml agonc’icH urc lliose limb arcs or will 
be ftfflliated to the United Nations but not &« an orgnnie part of its 
stmcturc. Those organizations inolndo: The Intonialicmul Hank for 
Economic Reconstruction iimt Dcvcdopiiicut; lUo. Intcrunliontil MonC’ 
taiy Fund; the Food and Agriculture Orgaiiiwilion; rroviHi(tnnl Uivil 
Aviation Organization; United Nations Ivlueational, Sohfulilie, and 
Cultural Organization; and llio Interiialioiiiil I>nbor Organizulion. In 
addition, the World Health OrganiziiUou i« being organiKcd and plans 
arc being mode for an Intonialionnl Trade Organization nnd an Inter- 
tional Refugee Organiaaliou, Each of these siieeinlizi.'d ageueies exiala 
independent of llio formal organization of the Uniteil Xaliojis but nill 
be related to it according to the lernm of ngreenienls of nlTiliation to 
be made with tbc United Nations. In their entirety they prcsniit 
special problems of statinliciil coordiimlion for the CoinniiR^iion and for 
the Statistical Division of tl\e Department nf I'kiHiomic Affuir.'^, 

The problera is nob unlike that in the United Stales (lovernnient 
where mnncrouB Federal agencies collect data in areas id their npecinl 
oompctencc and only the functions of coordinallon nnd llii< develop- 
ment of statistical staudanls arc centralized. Tliere i« this ilifTerence, 
however; The central eccrctai'iat of the United Nations in e.\pi'el(>d to 
perform some functions of collection, as indicaUHl, OlluTwisti (he. spe- 
cinlized agencies will pumuc their own statisUeul progratiin, whieli will 
be harmonized with those of other such ngeucien nud with the. UN 
statistical secretariat, on the ndviee of llio KtalistienI (hniiMiissioii. 
These relations will lio deflned in Lho terms of ugreenient of uflilialioiu 
Tiio Statistical Commission is deeply eoneerued willi the, lenns of 
the.so agreements of afflliation, since the opportunity is thus afforded 
to sot out tho basic lines along which the statislienl mdivilie.H of the 
specialized agencies may be coordinntert. 

Tho techniques of coordination are familiar, and presnmulily will 
be applied to this international statistical eoiilc^t. Tim basic, pattern 
of 1'cln.tionship.s is dcooiitvalization. As already indicated, where two 
or more specialized agencies want the saino kind of data, one of lliom 
may bo designated as the focal agency with primary rcHpoimihilily 
for its colloclioji. Similarly other foerd points may be designalt-d for llio 
receipt and dialrihutioiiof data. Arrangements for the. cleitrimce. of in- 
formation about statistical activities can lie ojrcralcd lliroiigh the 
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secretariat and the Statistical Commission. For example, the spe- 
cialized agencies will be informed when there is any matter before the 
Commission in which they might be interested, so that they may at- 
tend and be heard. Their appearance at such deliberations is not a 
matter of right but of comity, since the Commission may want to 
discuss the statistical activities of the specialized agencies in executive 
session when some line of policy or decision is to be determined, More 
regular and routine arrangements for clearance can be managed 
through the secretariat, among such being the dissemination of re- 
ports and bulletins, circulation of announcements about events of 
interest and importance, meetings and conferences, and so on. A well 
devised reporting system that really communicates is an indispensable 
part of the clearance apparatus. 

The uniform language covering the statistical activities of the spe- 
cialized international agencies binds the UN and the agency to strive 
for maximum cooperation, the elimination of all undesirable duplica- 
tion between them, and the most eflGicient use of their technical per- 
sonnel in collection, analysis, publication, and dissemination of sta- 
tistical information by each of them respectively, The agency and the 
UN also agree to combine their efforts to secure the greatest possible 
usefulness and utilization of statistical information and to minimize 
the burdens placed upon national governments and other organizations 
from which such information may be collected.' 

The agency recognizes the United Nations as the central agency 
for the collection, analysis, publication, standardization and improve- 
ment of statistics serving the general purposes of international organi- 
zations. In turn, the United Nations recognizes the specialized inter- 
national agency as the appropriate agency for the collection, analysis, 
publication, standardization, and improvement of statistics within its 
special sphere, without prejudice to the right of the United Nations to 
concern itself with such statistics so far as they may be essential for 
its own purposes or for the improvement of statistics throughout the 
world. In consultation with the specialized agencies the UN assumes 
the responsibility to develop administrative instruments and proce- 
dures through which effective statistical cooperation may be secured 
between the United Nations and the agencies brought into relationship 
with it. The terms of agreement also contain an affirmation that the 
collection of statistical information should not be duplicated by the 


1 Bco ^or QKAmplo tho "Draft Agreomont Botwcon tho United NaLlona nnd llio Food and AeriQulLuro 
OratiniBdUon of tho United NntlonB," United Natione Economic and Social Council, Dooumont E/67j 
Juno 10, 1010, Article Xll, pp, 7-8, 
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United Nations or nny of tlic spccinliml ngoiic'icK n Jir-imvot it U ptac. 
ticablc for miy of tliein to utilize inforinalion or nuilnrinlH which an. 
other may have available. In order to Ijiiild up a eoiitral roIlccUoa of 
statistical information for gonorivl use, it is ngrewl llmt tlalii mipplicd 
to the ftgeney for incorporation in its Imsic alnlifilieal series or Bpegiaf 
reports sliould bo fnr as practicable l)e made avuilaide to the United 
Nationa. 

Some of the statiaticid needs of inlenuilioind adininiHiralion Imvo 
already been defined. For iiiHlance the I'iconniiito niirl ICinployment 
CommiBsion Ims recommended to the I'lconomic nod Hocinl Council 
that it will require firm data on nnlionni resourrns, liiitnan and mu. 
terial, such as plant capacity and labor force, if it is to do its work 
intelligently. Tlic PICAO is holding conferences to detorniine how the 
cost of conatmeting thirteen weather slationH in the. XortU Atlantic 
should be distributed among the bcucniing countries. In addition, it 
will need other etatisticftl information on IrtifUc, operations coats, and 
finance, if it is to do its work as an iiiU'rnntional sgoiiey efTccUvcly. It 
is certain that the World Health Organization will reciulre numetoua 
data on disease, nutrition, and medical Roiwicea. 'J'lic work of the Food 
and Agriculluro Organization will require data on fo(Ki supplioa, crop 
acreage, food prices, crop forccnsla, and ngrinulturnl melluvls. In mom 
homely but very practical vein, tlio UN will need stalinlical informa- 
tion to fix tho quotas of contribution that each nation will be expected 
to meet. If tho UN salarloa are paid in terms of net after Uixcm. syslom- 
ntio information on taxes throughout the world will have to ho ob- 
tained, for UN recruits its personnel iJirouglunit tlic world. All of these 
Btatistical conBidcrivtionB and concerns grow out of the, oin'ValiouH of 
international administration. 

Tho Statistical Commission and the Statistical XMvision have an 
interest in all of these matters, as tlio list of dolegaiod renponHibililics 
diaclosea. The Commission will he intereated in prouroling the. Rtatisli- 
cal development of such countries na China, for insUuic(<, in order to 
provide more relittblo data on population. It nmy want to make recom- 
mendations looking towards improving the coniparnbilily of national 
income cstimatcB for tax and quota purposes. The SlaliHlieal Division 
and tho Commission woxdd undoubtedly take steps to see Llmt the 
World Health Organization and tho FAO tisc. the s<mm data on nulri- 
tion, to tako a random example of possihlo dupliealion luvause of re- 
lated BUbject matter interoeta. Tlio Commission will be inlere.sled in 
supporting the central seerctaviat in tho devolopmout of special terli- 
niques for gathering and dissominnting general purpose stnlistics, Of 
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use in this and other respects will be the Sub^Commission on Sampling 
which the Commission has been empowered to establish. At all points, 
the Commission will be in position to promote improved statistics and 
statistical methods by study and recommendation, and it will be avail- 
able to the organs of the United Nations for consultation and advice on 
general questions of statistics. 

THE LEAGUE OE NATIONS AND THE UN 

These three elements — ^United Nations Secretariat, the Statistical 
Commission, and the specialized international agencies — are the three 
sides of the new international statistical center which is being formed. 
They represent a considerable advance over the statistical arrange- 
ments which prevailed under the League of Nations.^ In the main 
the Leaguers statistical work was based on the International Conven- 
tion Relating to Economic Statistics drafted by the International Con- 
ference Relating to Economic Statistics which met in Geneva in 1928, 
Occupying the place now filled by the Statistical Commission was the 
Committee of Statistical Experts which was set up under the Conven- 
tion to perform statistical services in major areas of economic interest, 
The Committee was assisted by the Secretariat of the League of Na- 
tions but tlie latter in no way dominated or even led the work of the 
Committee. It performed work on request of the League, its affiliates 
and on its own initiative, 

The Committee of Statistical Experts, however, did not meet for the 
first time until March 1931, some twelve years after the establishment 
of the League of Nations. There was no meeting in 1932 but thereafter 
there were annual meetings until 1939, when the outbreak of war 
brought them to an end. The meetings were of short duration, lasting 
not more than eight days. The statistical work of the Committee 
was carried on by sub-committees at the time of the annual sessions 
and, in the interim, through correspondence. Under these conditions, 
studies were completed on a minimum list of countries, to be distin- 
guished in foreign trade statistics; countries of provenance and 
destination in foreign trade; minimum list of commodities for in- 
ternational trade statistics; statistics of the gainfully occupied popu- 
lation; indices of industrial production; and on timber, housing, tourist 
and mining and metallurgical statistics. Some work was also done (the 

* An nacQiint of tlio HlnllRlIoal and rcacaroh nativILlca of tlio Lenguo of Naliona wnB prepared for 
llio United NnLlonB SloLiRlionl Commieaion by A. noHonborg, Hoad of Loaguo of NationR MjflBioii in Lho 
United Btatca. This nacounl drnwa altontion to thn aLudy litlcd "T]ic Economio and Finandal Orgnn- 
jEallon of tho Lenguo of Notione, a Survey of Twenty-fivo Yonrs Espcrlcnco,'’ wrilton by Martin Hill, 
to be published shortly by lho Carnegie Endowment for International Peace. 
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stiicliea Avore never completed) on indrxrH of prices; finnnn„| 
ba anco of paymeiUa; and indices of finnntn,,, «i,d prirrs in ^ nl*'*' 
national trade. Other statislieni aclivili,.s „f i|„. t 

tones and minority qucslions hut were never very exUmsive . 
pnnaon Avith the work dcflcrihcd, ^ ‘ 

Adminislralivo coordiimlinn of n|] Leninie 
operated through tlic Inter-Dcpnrinipiilul i r. 

the Secrctnriat, whielialso concerned ilself u’ilh li. ' ? of 

entalion of the relevant daU 

met at regular intervals undin- llm ehnirmnLliin of ^ n 
Economic Intelligoneo Service.* Thi -rH rv ^ 

Statistical Exports served as the secreUrv 0 1.^1, of 

Commifcteo. The Chief of the c r ^ 

Labor Office participated in the mJeti w"' 0 ^ the fV ’’ 

included within its purvlmv ouestio m ^ ^'I'ich 

Otiior devices of 000^12 0™ ^ 

tlie ILO and the Intonmlional Insii I ?! a^'^" o “f 

served ex oJlicio as nasoeialcd mornhers of ^''n' 

^ciprocally, the Economic Intelligence SenoVr?*"'^ 

oficio on the statistical exnort enm^miii' ’ Tn r"’** e* 

paired in the organization of tlin TT, -f Vv™"''*’'"'’'"'*. 

Pirst, the Statiatioal Commission wil/noir|r,”*'*’"”/*r^’”''"‘“' *"‘‘‘'''‘=^8. 
collecting, assembling, publiahinir op di ^ ot 

the responsibility of the Commiffp,* wmitmling HlntiKticH that Avns 

mission free to Jovltolts^ert:^^^ J-'- •"« ^ W 

and organization of statistical acS f «l^""t«rd«, policy 

mission Avill meet three times as often a???' ' r« “* Corn- 

continuity of expert and dii>;. i ^ nKsuriiiK 

'ThirdXl"! oSSirSi:? 

national agencies, stnlistics-Avise fix- in fnn t ^ 
basic pattern of a comprehensive stnii?i/ ? H’R 

ganization of the United Nations’ mni i (he or- 

with the beginning of the United Nai??** ^^‘-'’‘'l<*l>ni«‘nt begins 

loiter. Pifth, the central etaU i^ 

IS comprehensive in conception and •*"' ^'>'>L'd Nations 
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the extent that the United Nations is politically stronger than the 
League (if it is), the statistical services of the United Nations are likely 
to be invigorated and fortified by the prestige and power of the parent 
authority. 


REGIONAL aTATISTICAL ORGANIZAllONfl 

One of the notable developments in statistical administration in the 
last six years is regional statistical organization, the furthest advanced 
and the most mature being the Inter American Statistical Institute, 
organized in 1940 as a result of conversations held at the Washington 
Session of the Eighth Scientific American Congress in that year. The 
Statistical Commission has recommended as a policy that regional 
statistical organizations be encouraged, largely as a result of the ex- 
ample which the Inter American Statistical Institute (called IASI) 
supplies. A brief account of the IASI may help to make clear what it 
is that the Statistical Commission sponsors by its approval. 

The Twenty-fifth Session of the International Statistical Institute 
was originally scheduled for Washington in 1939. Upon the outbreak 
of war in Europe, the session was first postponed a year and then 
indefinitely deferred. At the suggestion of American members of the 
International Statistical Institute, a statistical section was added to 
the program of the Eighth American Scientific Congress. Members of 
the International Statistical Institute from four American nations met 
during the Congress to organize the IASI, with the principal objective 
of encouraging the development of statistical science and administra- 
tion throughout the Western Hemisphere. In particular, its program 
was aimed at improving the methods used in the collection, tabula- 
tion, analysis, and publication of both official and unofficial statistics, 
and at obtaining a greater degree of international comparability in 
these statistics. 

In the ensuing six years, the IASI has gained the official membership 
of almost all of the American govemments, on whom it depends for 
support, and has come to play a very influential part in Western 
Hemisphere statistical affairs.^ Consideration is being given to a pro- 

* An illuflLraUon of lliifl influonce is tlio oxtont to wbloh IASI mombera liavQ been onllcd upon to 
BCrvo in vftrious enpn cities in tho United NnlionB. Of tho sovonty-cight ''constituent'* or professional 
members, tlirco were dcaiRnnlcd na IhclrgovcrnTncnta' rcprcacntntivcs in tlio firat acssion of the cjgbtcon- 
mijmbcr Econoinia uml Bocinl Council of tho UN. Thcao included tho GounoiTe Second Vico President. 
Two otliors, the InsliluLo's President and First Vice President, >vcro appointed na membcrB of the nine 
member ‘'nucleus” BtntlBtical CommisBioii nnd one of Llicso wns cleolcclby Lho Commiasion ns its Clinir' 
mnn. Still another IASI member was recently designated by hla Rovernmont ns tho Ambasaador of hia 
country, Mexico, to the United Sin tea. UccommondationB of tlio Inatitutc'a Executive CommUlcBj 
mceUng in Illo do Janeiro in January 1010, havo already in numerous Instiuieca been given positive efieot 
by various American govornmonla. 
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posal to make the IASI the stntiBtical (inn of tlie Pan Amorican Union, 
to make it, in short, an “operating" agency through which the collective 
atatiatical infcerostg of the Anierican govemnienla enn im i in piemen ted. 
If these negotiationa fulfill the promiKo they hew, the IASI will hc- 
comc the official sfcfttisticol instniment of the Inter American Syntem, 
created by the Act of Chapulteimc and tacitly tccognizod in CJhnpter 
VIII (on "Regional Arrangements”) of the United Nations Oliarler.* 

Interest in regional statistical organization is immifcst in <ilhor 
porta of tho world also. For instance, statistical Iwiilers in India are 
exploring the possibility of creating a Bimilar organization for India 
and the adjoining QOimtrios. During the years of the war, Llm Middle 
East Statistical Bureau with hcadquartcra in Cairo did nuich to foster 
and develop improved statistical activity in tho Middle Hast. In 
Europe, the Emergency Economic Commission for Europe Hkctched 
the outlines of European statistical orgauizalion. There i.s similar iii’ 
tercat in regional statistical organizatioafi in East Africa aiul South 
Africa. Except for the Inter American Stalislicnl InstiUite the move- 
ment for regional organization ig exploratory and tentative, with ftfiiae 
reasoiiafor belief, however, that it will aprend and accelornlc. The chief 
problems are geographic and organizational, the latter hc'ing tiuf more 
diflficult. In these respects, the ndministraUve pruhlpin tlirtt coiifronla 
tho United Nations is (li/Tei'ont from that involved in the stnliHlical 
activities of tho specialized agencies, where the major probhuns of 
coordination are tlioso of subject matter compcteiinc mul juriwliulinn. 

Two principal questions are raised by regional atallHlicai niKiinizn- 
tions: Wlmt should be their chief functions in a world slntistieat organi- 
zation; and what should be their relation to the United Nationa on tho 
ono hand and to member countries on the otiicr? 

On tho first point, it may be said that much of tho intorcRt in tho 
furtlier devclopmont of regional statisticoi organization centers on the. 
benefit expected from the performance of varhuift sovvice functions, 
especially in the promotion of stalLsticnl ediicalion and tlie faoilitatiun 
of comniQU programs. Such service nclivitics would not con trail ict hut, 
indeed, would foster and develop the general Blalislic/d niiiiH of the 
United Nations. Regional orgnuizatiuus so orhmlcd in purpiijw and pro- 
gram would fit into world staLi-stical organization without di.«hannoiiy. 

This then evokes tho secoml jiriiuiipal ciucslion raiwd by regional 

‘ TItt) AtUoln 02, Sociltvn 1 of h ii;» In Oie 

tiraolucl«iA tUo ftrrftnflumtsnlfl or nittinrliN* for ‘ll^A^Jng iiiur}i tiinuru) lo 

llio of jtfijicn adi! m Afn nMnonriAln for rfsiniinl ArUinu 

UwL auQh or ana ilipir AcUvili^ ato cowlslenl m\\\i I\i(» PurmtWM Aiiil Pri/KiMw 

otUicUiiUcU NaUona.* 
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fltafciatical organizations. iSome voice has been given to the view that the 
regional organizations might constitute an intermediate level between 
the United Nations and its affiliated specialized agencies and the mem- 
ber GountricB through which the international organizations would 
deal with member countries. There are forceful objections to this 
kind of arrangement* Excessive layers of authority between member 
nations and the central organs of the United Nations will tend to 
defeat that aenao of participation in a world community which the 
United Nations Charter seeks to facilitate. It might happen that re^ 
gional statistical organizations endowed with formal **line” authority 
would tend to displace the member nations as the basic elements 
making up a new world order. The losses in such an arrangement would 
fall not only upon the member nations deprived of direct relation with, 
the central headquarters of the United Nations, but would prevent the 
latter from utilizing the full benefit of a strong central secretariat, the 
development of which would almost certainly be retarded if kept from 
direct contact with the principal producers of statistics — the member 
nations. The development and promotion of statistical education by 
the central statistical authorities would also tend to be handicapped if 
the latter had to function through intermediaries. Finally, the coverage 
of regional organizations is as yet confined to the Western Hemisphere* 
If regional statistical organizations were to be created universally to 
administer United Nations statistical programs, they would have to bo 
created for that purpose by the United Nations. The strength of the 
IASI lies in its spontaneons and uncontrived evolution, out of the felt 
needs of tho region it serves. Imposition of such an organization from 
above could create hazards of indifference or resistance which the 
United Nations cannot now afford, il indeed ever. The development of 
regional statistical organizations as service enterprises, however, rooted 
in the felt desires of the areas to be served, and devoted to statistical 
education in its many phases, promises interesting and significant de- 
velopments for statistical science and administration, 

PIIIVATB INTBENATIONAL OEGANIZATIONS 

Article 71 of the United Nations Charter empowers the Economic 
and Social Council to make auitablo arrangements for consultation with 
non-governmental organizations on matters within its competence* Tho 
Statistical Commission in its capacity as adviser to the Economic and 
Social Council declared itself to be keenly aware of the important 
contributions to the improvement of world statistics which have been 
made by the International Statistical Institute and other organizations 
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in this field and expressed ita desire tliat recognition be accorded to 
their work. It hoped particularly that appropriate moans could be dc- 
viaed to bring the International Stati.stical Institute into liarmoniouH 
and niiifcually advantageous relationship with the United Naliona. Ojic 
of the ways to do 00 would be to proceed under the authority of Article 
71 of the Charter, altlioiigli the Commission has deferred until a later 
time the formulation of recommendations as to spoeific midhofls by 
which such recognition might be c.vpresacd through llio United Ahiiifjns, 
and as to ways in which such orgnnimlions might be related to tiu; 
United Nations and their activities utilized in fostering interiuilionid 
cooperation in the improvement of statistics. The kniltinR of vnrioim 
private international statistical organizations into the world system is, 
therefore, a concern of the United Nations. 

The Statistical Commission directed attention to the Institute (noine- 
timea called ISI) because it is one of the oldest scicnlifK! orgiuiizalioiis 
and because of ita commanding reputation and iufluenee in inlernn- 
tional statistical allaiis. The ISI n-s-sombled for its lost worlil nonforeni'e 
in Prague in September 1938 l)ut was forced by Llie immiiumt Nazi in- 
vasion to a])andon ihs mecling in a hastily called inidnighL |i;irl(*3', 
without doing any Imsincsa. Its last regular seasion was lielil tli(!r<‘for(^ u 
decade ago in Athens; since then there has Imen no new election of 
officers nor other official business excej)t that conducted tliiough llm 
Permanent Office at the Hague. Even this was interrupted by Ihe war 
and the occupation of the Netherlands, which disnipled eotninunicn- 
tions with tfio outside world. Althoiigli the InKlitule. is privutcl}' organ- 
ized and administered, having come into existimeo ns the siicccs-Hur to 
the international statistical congresses initiated by Ihr. Ilelgiiiii (jue- 
tclet, it was and is supported in part by Hul)veiitioH8 from Urn principal 
governments of the world, including the, United fif.'iteH, Tim u.smii 
United States contribution was Inst ree<'i\’cd for llm fisenl year lO.'lf) - 
1040. During the war, the appropriation was omiUe<l from llm budget 
estimates of the Department of State, but it hun Ium'U restored in the 
estimates for fiscal year 1947. Plaim and ariangeini'nlH are being made 
for tJie Twenty-fifth Session of the. Institute to be held in Wasliiiigton 
September 13-25, 1047, Tborc is gonernl ngreemenl that Ibi.K neH'^ii))! 
will bo of the utmo.st iinporUince, nett only for Uu' IimliLub* but for llm, 
development of international statisticid nctivilies everywhere within llm 
new world ortler. 'i'ho Institute's own orgiuiizalitm must be lepuiied 
and revitalized after tlin Attrition of lea yearn, and its filling* entirHC 
must bo redrawn and redirected. 

In the coursG of lime the Pennanont Ollicc lias tended to ooncen- 
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trate its attention upon demographic problems and the suggestion has 
been made that the United Nations might use the Permanent OflBce of 
the Institute for whatever work in demography the United Nations 
may require. Consideration of this course, however, will have to take 
account of the plans being made to establish a Demographic Commis- 
sion within the strueture of the United Nations,® Even if these plans 
did not exist, it would probably be preferable if the collection and 
assembly of international statistical data were centralized in the 
formal institutions of the United Nations and its affiliated agencies. To 
separate and parcel out various subject matter fields of statistics would 
introduce an element of dispersion contrary to the synthesis which is 
forming around the United Nations. 

There are other and more feasible suggestions for the future role of 
the ISI in a world statistical order. Some members of the Statistical 
Commission have thought it might assume leadership in the develop- 
ment of world statistical systems. This is analogous to the activities 
of the Inter American Statistical Institute in the western hemisphere, 
which have proved very useful. The main techniques would presumably 
be those of advice, education, and promotion in statistically undeveloped 
areas of the world . Another proposal is that the Institute maintain a world 
statistical research center at the site of its Permanent Office, a place at 
which the frontiers of statistical research would be explored. Under this 
proposal, arrangements could be made to provide world statistical 
scholars with leaves of absence to serve as directors of research in resi- 
dence, for fixed terms. Such a role would provide the Permanent Office 
with a program of continuing roaponsibilitica, shifting its activities 
from those of a casual and episodic type, to those permitting long range 
planning and development. Still another proposal for the Institute 
would utilize it as a '^supreme court^* of statistics, an international 
academy, to which various questions of professional competence would 
be referred for judgment and opinion by the United Nations and mem- 
ber nations, very much as the American Statistical Association is occa- 
sionally called upon by agencies of the United States Government to 
study and make recommendations upon statistical questions. Finally, 

® Tlio United Nntlona Prcpamlory Gommisaion rocomniondcd to tho Economio nnd Socinl CounoU 
llint Iho Inltor bIiouIcI conaldor "Llio dcRimbiHiy of catnblialiing at an early date, nnd possibly at Ita first 
acs^lon” three commissions of wMcIi ono was to be n Domograpliia CommiBsion, Tho funclionB Biiggosted 
for tho proposed Demogrnphio Commission wero tlioso of study and ncivico to tho Council on m alters 
related Loi (1) population gro will and tlio factors determining^ it; (2) tho ofTeotivoncaB of policies designed 
to influoncQ Lheso faelors: (3) tho bearing of population changes on cconomlo and Gooial condilioiiH; 
and (4) general population nnd Immigration qiicstionB. Tho matter was referred to tho Social Gommitteo 
of Iho EoonoTnia and Social Counoil (a drafting committee) which has not yet mado iU rccommcnda- 
Uons. Soo "Report of tlio Preparatory CommiBsion of the United Nations/ 1045, pp. 28, 38. 
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it haa been suggested that the Institute might perform eorviccB for tho 
improvement of the work and methods of the statistical fratcniity mucli 
as the American Bor Association looks after the interests of the legal 
craft and seeks to improve its professional standing and praoticea. 

There may be various other possibilities nnd tlie proposals made are 
hardly more than suggestions of nltcrnativo lines of development Hint 
have been mentioned by those interested in the problem that eonfronls 
the Institute. As an inclependcnt private group, the Inslituto vill itself 
hove to decide upon tho role it wants to follow in tbefuture; the United 
Nations will nob dictate the course it takes. Tho United Nations, 
however, would welcome tho affiliation of the Institute in sonic useful 
ond practicable permanent relationship; nnd there acorns to he ample 
room for a negotiation of terms satisfactory to lioth institutions. A 
meeting of the Statistical Commission will be held at iiljout the same 
time as the scheduled Twenty-fifth Session of the Institute in Washing- 
ton. By that time, specific proposals of agreement may Imvc been 
worked out for consideration by both the Commission nnd the Insti- 
tute, and it may then bo possible to effeet an ngrcoablo arrangement 
fixing tho Institute's permanent role and future relationsliip in tlio 
world statistical system. The extent to which other intcniatioiial sta- 
tistical organizations arc brought within the conspeetus of the United 
Nations is a question upon which it is diflicult yet to make any judg- 
ment; but the doors of tho United Nations have been opened wide by 
the Statistical Commission. 

NATIONAL STATISTICAL SYSTEMS 

Action parallel to tho formation of an international sUitisticnl system 
will bo required in many countries, to order arrangements in such a 
way that maximum participation in international statistical activities 
will result. In countries which arc statistically undeveloped, tho or- 
ganization of a basic national statistical system will bo nccosanry, ])cr- 
haps with tho help and advice of the statislical services of the United 
Nations, its organs, or affiliates. Even in statistically developed coun- 
tries, it will probably be necessary to dcsigiintc focal points for dealing 
with tho intornational organizations. In countries whose BtnLiatieal 
services are highly centralized, the focal point ordinarily will bo Iho 
central statistlenl biironu. In coimtricfl with decentralized staliatieftl 
services, somo focal point will have to bo organized. In tlio Uniteil 
States, tho statistical agencies operate under eonditions of ileceiilrnll- 
zation; it will lie necessary therefore to crenlo a clearing bouse for 
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dealings with international statistical agencies and steps to do so are 
going forward. 

The first step was taken over a year ago when the conference of 
Federal statistical officials was called to consider the preparation of a 
statement of the need for international statistical services for use by 
the United States delegation at the San Francisco Conference. More 
recently, further steps have been taken to make a permanent organiza- 
tion out of the conference. On March 21 of this year, the same group 
of ofiicials met at the invitation of the Division of Statiatical Standards 
of the Bureau of the Budget to organize themselves ns the Federal 
Committee on International Statistics. The membership of this com- 
mittee is drawn from the principal agencies having important inter- 
national statistical interests, including State, Treasury, Agriculture, 
Commerce, Labor, Export-Import Bank, Securities and Exchange 
Commiassion, United States Public Health Service, Office of Education, 
United States Maritime Commission, United States Tariff Commission, 
Federal Ueserve System, Social Security Board, and the Civil Aevo- 
naiitics Board. One of its first undertakings was the preparation of 
an inventory of international statistical activities carried on by the 
Federal Government, 

The chief concerns of the Federal Committee on International Statis- 
tics will be the clearance of demand and supply arrangements with 
international bodies for the receipt and supply of data; the coordina- 
tion of the international statistical requirements of the United States 
Government; the avoidance of duplication in the collection of statisticB 
required by the United Nations, its organs and affiliates; and the clear- 
ance of intern arrangements and the loan of experts, Within the frame- 
work of coordination by the Committee, there will be every encourage- 
ment for direct contacts between the statistical technicians and spe- 
cialists in the United States and their colleagues in other parts of the 
world. Full utilization of the statistical resources of the United States 
will be fostered through direct dealings with international organiza- 
tions, with the knowledge and guidance of the Federal Committee on 
International Statistics, 

Three specific instances of the way in which the Federal Committee 
will operate can be cited. First, the recommendation of the Economic 
Employment Commission already mentioned will, if it is approved by 
the Economic and Social Council, require the assistance of several 
Federal agencies in the collection or assembly of complete data on plant 
capacity and labor force, How should this assignment be distributed 
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omong the Federal statistical family? It would soeiti evidcii t that some 
central action may be necessary, and this action the Federal Committee 
would ho in a position to supply; although it woidil nob dictate the 
diatributioii, the distribution would be made with its nssistanco and 
certainly with its knowledge, St?cond, the inventory of Federal inlci-’ 
national statistical activities which is being made at the suggeHtion of 
the Federal Coinmibtoc will lay the foundation for tli(‘ dc.signation of 
focal points among the Federal agencies for dealing with cerUdn kinds 
of international statistical hushics.s. It will also make it [jossihlo to 
estimate tho amount, kind, and incidence of intornational sUiliHlical 
buaineaa and the rcsponsiliilitios which partieiiiation in the world of 
statistical system imposes. Third, the Federal Committee will he avail- 
able as n starting and reporting point for mission.^ of United States 
officials abroad on statistical buHincs.s. In thi.s fashion, traveling olHciaks 
will have tho benefit of the advice and counsel of tlie Federal statistical 
family, will be able to represent tho views of that group on proper oc(!a- 
fjions, and will be able to perform vnrioufl kinds of service ahroiul of 
benefit to Amcricait statisticians, such as golliiig in touch with lluwc 
whose activities and whereabouts are in doubt. 

Those, at least, are the plane. The agencie.s of the Uiiitisl ISlatea 
Government havo a stake in the success of world .sUrtislical organiza- 
tion. Although tho committee device is no sovereign cure for lla^ rinks 
of administrative dispersion and diduflion, the organization of the 
Federal Committee on International StaLiatic.s may help tho attain- 
ment of statistical unity in international a(Tair.H hy jn’ornoting it at 
home. Because tho Comniis.sion is sponsored hy the Division of Htatis- 
ticftl Standards of the United States Bureau of the Budget, its aclivitic.') 
become part of the general program for the ooordiiiation and improve- 
ment of statistics among all Federal agencies, for which the Division has 
been made responsible. Under those misinccH, the slatistu'al world 
abroad joins the statistical world at homo in common ])urpoHC and 
program. 



OBJECTIVES, USES AND TYPES OF LABOR FORCE DATA 
IN RELATION TO ECONOMIC POLICY* 


Lotrifl J. Ducoff and MAnGAUBT Jahhan Hagood 
Bureau of Agricultural Economics 

Tho kinds of labor force statistics dovolopcd should bo do- 
terminod by tlioir uses. The full omploymont goal of national 
economic policy in the United States gives rise to tho need for 
labor force statistics which can serve as a barometer of tho 
state of functioning of the economy and which can identify 
tile Boctors of the Nation^a workers for whom the economy is 
not providing full employment opportunity. This treatment ia 
primarily of the implications of such objectives for the types of 
labor force data needed, although it ia recognized that labor 
force data have many other uses. 

Labor forco statistics include data obtained from employing 
Gstabliahments, rogistrationa, and population surveys, with 
each typo having advantage for certain types of uses. Labor 
force data from population surveys need to be expanded to 
provide differentiated categories of tlio unomployed and to 
identify those employed workers whose employment is inade- 
quate because it is inauflicient in amount or is remunerated at 
substandard rates. Tho development of these and further 
geographic differentiations would increase tho utility of labor 
forco data in relation to economic polioy, 

T he uses to bo made of any statistical series have important impli^ 
cations for tho types and nature of data which should be obtained. 
The uses determine tho sources, concepts, differentiations, and fre- 
Cfuency of issuance of counts or estimates of various types of economic 
phenomena. Bccauso the labor market activity of persons of working 
age affects every sector of the economy, labor force statistics have a 
wide variety of uses. In determining the concepts and differentiations 
that underlie the labor force data currently obtained, many types of 
uses need to be takon into account. 

In this paper we will indicate some major objectives of labor force 
data and the ways in which different types of labor force data serve 
these objectives. We will then discuss underlying concepts and certain 
developments which need to occur to broaden the uses of labor force 
statistics. In covering these subjects, the full employment goal of na- 
tional economic policy in the United States will be singled out for spe- 
cial emphasis, although it should be recognized that the needed de- 

* This pnpor nnd tho popors by Qortrutlo nmiorort and Emmett II. Wolob, and ClmrlcH StoTvart 
and Ijoriiig Wood, which follow it imm'cdialoly. were planned as a unit and woro presonted at Ilia 
bcbbIoh on Lnbor Forco Moasurcnicnt and National Employmonb Polioy at Iho lOQtb Annual 
McaLing of tlio Amcrionn Stotifilical Association at Clovcland, Ohio, January 24, 1040, 


293 



AMEniCAN aTATIflTlCAI/ ASSOCIATION 


294 

velopmenfca in labor force Btatiatics aro not nt nil deponclont upon, the 
inauguration of any full omployment policioa. 

I. 0BiEC'rivii& OE nAnon i’oiiCE, employment and unemploy- 
ment DATA IN EELATION TO ECONOMIC POLICY 

A major objeofcivo of labor force Btuliaties ia to servo as n barometer 
wbioh indicates currently the state of funclioning of the economy ns this 
is mnnifcBtcd m levels of cnii>loymcnt oiul uiieniidoymcnt of tho Na- 
tion's workcia. Other types of Btatistica on production, income, etc., 
also indicate the general state of tho economy, but no other typo ro- 
fleots as directly tho changca in work opportunitiea. Labor force sta- 
tistics aro obviously required in planning or ap])i'aising general economic 
and labor policy, as well as specific jneasurcs designed to imiilemont 
such policy. In this function these staliatica servo not only govern inont 
agencies, but also management, labor, and various groups with diverse 
interests in economic and labor policy. 

Another objective of labor force sbaiisUcs is to aid in diagnosing a 
given national economic situation through idcntificalion of the sectors 
of tho Nation's workois for wlmm the economy is not providing full 
employment opportunity. In times of less than full emidoyment, it is 
not enough to know simply tho total numher of unemployed workers. 
To diagnose tho situation in order to apprulso the steps proposed for 
remedying it, much more detail is neoded. The location and clmractor- 
Istica of tho wholly unemployed are ncedcdi as well as their nggrogato 
volume, Among those who havo some omployment, identification is 
needed of underemployed workers — that is, the partially uncmjiloycd. 
Tlioro ia also the need to identify among tho employed tliuse who are 
romuncrated at rates below some minimum level of adequacy implied 
in the goal or standard of “full employment opportunity." 

Changes in tho level of functioning of tho economy also should bo 
diagnosed according to tho industries which arc expanding or curtailing 
omploymciil. Employment statistics may bo viewed both ns a mcnaiiro 
of opportunities alTordcd workers, and as aniensurc of the state of func- 
tioning of various industrial sectors of the economy. Employment data 
by industries arc especially needed for the planning of spccifio policies 
and pi'ogi'ams relating to particular industries. 

In tho formulation or appraisal of economic policy labor forco sta- 
tistics sorvo another objective. They Hupidy tho most imiiorLiml imri of 
tho quantitative basis for making labor forco projections into tho fu- 
ture, under various assumptions ns to i!\o state of functioning of the 
economy. The projections made under tho assumption of full employ- 
ment liavo espeoifll usofulaesa. On tho one hand, they can provide a 
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more explicit formulation of what the goal of peacetime full employ- 
ment would mean in terms of number of jobs to be provided. On the 
other hand, full employment projeotions can serve as a standard against 
which a given current national economic situation can he diagnostically 
appraised, 

In summary, therefore, labor force data must be designed to indicate 
the state of functioning of the economy in providing employment op- 
portunities, to identify and measure the groups of workers for whom 
full employment has not been obtained, and to help formulate national 
employment goals. 

II. TYPES OP LABOR FORGE, EMPLOYMENT AND UNEMPLOYMENT DATA 
REQUIRED FOR VARIOUS USES 

Sources of employment and unemployment data. The term “labor force 
data^^ in a broad sense includes all types of data, however derived, on 
employment and unemployment or the total labor force. In technical 
usage, the term “labor force data'' is restricted to data from only one 
of the three principal sources of data on employment and unemploy- 
ment. In this narrower sense, statistics developed from classification 
of the population of working age according to their current labor mar- 
ket status are designated as “labor force statistics," or sometimes as 
population classification statistics. Determination of the current labor 
market status of individuals provides the basis for estimates or counts 
of the total labor force, its employed and unemployed components, and 
of major categories of the remaining nonworkor population. Labor force 
statistics of this type were obtained in the 1940 Population Census for 
the entire population of working age, and have been collected on a sam- 
ple basis since then in surveys known as the Monthly Report on the 
Labor Force, initiated by WPA under the direction of Howard B. 
Myers, and transferred to the Bureau of the Census in 1942. 

A second source of current employment data is the reports of estab- 
lishments employing workers. Reports may be made on a voluntary 
basis, as in the case of nonagricultural establishments which report 
the number of their employees to the Bureau of Labor Statistics, and of 
farmers known as crop reporters who report their farm employment to 
the Bureau of Agricultural Economics. Reports may be legally required 
from establishments meeting certain criteria, as in the case of reporting 
required from employers in the administration of Old Age and Survivor's 
Insurance and Unemployment Compensation programs,^ The biennial 
Censuses of Business and of Manufactures which were interrupted 

^ Tho ImpoTtMico of lha dlfToronoo botw^con voluntary and legally required roporLlng reals on bha 
faob tba t the former 1b aubjeeb to rcaponso bins wbilo tho latter 1b not. 
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during the -wav also obtained employment data through reports from 
employers. Employment data secured in thcRO ways arc known as es- 
tablishment reports ns distinguished from the type of omidoy incut 
data obtained from population classification in labor forec surveys. 

In addition to population eurvoys, another sourco of imoin|)loyjnent 
data is the registration of individuals who file claims for unomployment 
compensation ot local offices of eacli Slate’s Unemployment Cuinpen- 
sation Agency, Compilation of tlicso registrations ])crmitH a national 
total for workers who arc claiming these hcnclits. 

Uses served by the various types. Each of those three types of data 
can servo imjjortnnt uses. Labor force data derived from poindalion 
surveys have the following advantages which make them superior for 
certain uses. 

1. They provide the only source for estimates of the total labor force, 
for total employment and for total unomployment, without dupli- 
cation between industries witliin the employed group, or between 
the employed and unemployed clnasificnlion. TIuis for a curioiit 
orosB-.<iioction view of ulilizniion of tlio Nation’s niimiiowor, or 
for the record of change in the total labor force an<l its com- 
ponents, labor force data derived from population surveys pro- 
vide the only complete picture. For those uses, it is ossenliul tliat 
the estimates ot the various componcutH of the labor force bo 
additive. 

2. They provide the only sourco for deriving labor force ))artieipa- 
tion rates — that is, the proportion of each nge-sox gfoiip who ore 
engaged in labor market activity. Iiabor force parlieiiuition rates 
are used in current analyses and arc Iho Hlarling point in any full- 
employment projection for obtaining estimate, s of the mimlwr of 
workers for whom joba must bo provided at some givmi future 
date. Labor force statistics obtained from a population classifica- 
tion arc tliDiorore G.sscntial for the setting of fiill-cmploynient goals. 

3. Labor force data provide the possibility of subclassifications 
within the employed, unemployed and nonworker categories 
wliicli can usunlly be made only when ilic report is obtained on an 
individual basis rather than from an employer rciiorliug for a 
group of workers. Some of llic iniporlaut items now .s^teunsl for 
further di/Tcrontintion arc age, sex, vcleraiiH’ status, industry, oc- 
cupation and time worked during the rt'.porliug week. Other items 
arc proposed later for further differentintioii of llu; employed and 
unemployed which w'ould enhance the diagnostic function of these 
statistics, 

On the other hand, establishment reported statistics on omployjncnt 
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have certain advantages over those derived from population surveys, 
which make them superior for certain uses. 

1. Because they are obtained for relatively large groups of workers 
in any one report and usually by mail, establishment reported sta- 
tistics are less expensive than those obtained from population 
enumeration. Hence, they can be obtained for finer geographic 
and industrial breaks without incurriug prohibitive costs. Al- 
though current employment estimates for regions, larger states 
and the more important metropolitan areas could be obtained 
through the expansion of current labor force surveys proposed by 
the Bureau of the Census, establishment-reported statistics on 
employment are now the only type available in some geographic 
detail, except where surveys have been conducted for individual 
cities. In general, therefore, analyses of current employment re- 
quiring geographic detail now necessarily have to be based on 
establishment-reported data, 

2. Establishment-reported data provide superior industrial classifi- 
cations of the employed because: (a) the reports on employment 
are accompanied by other information which permits an accurate 
classification of the establishment by standard industry group- 
ings, (b) the system of collection is by industry which makes for 
better representation of industries than in the case of population 
surveys in which other criteria are the major basis of stratifica- 
tion, (c) because of the first major advantage mentioned, namely 
inexpensiveness, the separate industries are more adequately 
covered than in population surveys. Therefore, establishment re- 
ported statistics have definite advantages in employment analyses 
for specific industries. 

3. Establishments reporting employment data can and often do sup- 
ply related information on production, man-hours worked, and 
wages which permit productivity and wage analyses by indus- 
tries.^ Although data on wage earnings have been occasionally 
secured in population surveys, those reported by employers are 
doubtless more accurate generally, since their payrolls are a mat- 
ter of record. However, they have limitations for certain purposes 
since they do not represent total earnings of individual workers in 
many cases. 

The unemployment data derived from registration of claims for un- 
employment compensation have present and potential uses, At present, 


> Mnu-hours (lain for n given industry ne ri^portcdby cBtnbllBlimonta aro more nociirnta baonuao In 
population Burvoya tho total timo worked during tlio reporting period by individunb who bold moro 
than one job ia all allotted to the oiio industry in will oh greater lime was worked. 
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their tisef illness is limited becniiso not all types of cmjiloyment arc cov- 
ered by the legislation, because Slates vary in their requiiementa for 
eligibility, and because compilations at tlic national level arc tlici efoio 
somewhat noncomparable and difficult to interpret. On the other hand, 
if thcao difficuHieg wore overcome, there would become available unem- 
ployment data with n very considcrnblo amount of geographic detail. 

Rcfei'enco is made in the last paper on this progriiui’* to specific 
examples of the uses of ijopulatioii and c.stablislimniit re]i(jrtcd Htiitis- 
tics. The remainder of tliis paper is devoted to eonsidcrutimi of wliat 
the uses of labor force statistics in relation to economic jinlicy inijily 
for the concepts and clftssificntions to be used in labor force surveys 
involving population clnasificaiion, 

in. IMPLICATIONB OF UBES FOU BASIC CONCia'TB IM 
iiADon FoncB annvjBYB 

One implication of the uses of employment, uncinployinent and labor 
force data in relation to economic policy is that Ibo husic conceptH must 
be designed for reflecting changes in the nalionnl cinployniciiL scene. 
This means that the conccpla of omployniciit and uncinployniont miml 
relate to a relatively short time jicriod and that Die meusuromont iiruc- 
CS.S must be made at frequent intervals. Both the lO-iO Popiihilion C'en- 
Bus and the MRLF surveys afford labor force statiblics goiired to ac- 
tivity or status during a specified current week. Tho use of labor force 
statistics to indicate short-time as well a.s long-iimo changes rcipiires 
that tho basic concepts of employment and uncinploymcnl Hhould re- 
late to a specified short-time period rather than to ft “usual" si ulus, 
such as in the "gainful worker" figures of the decennial cenKUses prior 
to 1940.’ It is recognized, however, that for certain puri)osc.H, clussificii- 
tions based on longer time periods may bo preferable, or at least dc.sii'a- 
blo for supplementation. 

Another implication of the uses of labor force data for the concepts is 
that they must provide for a cloBsification of all persons of working age 
into labor force status groups which arc muluuUy exclusive, so that llio. 
resulting estimates will bo additive. This requires carefully Kiiccified 
priorities of status for those persons who have dual stiilun during the re- 
porting week. The priorities of ntatua in curreut labor force uicniiiue- 
merit avo! (1) at work, (2) unemployed, (3) with u, job but nut at work, 
and (4) noiiworker staUm, Those at work and those ^s•iUl a job but not 

* Beo pfiso313. 

» flltiw iho monUtly IrIwe torcft fttitveyA ni Uw Butqam ol tlio Clmtin ititt i\\ys oj\ly WriiTfo tvf rurri'nl 
rmllonftl ulnllnllcM dorivod /rom Inbgr for<?o cln4«lllcAt[oii o^ liiUivIdu«lii, llio rent of lliln rrfcTfi 

pHmprlly to lltoli\bor forco ptfillBiicii dovolopod froin the MliZJ^stirveyiif Hoivevi'r, rnnny of ilig lonl- 
teTft RfQ BRttQrio lo ikfiy Inboi fotco BlAllnlfu, wViDlbvr AA'VViorDd for a rily or ikiipo oOter uroRi 

oa well hb (or tho gouotry fw a wfioloj and wholUor naihorod mobthlyt yearly, or in a one-tlino nurvey* 
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at work are added to get tiie total employed. In dual status cascsj the 
person is classified in the category with higher priority. For example, 
persons who were at work for some part of the week, but unemployed 
and seeking work during an even larger part of the week are classified as 
employed. If a person spent most of the week in a nonworker status 
such as doing housework at home or going to school, but did gainful 
work during some part of the week, he or she is also classified as em- 
ployed, A person whose major time is spent in some nonworker activity, 
or a person who has a job at which he did not work but who reported 
looking for work during the week is classified as unemployed. 

The uses of labor force data reciuired that some set of priorities be 
adopted which could be precisely defined and put into effect with a fair 
degree of uniformity. They require further that borderline groups be 
expressly allotted to one status or another bo that they too will be 
treated uniformly. Consideration is being given to the possibility of 
changing the allocation of certain borderline groups. Certain groups of 
workers now classified as "with a job but not at work” are being con- 
fiidered for inclusion among the "unemployed,^* which has a higher pri- 
ority. Persons on lay-offs of less than 30 days and certain other nu- 
merically small groups who did not report looking for work have been 
classified as "with a job" and included among the employed. Because 
they were "involuntarily idle,” however, consideration is being given 
to including them with the unemployed. On the other hand, persons 
without a job who report that they were not looking for work because 
of temporary sickness or because they believed no work available are 
classified as unemployed, although the case could be made that some 
of these should be treated as nonworkers. 

To reflect accurately changes in employment and unemployment, the 
criteria must be adapted to distinguish the employed, the unemployed 
and nonworkers in periods of varying economic conditions. Because 
different national situations call forth different types and degrees of 
labor market activity on the part of individuals, the general principle 
observed in the development of labor force concepts has been toward 
making the "in labor force” category as inclusive as possible. This calls 
for introducing further differentiations according to the degree of par- 
ticipation so as to permit measuring changes for comparable groups. 

IV. IMPLICATIONS OF UBEB FOR DIFFERENTIATIONS WITHIN 
THE EMPLOYED AND UNEMPLOYED COMPONENTS OF 
THE LADOn FORCE 

The barometric, diagnostic, and projection uses of labor force sta- 
tistics have gained importance as the idea of full employment became 
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mnvc victcly accepted as a goal for iho Natiou’n ucacoLime economy. 
Moigovol*, the growtli of Ihn idea of full eniploymont Juts meant that 
further differontiation.s of the enijduyed aud unoiiij) Joyed aro required 
to Bcrve tlic uses dcacribcd- 

Tlio virluul elimiimtion of u ncmpluy men b during warLiiuc raibccl Llie 
chailengo to cJiminato all but frictionaL \nicmpk)yiuoiil in poacetimo, 
and ^^fulL cniploynioiit*' was defiiuul as u Hilunlion wiili uneiiiployiueut 
at a minimum or friclicJiial level- But this juiturully led to a cojnplc- 
meiitary definition in toms of tlio Junnber of jobs needed to keep un- 
employmont to tho specified minimimi level, rnijeclint^ Llie niiinbor of 
jobs required for full cniploymout resls primarily on ])roiocting the 
number of persouB who will be iu the labor force. Such pr<dcetiontt take 
aa a starting point the past record of labor force participation of the 
different iigc-sex groups of the population mnlvs varyiiijR oeoiioinic con- 
ditions. Tims difforeiitiationH of labor force statistLos by age, sox, 
marital status, etc,, aro Jicoded as a primary basis for Urn labor foroo 
projeotions 'which make explicit wiuit full omployment goals mean iu 
terms of the luunber of workers to be supplied with 

TiiG growth of iho idea of pcacoLimo full employniciit did not atop 
with the more speei float ion of a suflicient nianbcr of jobs. More rc- 
ccntlyj various writers and groupa have added criteria as to Ihefctnc/j 
of jobs consistent with the idea of full empW^ynuuit. VuW employment 
as a goal mcana, at least for aomo, a Hullieient lunnbnv of i)votluelivo 
joba, adequate in the regularity and auiount uf work uffordt'fl, and pro- 
viding adequate romunci’aiion. 

Such an expanded goal KOta new problomH in d(derjinniiig niul de- 
veloping tho difToroniiationH witluii tho oinployod and uiieinployGd 
which would best aervo the function of indicating llie r*xtoiit and na- 
ture of dcpaiUno from the goal which a givim nulioual <uuployu\cut 
fiituation represents. Tho problems of full OJiipluyuient [uojectiuiiH also 
require certain t^^pcs of labor force data wliioli have not been in cviously 
available. Many of tlic needs could bo met by furlluT eliussifioaiions 
of the employed and unemployed according to data now l>eing obtained. 
Other needs would requivc additional infunnation whicli could be ob- 
tained in current labor force aurvoya, particularly if tlio aizo of tho 
sample wore somewhat increased. 

Perhaps tho most important additional differontialion needed in cur- 
rent labor force stalisticH is gcognijdihs, J’jHpceiully if lalnjr forcij Htatis- 
tics aro to servo n diagnostic function, ihoy iminL inili<uilo whore tho 
trouble spots avo, Comploto geographic idcnUficaliou of iuilividuals 
covered by the MIU.rF eurvoys i« already obtaiued on the Hclicdulo. 
But an expansion of tho scope of tho survey operations would bo re- 
quired to provide samples largo oiiougli to permit valicl estiuiatca of 
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current employment and unemployment for regions, by residence 
groups of the population, for metropolitan cities, and for States. 

Differentiations needed among the employed. The most important need 
for additional differentiation among the employed is to separate those 
workers whose employment is sufficient and remunerative from those 
whose employment fails to meet these criteria. In a fuller treatment of 
this problem, we have for want of accepted terminology referred to the 
first group as “adequately employed^* and to the second group as “in- 
adequately employed. Measurement of the inadequately employed 
may be as important as measurement of the unemployed for indicating 
the degree to which a given national situation falls short of meeting full 
employment goals. 

Measurement of the inadequately employed would involve the de- 
velopment of labor force survey techniques for identifying among the 
employed: (a) those who do not have a sufficient amount of work, the 
underemployed, and (b) those who get substandard returns per hour 
of work because of its low productivity (mainly self-employed or un- 
paid family workers) or because they are working for substandard 
wages, In appraising the state of functioning of the economy at any 
given time, the size of these two groups as well as the number of wholly 
unemployed needs to be known to indicate the total number of workers 
for whom full employment has not been attained. In times of depressed 
economic conditions especially, the presence of large numbers of under- 
employed among those classified as employed would need to be recog- 
nized and estimated separately from the voluntarily part-time workem. 
Even more continuously, in times of high as well as low employment 
levels, is there need for measuring the number of workers who have a 
sufficient amount of work but who are inadequately remunerated. Es- 
pecially as the nation approaches peacetime full employment goals in 
terms of number of jobs will attention need to be directed toward pro- 
viding employment data which identify the groups of workers whose 
jobs or enterprises do not meet minimum standards of adequacy. 

Differ eniio^iiom needed among the unemployed. During the past, the 
total number of unemployed persons has been relied upon as an im- 
portant indicator of the state of functioning of the economy. In the 
present transition period from war to peace unemployment may be 
of relatively short duration for most of the workers involved. A sub- 
stantial proportion of the unemployed may be extra workers who 
came into the labor force in response to the economic situation brought 
about by war and who are in a state of indecision aa to whether to 

*• "Lnbor Forco DoflnitiouB nnd Monauroniont. in Rclntiork io Employment and Inoomo Lovols,” 
pruliiiiiiiiiry draft uf a rtjiiort prepared for the Subcominiitoo on Labor BLaLifiLioa of Iho Labor Market 
Roscaroli CommllLce of Iho Social Scionco Rcsoaroh Council, Novombor 1045. 
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contiiiuo gainful work or to willidraw from the labor force, A foiv 
yeaie later, the total number of unemployed workers may bo of a 
very different composition. To interpret the meaning of a given na- 
tional level of unemployment, it will be necessary to differentiate 
the total according to the degree of the worker's ntlachmont to the 
labor foico and cliiiation of unemployment, in addition to certain sub- 
clasBiflcations sucli os age, sox, marital status, residcuco and occii* 
pational skills. 

TJio following four cIobsos of the unemployed arc suggested as the 
typos of differentiations needed in using unemployment data in diag- 
nosing a given national employment aitimtion: 

1. Unemployed pomons who nro cuBtoinarjly mcinbora of the labor 
force and who are seeking full-time iobs; 

2. Unemployed persona wlio are cuatoranrily members of the labor 
force but who are Becking only part-time employment; 

3. Unemployed pcVBona who have never had jobs but who arc ecok- 
ing to enter the labor force on a permanent bnaia; 

4. Unemployed poraoiia who have not customarily been in the labor 
force and who are seeking only temporary work because of some 
special need or beenuso of unomployment of other brendwinnerfl. 

In addition to these classes, certain groups of the unemployed not 
readily identifiable need especial study. These include porsonB who 
would like to havo rcgiilor work but who because of age, lack of occu- 
pational skill, physical or mental handioftiM or discriminatory labor 
practices are considered uncinployablo. 

Problems in oblainififf differenlialions needed. Soino of the information 
which would be required for obtaining the difforcntialions needed of 
the employed and unemployed is already being obtained in the current 
MRI/F surveys, but the size of tho sample does not permit full utiliza- 
tion of it in croBS-cInssificalionB, Obtaining otlior information would 
Toquirc special questions to bo added to tho schedule. Some of the 
questions would involve types of information differing from tlio typo 
now obtained with respect to subject, for exanrpio, wages received dur- 
ing week — or with respect to time reference, for insliiiico, major work 
Btotua during last 12 months. While tho data obtained Bhould bo as 
objective ns possible, some questions of a more subjective nature than 
those noAV used miglit bo required for identifying certain groups— for 
oxainplo, ft question on desire for more work lu idcnlify tho undcr- 
employod. Dovlaing of schedule and survey tcchniquoa for achieving 
these difforentiations poses challenging problems in tho field of labor 
force measurement. Tho next paper will deal witlv some of thoao mcas- 
uremoat problems. 



RECENT EXPERIENCE WITH PROBLEMS OF 
LABOR FORCE MEASUREMENT 


Geutrude Bancroft and Emmktt H. Welch 
BuTnau of the Census 

Diltercnfc iiBca for labor forco data of ton require different 
concQpta and definitions which arc bo mo times clifTiGult to roe- 
oncile. It is important to develop, as a part of mcaaiiromont, 
procedures that will provide data wliich are siii table for the 
various ueca and also comparable over time. The experience 
of the Censua Bureau in the operation of its monthly sample 
survey during the laat few years lins revealed many of the 
problems attendant upon, putting into actual practioo the 
agreed upon concepts. 

In a recurring enumeration of a snmplo of households, ques- 
tioiia on which clnasifications are based must bo such that they 
can be asked ropoatcdly. They must be simple and objective 
and not place too great a strain on the rcapondent's memory. 
Tim basic class) Heat ions finally sot up must be large enougli 
to bo determined fairly reliable by the sample. 

T he PBECEDiNG paper outlined some of the uses and purposes to be 
served by labor force data and indicated additional concepts and 
classifications of data needed. Recent experience in measuring and 
classifying the population in accordance with present labor force con^ 
cepia indicates a number of problems that would have to be dealt with 
in expanding the pattern of concepts and classificationB used. The first 
difficulty in obtaining adequate labor force measurementa is to reach 
agreement on concepts and definitions of what is to be measured, Often 
difTcrcnt uses require different concepts and definitions. For example^ 
if one is using unemployment figures to represent available labor sup- 
ply, persons with a job but not working and not looking for work would 
not be included among the unemployed. On the other hand, if one is 
using unemployment figures to represent the intermption or lack of 
earnings, it might seem desirable to add to the unemployed those with 
a job but temporarily not working because of lay-off, strike, bad 
weather, etc. Present labor force measurements classify separately 
persons having jobs but not working for various reasons. It has been 
suggested that such persons might be classified as unemployed at one 
time and as employed at another, depending upon the purposes to be 
served by the data. This immediately introduces a second difficulty, 
namely, that it is not praciicahlc to have two different uncmploj^- 
ment seiica. A possible solution is not to have one unemployment 
series at all but to have a scries representing persons looking for 
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work, another serica representing persons witli a job and not looking 
for work, etc. This solution would not please those persona who wish 
to have some simple, generally nccoptctl term Bucli as iineinployment. 
The practice which has been followed up to the present and one which 
wc personally believe may be found reasonably siitisfnctory for the 
future is to define unemployment in such a way as to be most giinerully 
ueeful and then to provide subclaftsiricttlions of employment and un- 
employment that will enable other groupings to be prepared for spe- 
cial purposes. This approach Bccma desirable for another reason. It pro- 
vides some flexibility in concept while providing continuity and com- 
parability over time. 

After a set of concepts and definitions acceptable to tlie users of tlio 
data has been obtained, another and more serious cliniculty is to insure 
that the concepts and definitions tliat are agreed on arc actually trans- 
lated into mcaauroment. The concept of employment in current use, 
for example, includes oil persona engaged in aoino activity for pay or 
profit. This includes persons working for wages or oalttry, cinployera, 
own account workers, and persona working on a family farm or in a 
family business. It includes persons working long hours, tIio.se working 
short hours, and those with a job iit whicli they arc not currently 
working because of vacation, illness, bad weather, slriko, or temporary 
lay-off. 

Many persons have preconceived ideas of employment or iincniploy- 
ment which differ considerably from the ctmccpla and definitions in 
terns of which measurements arc being sought. Tlie problem of obtain- 
ing an accurate measurement of labor force concepts by menus of popu- 
lation enumeration and classification is to devise sclicdulo queuCionB and 
dofinitiona wbicli will inaiiro that persons arc classified in accordance 
with the desired concepts and dofinilions rather than in accordance 
with the respondent’s ideas as to labor force classification. 

It is to bo expected tliat there will always be a considciablc variation 
of response in the labor force classification of individuals, arising from 
difference in enuraerntor and difference in respondent. These variations 
in response become serious if groups of porBoaa with certain clmmc- 
tcriatics tend to bo persistently misclassificd according to the concepts 
and definitions being applied. The experience we have hail in measuring 
employment provides a rather slviking illustration of this problem. 

Sinco its inception, the Monthly Ileport on the Ijihor horce has at- 
tempted to achieve objective mensuremnut of employment in Icrnis of 
all persons who, during the cctisus week, did any work for pay or profit, 
including those who worked on a family farm or businoss witliout 
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specific wages, During the past 
has accumulated to indicate that 
the 1940 Census of Population and in the Monthly Report on the 
Labor Force^ or the MRLF, had been incomplete because of: firsts 
a failure to include as employed a considerable number of persons such 
as houBewives and students who did not consider themselves primarily 
as workers and second, a failure to include large numbers of unpaid 
family workers. 

Under-enumeration of employment by the 1940 Census of Population 
and by the MRLF is indicated by a comparison of employment figures 
obtained in the Census of Population and in the MRLF with those ob- 
tained through establishment reports by the Census of Agriculture, 
the Bureau of Labor Statistics, the Bureau of Agricultural Economics 
and the Social Security Board. Estimates of employment based on es- 
tablishment reports would always bo expected to exceed estimates 
based on population enumeration because individuals working in more 
than one establishment during a reporting period are counted more 
than once. However, the extent to which the employment estimates 
based on establishment reports have exceeded the estimates based on 
population enumeration has been greater than the expected duplication 
in establishment reports. 

Enumeration experience also indicated that an incomplete employ- 
ment count was being obtained. In March, 1942 each person who was 
neither working nor looking for work was asked if he could take a 
full-time job if one became available within 30 days. This inquiry 
so influenced the responses to the regular labor force questions that 
the estimated level of employment increased by almost a million, and 
the number of persons classified as housewives and students decreased 
by a corresponding amount. In the following months when the MRLF 
interviews were conducted as usual this increase in the civilian labor 
force vanished, In November, 1942 a second inquiry was made into the 
available labor reserve with similar results. 

Repeated evidence of this type, even after careful training of enumer- 
ators in handling supplemental questions, suggested that the additional 
questions did not distort the MRLF results, but rather that they par- 
tially Goriected for a consistent under-enumeration of employment. 
As a result of those experiences, it was decided to make a more system- 
atic investigation of the nature and extent of the under-enumeration 
of employment which was occurring. 

The evidence at hand suggested that the question, “Was this per- 
son at work at a private or government job Inst week?” does not ob- 
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tain a poaifcive rcaponse for Boine employed persons wiio <!()nHiiler tiiom- 
selvca to be not workers but housewives or shidezils. Evidejiee available 
also indicated that a large proportion of unpaid family workers were 
not counted as employed because the wording on llu> sphedulo sug- 
gests paid employment. In addition, tiui c.selusion of iiieidcntid chore.H 
from the definition of unpaid family work opzwnled to (>xeliido some 
peraons working aubsLautiul ttmouuts of time. 

Various cliecks indiciitcjl that lliens was lillle iiiiifi trinity from 
enumerator to emnneraUtr or from mpondent to resp«iudent in what 
is considered to bo incidental chores. It appeartHl lliat more consistent 
and reliable rcaulla would pvolmUly be piHKluced by ineUiding chorea 
as unpaid family work and then eliminating from the count of unpaid 
family workers those working fewer than a speeified iminber of hours. 
(It is necessary to attempt some exchiHion of iiK'idenfid elioros from 
unpaid family work; otlicrwiso an employment count among persona 
living on farms or operating family Ini.siness ftpJ)roa(■lu^^ a count of 
the population of working nge.) 

In the fall of ID'K, the Ceusufl stalT began develojiing and testing a 
revision of the MllLF fichcdiilo with a view to adiievlng a more neur]3f 
coinploto count of nit einploj-cd imrsons. By -lanuary lO-l.'), wc luul a 
revised schedule and defiiiillons wliicli sought to coiTcel the diflimdliea 
in the old schedule as follows: 

The finat question on the new schedule merely a.sk.s wlmt tin; iiemon’s 
major activity was during the oensus week. Most people t<>n(l to tliiuk 
of tliemsclvca as engaged primarily in Koiue. one aelivityi working, 
keeping house, going to .school, etc., even though Ihej' nia.v also ho 
engaged in various otiior pursuits. The ciuimerator using the new 
schedule aceepts the rcspoiKlcnt's sUtiumsil of Ids major activity, 
knowing that some persons in llie labor force will not report lliein.selves 
as workers at this point in the interview. Then for all t)cr.sonH who.se 
major activity or status is iiulicattid ns something oilier limn working, 
the enumerator asic.s wheUior, in addition to his stated major activity, 
the peraon being cnnmcratctl did any work for pay or profit during 
the census week. It is at this point that the parHimc work of the, house- 
wife or student is naturallj’’ reported. Note that tlie old sehedule at- 
tempted to obtain a cmnplnte count of iXivsouH at work by asking the. 
single question, “Was this perHon at work on u private or governiiieiit 
job last week?" The new se.bedulo, on tbe otber Iminl, usi'S two ques- 
tions. The first cnnbloH the respondent to give liia own cliiHsilicalion of 
activity status and the socoiul asks sirecirically whellun" or not jn'isons 
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whose major activity is considered to be something other than work- 
ing, did any work during the census week. Many persons were sur- 
prised at the effect that this change in the method of obtaining a count 
of employment had upon the number of persons reported to be work- 
ing. The question on the old schledule appeared to be quite definite 
in its meaning. Actually, as we have seen, it did not mean the same 
thing to different people. 

The new schedule definition of unpaid family work includes inci- 
dental chores, As a substitute for the exclusion of incidental chores in 
the old definition, persons working less than 15 hours per week at un- 
paid family work arc excluded in the tabulation process from the count 
of those at work. 

The new schedule was pretested in April, 1945, in all MRLF sample 
areas throughout the country. The pretest was based on a sample of 
approximately 2,000 households selected at random from the total 
MRLF sample. The sample households were enumerated with the 
old schedule as a part of the regular April enumeration. The following 
week the sample households were enumerated a second time, using the 
new schedule. The information recorded on the new schedule applied 
to the same census week as the old schedule. The employment status 
information from the old schedule together with the information from, 
the new schedule was transcribed to punch cards and tabulated so 
as to provide a direct comparison of the employment status informa- 
tion obtained by use of the two schedules. The tabulations indicated 
that the new schedule would increase the count of males employed by 
900,000 and of females employed by 1,600^000. The count of unem- 
ployed among males was reduced by a little over 100,000 and was in- 
creased among females by about an equal amount. Over 90% of the 
additional male workers were under 20 years of age, most of them stu- 
dents. Among females, on the other hand, the additional workers were 
distributed among all age groups and most of them were previously 
classified as housewives. Of the additional workers found in non- 
agriciiltural industries over 50% were in trade and service activities, 
which are the fields of employment in which parl^time work by 
housewives and students is most prevalent. While many of the ad- 
ditional workers worked only iDart time, the entire group could not 
be characterized as part-time workers. Nearly 50% of tlic additional 
workers worked 35 or more liours during the census week. 

About one in ten of those classified as employed on the basis of the 
new schedule reported some other activity, such ns home housework 
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or going to Bchool, ns their major activity. The old MRLF Bchcdulc 
recorded only about onc-balf of tlicso persons as working niul the 
otlier half as not working. 

On the baaia of the pretest reanlta, it was decided to adopt the new 
Bcliedulo beginning in July 104.5. In that month the entire sample was 
interviewed first with the old sclicdiilc and tlien u ith the now schedule 
to obtain a comploto checlc of the diltorence in resnltB ohUiined with 
the new ns compared witli tlic old sclicdulc, 

In July the tlifl'erciicca in response obtained on the now schedule 
as compared with the old were similar to the dilTorenccs obtained in tlie 
April pretest. Tlio magnitudes, howeverj were somewlint dilTcreut. 
In July the now schedule showed an increase of 1,400,000 in employ- 
ment as compared with 2,500,000 in the April protest. In large part 
the difference between the April and July results arose from tlic fact 
that in April scliool was in session and a largo munher of employed 
students wore misclaasificd with the old sehednlo. In July, wlion 
schools were not in session, this occasion for misclaasincalion did not 
exist. The April protest also indicated a Boninwlial larger number of 
misclaaslfied housewives than did the July double enuineration. Tliia 
may liai’c been due to tho fact that some onunuiratoiH discovered 
during the period of discussion of the now scliedulc nnd the April 
protest that the old schedule was obtaining an under-count of employ- 
ment and they, therefore, adopted interviewing teeliniqiK-s that in 
part compensated for tho undor-enumoration of cmiilnymenl oblaincd 
with tho old schedule. To rcduco tlio extent of disrujilion of Ihc MHLF 
series prior to tho adoption of the new schedule, KiipcrvisoiB were 
instructed not to discuss tho now schedule nor tlio roasoiiB for its 
adoption with the enumerators; the April protest was con dueled with 
a small number of enumerators; nnd lUo.so who pnvlieijialcd in the 
pretest were instructed not to discuss Die rcmiltfl with other cmimer- 
ators. 

Aa wo reported earlier, there is evidence indicating that under- 
reporting of employment existed in the 1040 Census of Pnpulation ns 
well as in the MULT' nnd in other population oiiunieriitioiiH winch use 
tho same, typo of riucstious to obtain a count of employment. The ex- 
tent of under-reporting is much greater in those age. and He.x group, s 
in wliich a smaller proportion are iiKually employed. 'I'heHc Haiiie ago 
and BOX groups have contributed ino.st to lh« wavtiiuo, expauKiou 
of the labor force. It seems prohahlo, tlicrofore, Uiab the (ixtoiit of 
under-reporting obtained with tho old sclicdulo was greater in 1044 
and 1046 than in earlier years. 
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We are working on a revision of the MRLF data prior to July, 1945, 
to bring tliem in line with the measurements obtained with the new 
schedule after July, 1945. The procedure we are following is to relate 
the size of the adjustment to the level of employment for each age and 
sex group. This will result in a much less revision for in the earlier 
months than for the later months. 

The new schedule has also affected the measurement of unemploy- 
ment, but to a much lesser extent. Beginning in 1940 the basis for de- 
termining whether or not a person is unemployed was whether of not 
he was actually seeking a job. Persons who would be actively seeking 
work except for the fact that they were temporarily ill or that they 
believed there was no work available in the community, were also clas- 
sified as unemployed and were referred to as inactive job seekers. The 
old schedule obtained a count of these persons by asking those who 
reported that they were not actively seeking work the question, ‘'Why 
not?'' In the months just prior to the adoption of the new schedule, 
when unemployment had been reduced to less than one million, nearly 
50 per cent of the total number of unemployed were included in this 
inactive group, The new schedule does not ask the reason for not look- 
ing for work. Rather it relies on the respondent's answer to the ques- 
tion as to whether or not the person being enumerated is looking for 
work. If persons indicate in the course of the interview with the now 
schedulo that they would be looking for work except that they are 
temporarily ill or believe no work available, they are classified as look- 
ing for work, The number of these inactives picked up with the new 
schedule, however, appears to be considerably less than the number 
counted with the old schedule which contained the question as to why 
poTBons were not actively seeking work. In addition, Boine of those 
reported as actively seeking work with the old schedule are found with 
the more specific and complete questions on the new schedule to be at 
work in addition to seeking another job. Such persons are classified 
as employed. Finally, the new schedule obtains a more nearly com- 
plete count of housewives and students who are actively seeking work. 
The net effect of all these factors on the count of unemployinent ob- 
tained with the new schedule as compared with the old is small, the 
net change being a reduction of some 150,000 in the level of unemploy- 
ment in July 1946. 

Experience with the new schedule since the end of the war is provid- 
ing some very encouraging evidence as to the sensitiveness of the look- 
ing for work question as a measurement of unemployment. For ex- 
ample, a large proportion of the women released from war plants im- 
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mediately started reporting tlicmselveH uh not l<)t)kinK for work. Like- 
wise (I iiunibcr of men wlio decided after the wav to lake ;v slrort vest or 
vacation from lire labor forw. Iicfon' again InokiiiK for a joli were re- 
ported with the now aelicdiile us not looking for work. 

Oiir expcriciiec with nieusureineti L thiring the last few yeni's emplia- 
sizes the (lifTioulLy of obtaining a full ecmiit of j)cr.m»iiH having a given 
characteristic — for L“xaini)k« lho.se wlifi did any gailifid W(»rk during a 
given Aveck. Since sneh connts will include: persoim liiivii\g a vimsider- 
ahle range of charae. Leris ties, it is itnporlaul to develop, an a part of 
jneasuvcmcnt, a oompreliensive and earefully worked out e]a.s.siliea(ion 
procedure that will provitlo the subdivisitaiH of (•iniiloynnuit and nn- 
cmployineiit that arc needed for various use.s and j)iirj>o.ses- 

AL the same time, them are, ilefinite limiUitions on Ihi'. rt'fmernent 
that can be introduced B«cce.sHfully into lahov force clusHirunvliou based 
oil a recurring cnuincraliou of a siUiiph( of household.^. Wliat .sort of 
criteria have developed out of our (!.\perieiice? 

First: TJic questions on wlueli ehis.sifieaf.ions uro bused iniast not 
nroiiso antagonism ami nm.sl be siieli Ihal lh(\v can bo asked month 
after month. (In order lo provide greater continuity in ihe dida, MllXF 
households arc enumerated monthly for about (1 luoudi.s.) One of the 
reasons for the difTicuRy with the old selieduh* was that llie enumerator 
uns suppo.scd U) ask of all jiersoiiH not working tn- Irtoking for work, 
their reasons for not looking for work, lleeause (Iiis proved lo bo awk- 
ward in many cases, some cinimoratoiH proluibly did mil ask tlie ques- 
tion, but claHaificd the, rcspomlcut by ulmmvivUon. 

For the same reasons, llic elus.sifiealion Hlioiihl not ileiirnid on a long 
series of questions Avliich will (iiscourage eoiilinueil ciiuperalion. lOnu- 
morators arc only human and am likelj' to adopt slmrt-eiilH in order to 
avoid serious oppoaitioa, pai ti«ular] 3 ' wlii'ii llie.v liave In mtiirn to the 
same Imuschold the next month. 

Second: The (lucstious iiuist lie <il)jec.livei and designed Lo provide 
approximately tlio same answers no nintter wbo u-sks or nnsweis 
them, In the great majority of cn.ses, tlio information is furnished 
by the housewife. SJio enu give fairly mlcqimte replie.s to questions on 
whether tlic meiniKirs of lier familj' are working or looking for work, 
the approximate amovuit of time they w'orlusl mid llie type of industry 
in wliich they W'urked. She eanuol he expee.ted lo give equally vi'lialile. 
answers to ((uc-stions of the inteiilion.s, iireferene.eH, or atl itmle.s of oilier 
members of the household. For example Iheiiueslioii, ''How many Iiouihiv 
week does j'our daughter wniit lo work?” might be aiiswi‘i'(‘d quite 
clilTeYcntly if asked of the daughter herself. 
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Third: The questions must not strain too much the respondent's 
memory. This criterion applies to the recency of the date or period of 
time to which the information requested applies^ the length of the 
period of time to which the question applies, and the detail in which 
the information is requested. 

Fourth: Concepts, definitions, and instructions must be simple and 
conform as nearly as possible to common usage. For example, we ol> 
tain a measurement of unemployment by simply asking whether a 
person is looking for work rather than by specifically asking whether 
or not a person was engaged in one or more of such activities as plac- 
ing or answering ads, writing letters, applying at a factory personnel 
office, registering with the USES, etc. Of course, in instructions to 
enumerators it is necessary to indicate the criteria to be used if the 
respondent ia not certain whether or not some member of the household 
is looking for work. 

In setting up a labor force classification we must take into account 
not only what kind of questions will yield reliable and useful answers 
but also, in the case of sample surveys, what types of estimates can 
be provided by a sample of a given size. 

Our fifth criterion, then, is that the classification should be suffi- 
ciently broad so that the month to month changes in estimates are sig- 
nificant and can be distinguished from sampling variation. For ex- 
ample, it has been proposed that unemployed married women whose 
husbands are earning $26 a week or more constitute an important 
group to break out from the total number looking for work, on the 
theory that their unemployment ia not so serious as an indication of 
failure to achieve full employment. Even if the premise were agreed 
to, it would be a mistake to adopt such a classification if the sample 
cannot provide reliable estimates of the size of this group from month 
to month. Unwarranted conclusions would be drawn from changes 
which are only the result of sampling variation. 

Again, differentiation is possible at certain times but not at oLhers. 
The breakdown of the unemployed into the groups suggested in the 
previous paper might be proper when the level of unemployment is 
high but not when the level of unemployment is low. The groups in 
the population which it would seem desirable to differentiate because 
they do not have the characteristics generally associated with the 
majority tend bo be small in size and therefore impossible to estimate 
adequately with a small sample. 

These cautionary words do not mean that a wide variety of differ- 
entiation is not possible if obtained occasionally and on the basis of 
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Special inquiries, Questiona ivhich would end nil types of cooperation 
if naked each month can be asked once during the period in which a 
household is in the sample. Occaaionnlly it would be possible to pay 
the coat of interviewing cncli adult in a household ^ so that he can re- 
port directly his present attachment to the labor force, his earnings if 
employed, and the typo of worlc he ia looking for if unemployed. Finally, 
the characteristics of very small segments of the population can ho 
estimated from time to time, and although the estimates will bo sub- 
ject to a large sampling error, they will still bo useful as an indication 
of the approximate size of tho group, in relation to other groups and 
to the total. 

The types of differentiation proposed in the preceding paper are, for 
the moat part, consistent with the criteria proposed. Geographical dif^ 
ferentiation and that related to such factors as age, sex, and jnarital 
status present no cnitinoralion clilliciiltics. The she of the present 
sample, however, will yiojd only national estimates. Funds arc being 
requested to enable estimates to bo made on a quarterly basis for CO 
metropolitan areas and for the larger States. The expanded sample 
would also make it possible to provide much more extensive and reliable 
breakdowns of tho national data. 



EMPLOYMENT STATISTICS IN THE PLANNING OF A 
FULL-EMPLOYMENT PROGRAM 
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Bureau of Lahor SiaiiAiic^ 

AND 

Loeinq Wood 
Bureau of the Budffcl 

The term "fitll-omploymont program^ usually moans a 
program designod to mamfcain tho gonoral do maud for labor. 
Unemployment can bo reduced by such a program only to a 
CGrtain point; beyond that point an incronBo in tho gonernl 
demand for labor will bo relatively ineffective and will have 
undesirable reporcuasiona, In Betting a goal for a full-employ- 
mont program wo are OBsentially expressing a Judgment on 
how far wo can safely go in reducing uncmploymoiit by in- 
creasing general demand. In translating this judgment into 
figuresj tho best guide is our historical experience, 

Tho essence of a full-employment program is tho coor- 
dination of a multitudo of governmental activities to achieve 
a quantitative result. This requires that the goal, initially ex- 
pressed in employment terms, bo translated into a compre- 
honsivo national budget. The construction of such a budget 
requires essentially the identification and projection of causally 
significant relationships, For this purpose, tho primary sta- 
tistical need is that economic data in various fields be made 
more comparable and consistent. 

Objectives expressed in terms of national aggregates of 
employment, unemployment and expenditure are appropriate 
in tho long-range planning of oconomio policy, but alone will 
not bo sulBcient for current appraisal of the adequacy of the 
measures taken. For this purpose we cannot roly on any single 
sot of data. Wo must rather undertake a continuing analysis 
of all information which may throw light on tho adequacy 
of our employment objectives and tho meaning of current 
levels of employment and unemployment in the context of 
the developing situation. 

R ecent cliscussion of full-employment policy places upon statis- 
ticians and economists a formidable task of developing the types 
of statistical analysis needed in its planning and execution. The task is 
not so simple as the discussion might seem to imply. The preceding 
pnpci'S have dealt with problems and recent pYogvess in refining some 
of the statistical data which will be needed for such purposes. This 
paper deals more directly with some of the problems arising in connec- 
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tion with tlio use of labor force and employment statistics in the plan- 
ning and administration of a full-employment program. 

Three types of problems will be consklcrccl. First, there tire jn oljlenis 
of defining cpinntitatively the objective of full-employment policy, in 
terms of employment and unemployment. Siicontl, Ihore urc j)roblems 
centered around the development of the national budget as tlie central 
tool in economic policy-formation. Finally, there arc? problonm con- 
nected with the use of .statistical data in (Icterminiiig currently how 
closely the [ull-employmcnt goal luis been approached. 

I 

A common approach to the definition of full oin])loymont ninkes use 
of tile relationship between the number of ptirsons unemployed mid tlie 
number of nnfilleil job opening.s. Beveridge, for oxiimple, sugRosts that 
full employment means "more vaeniit jobs tliiin uneinjiloyed men.”* 
To anyone concerned with problems of nieasuvemcut, Ibis typo of defi- 
nition raises serious quosLioiis. It is diffieulL enough to determine wlien 
a given iiidivKhial is to be classified ns uiwunployisl, but there i.s at 
least no question that he i.s uii individual, ami, once his projicr elnssifK-a- 
tion hag been determined, bo can be counted. A "job opening” lio\vev<‘r, 
is soniotliiug much more tenuous; it may represent only the dt'sire of 
an employer to interview prospective workers in order to be able to liire 
promptly at somo future time in cii.se the need sliould materiiilize. 

We may get further if we nsk why it is nocessury, in setting up a 
“full employment" objective, to allow for any imcmploymimt. It is 
doubtless true that unemployment of two million will involve snnu!- 
what less hardship to the individuals involvctl than will uiieinploymeut 
of 16 million. But this is not in itself a justification for taking two 
million unemployed, rather tlian one million or JOO.OOl) us our "full 
employment” goal. The justification must lie sought in llio nature of 
tlie program for which the goal is being set. 

The term “full-einploymont program", in tlie context of nntst current 
discussion, has a somewhat more specific coniioLuLion limn the words 
themselves seem to imply. It onlinivrily moans a program designed 
primarily to maintain the general demand for labor, usually liy main- 
taming the demand fov gooils and Hcrvices. Wbile some considevalion 
may bo given to donmnd for labor in spoeific region.n and industries, 
ompbasiB is gonmully on the iialioiud picluro. MeuKuiea deslgued siu*- 
cificftlly to improve the organization of the labor inarkid — improvenn'iit 
of employment .services, elimination of seasonal variations, or veor- 

I Sir Wjlllnni 11. llovcrifluo, h'uU ui ti Frte Suriclpi N'ov York, W. W. htortoii niul C'o-i 
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ganization of casual industries — ^are usually thought of in a separate 
category. 

Increased demand for labor will undoubtedly result in some reduc- 
tion in unemployment under any conditions. But if unemployment is 
already low, the effect will be relatively small, and serious inflationary 
pressure may result. 

In setting a ‘‘goaP^ for a full-employment program, we must take 
account of the limitations of the program. The allowance for 
mum" or “frictional" unemployment which we make will vary, of 
course, depending on the character of the program itself and, in par- 
ticular, on the extent to which it includes measures designed to im- 
prove the organization of the labor market, At best, however, the 
figure will represent a judgment on how far we can safely go in reduc- 
ing unemployment through increasing demand. 

In translating this judgement into figures, the best guide is probably 
our historical experience. At present, the only period of relatively full 
employment for which data are available is the war period, which is 
not ail adequate guide to peacetime conditions. It is relevant, never- 
theless, to consider that unemployment, as measured by the Census 
series, was below one million during most of the period from mid-1943 
through mid-1945. We should probably not choose to face in peace- 
time the problems of labor shortage which characterized this period, 
and to invoke the manpower and price controls which they necessitated. 
The earlier part of the war period, before labor shortages became acute, 
may provide a better guide. 

It is important to recognize that any projected unemployment or 
labor force figure has meaning only with, reference to a specific set of 
definitions and techniques of measurement. The preceding papers have 
suggested the extent to which relatively minor changes in procedures of 
enumeration may affect the resulting estimates. 

II 

An objective defined only in terms of unemployment is hardly ade- 
quate as a guide to the development of economic policy. We need also 
to know what the goal implies in terms of employment, production, and 
national income. It may be necessary, indeed, to go much beyond this 
to the preparation of detailed estimates of income, consumption, sav- 
ings, and investment, and perhaps even estimates of production and 
cmpIoymenL for individual industries. 

It may not be obvious why such estimates are relevant to a program 
primarily concerned with employment. But the term “full employ- 
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ment" refers to the olijcctivc of the program, and not to its scope. What 
is implied by the phrase '‘full-cmploymcut program" is a coordination 
of Federal economic and fiscal policy in the interest of inninlaining 
employment. 

The essential characteristic of the program is thus the coonlinatwn 
of Federal activities in a multiplicity of fields which impiiigo on tho 
operation of the economy. Itinvolvc.s, moreover, their coordination to 
achieve a Quantitative result — a given level of dcmaiul for labor neither 
too high nor too low. The planning and oxceiition of siicli a program will 
clearly require the preparation of comprehensive o.stimiiteH covering 
the whole range of economic activity. The term "National Budget,” 
frequently used to describe such C3tiiiiatc.s, is a fairly exact mctaiihor. 

A full-employment budget starts witli a forecast of the labor force, 
based on tho latest current data and allowances for anticipated future 
developments. After deducting whatever unemployment figure is felt 
to be consistent with tho full-cmploymenl objective, thi.s yields a goal 
expressed in terms of total employment. From total employment wo 
pass to estimates of production and income; and thence to an oslimato 
of consumption, investment and total expcndilurcs, Tlic comparison 
between total expenditures and total production provides a test of tho 
adequacy of demand to sustain full employment, and the underlying 
cstimatca provide, in greater or less detail, a dcsertplion of the asso- 
ciated pattern of economic activity. 

Tho problems involved in tho construction of such a budget are in 
essence problems of identifying and projecting significant economic 
lelationships. The task is complicated by the fact that most of the data 
which must bo used wore not designed for sucli purposes, mid in many 
cases cannot bo easily adapted to it. Two examples, lioth involving 
labor force and employment statistics, will seiwc to illustrate the sort of 
statistical problems which are encountered. 

In passing from the estimate of total employment to cstimnte.s of 
production and income, we must make use of tho projections of hours, 
man-hour productivity, and hourly or weekly enrning.s. Hero we 
encounter tho dilHculty that our employment data arc of two funda- 
mentally different sorts, baaed on dilTcrcnt concepla and doliniUoiis of 
employment. Data on labor force and unonnplo3unont nro n(.>(!t's,s(inly 
based on reports from the workers themselves (or momhors of their 
households) on tho basis of which each individual is cbis-siliod on the 
basis of his employment status. But such data do not loud IhcmsolvcH 
to tho study of changes in productivity, hours, and earnings. For this 
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purpoaoj it is necessary to make use of reports from employers which 
provide data on the number of persons on their pay rolls, their aggre- 
gate earnings, and the aggregate number of man-hours worked. Such 
reports necessarily require the use of a somewhat different definition of 
employment, and the estimates of total employment derived from these 
reports may differ materially from those based on a household survey. 

Lack of comparability between different series of data is not always 
traceable to such fundamental differences in techniques of measure- 
ment, however. The statistical work of the Federal Government was 
not designed to serve the needs of national economic policy-making. 
Rather it has developed gradually in response to much more particu- 
larized needs and interests. As a result, estimates of different but closely 
related things, prepared by different agencies for different purposes, 
may not be consistent with respect to scope, definitions, and classifica- 
tion even when the basic data are drawn from the same or similar 
sources. 

Current data on hours and earnings in nonagricultnral industries are 
available only from BLS reports, which also provide data on employ- 
ment and aggregate wages. Trends in productivity, hours, and earnings 
must therefore be studied largely on the basis of these data. But to use 
the results of such studies in the construction of national budgets, they 
must be fitted into the structure of the Commerce Department esti- 
mates of national income. The estimates of the wage and salary com- 
ponent of national income, though based largely on the same sources 
as the BLS estimates of employment, are not directly comparable 
with the BLS estimates with respect to classification, or even with re- 
spect to total level and trend . Each agency has used the classifications 
and methods of estimation and adjustment it felt best adapted to its 
own needs, using the best data available at the time. This particular 
case is cited not because it implies criticisTn of either of the agencies 
involved; they have recognized the problem and are now seeking to 
achieve consistency. But it is illustrative of the problems involved in 
adapting to the needs of national economic policy-making a series of 
statistical programs that have developed largely in response to different 
needs. 


Ill 

The long-range planning of a full employment program may be car- 
ried on with primary reference to objectives expressed in terms of gross 
national product or expenditures. But as the expenditure goal is ap- 
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proacliccl, ifc will bo aeccssary to dotorminc whcUior in fnoL tlio luicoin- 
paiiying employment represents full tiinployinenb, niulcr-oniployinoub, 
or over employment. Presumably the objective would also bt! atuled in 
terms of employment. But that goal likewise, is tentative in ehavactev, 
and requires periodic checking to rlotennino whether it aolunlly repre- 
sents, at any given time, the most accurate ]nt>n.siire of the fiill-oniploy- 
ment objective, 

As and if we approach the slated goal, liow do wet know if the em- 
ployment goal is actually consisLent with the uUimiUo olijeclive—Llio, 
employment of the Nation’s labor force? Until 1940 only decennial labor 
force data were available, which alTovded scanty material for determin- 
ing labor force norma. I'lstimating normal labor market pavtieiiiation 
rules and projecting nctiuil labor force nggregatca is slill a virgin licld 
of research- It is olivious, particularly at llio present time, Hint fore- 
casts of the probable size of the la]>or force for even one your in iidvance 
cannot be precise. 

If ^vc should fail by n wide miirgiu to reneh full employment, Lho 
facts of the siUmlion would probably be clear, mid more reiiiied statis- 
tical analysis would hardly he, uGcessary, But if we should approach 
full employment more closely, a m<irc careful luittlysis woukt he, re- 
quired, and under some ciruumHlancos a reappraisal of the goal would 
bo necessary. If, for e,vamplo, the aclnul luhor force, us shown by the 
Census Biiroau’s Monthly Report on the Lalior Korco, should pi'ove to 
be substantially below the estimated labor force ns used in dolerniining 
the employment goal, dowmvurd revision would bo required. On the 
other hand, if the estimates of required eniploymont should prove to 
he too conservative, the conlinue<l use of loo low a figure for the full 
employment objective would understate the. real cuiploymcmt needs of 
the Nation and could result in n failure to take necessary notion to 
utilize our real lalior rcsoiireos. 

At this point we are primarily concernerl with the problem of de- 
termining how we know whellicr or not wo hnvo full employim'nt wIk'h 
we arc at high levels of economic activity. Wo liavo to "g<*l beliinil” the, 
statistics and appraise their meaning in terms of the gi'iiertil labor 
market and economic situation. Wo. need to provide for tlu' eonlinuouH 
analysis of all relevant information which may tlirow light on the 
adequacy of the oniployiiionb objective and th<^ ineniiing of the [nui ail- 
ing levels of oinploynient and unemployment in tin; context of the de- 
veloping situations, More specifically, wo m'ed to exainiiu^ pi‘riodi<:ally 
the rcasonnblonoss of the allowance mado for frictional mieniploymi'iit, 
tho current level of the labor force ns agaiii.st iirojecLed levels, niul 
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questions centering around the degree of under-employment of em- 
ployed workers. 

The volume of unemployment shown by the Census Bureau's 
Monthly Report on the Labor Force does not provide us with a con- 
clusive answer aa to whether the current employment level is actually 
approximating full employment when unemployment is relatively low. 
The primary reason for this ambiguity is the problem of appraising the 
volume of unavoidable frictional unemployment in any given situation. 
If this were readily determinable there would be strong reasons for 
adopting unemployment as the key measure — ^i.e., for using a stated 
minimum volume of unemployment as the objective. Probably the 
best clues as to whether unemployment at any given time is largely 
frictional can be found in evidences of labor shortages in some parts of 
the economy or in pressures toward rising prices for the factors of pro- 
duction. Hence over-all appraisal of the general economic situation must 
be relied upon to determine if the volume of unemployment reported 
at any given time is essentially frictional in character. It is apparent 
that the frictional component of unemployment cannot be readily iso- 
lated and may vary widely from time to lime> Experience may prove 
that any rough allowance made in advance — ^for purposes of project- 
ing an employment goal — ^may be so far off as to result in a serious dis- 
tortion of the employment objective. 

A second type of problem emerges from the possibility of over-state- 
menfc of the size of the labor force as estimated currently on a house- 
hold enumeration basis. The Census estimate of the number of persons 
seeking work but without jobs has the virtue of reflecting the re- 
spondents' own declarations that they are seeking work — a virtue 
which may give rise to the criticism that it is too subjective in character. 

The general alternative to revising the employment goal to take 
account of the actual changes in the size of the labor force is to base 
the employment goal on long-run historical trends as to the proportions 
of the population of working age in the labor force. This may mean, in 
effect, that we hold to an arbitrary employment goal which has at best 
some valid relationship to labor market participation rates in 1940, and 
ignores marked changes which may have occurred since that time. 

Any dangers inherent in the possibility of an overstatement of the 
numbers of persons reported currently as seeking work may be guarded 
against by conLinuoiis analysis of a wide variety of labor market in- 
formation. An analysis of tlic age-sex composition of the labor force ns 
reported in the Monthly Report on the Labor Force, for example, will 
reveal whether the number of youths, women, and older workers show 
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any unusual developments. It is possiblo, further, to examinD the geo- 
graphic and industrial composition of unemployment. The Monthly 
Report on tlio Labor Force does not provide the basis for such an 
analysis because it is not designed, at present, to show the geographic 
or industrial distribution of uncmploynienl. But tliis can be ap- 
proached by analysis of unemplo3'-ment compensation eluiins data and 
analysis of changes in employment, by industry, by state, anti by area, 
as shown by the Bureau of Labor Statistic, s reports, a.s W(>ll ns by I?in- 
ployment Service data on job applicants and ro/ermls. 

The unemployment ooinpcnsalion data refer, of course, only to 
covered employment, but would reveal gcograpliic concentrations as 
well as affording proof of availability and employability. Analysis of 
the BLS employment data, while uot conclusive, would suggest wluitlier 
excessive diaertiploymcnh had oecuirccl in anj' particular segment even 
if unemployment nationally was reasonably low. Employ numt Service 
data would reveal the age, sox, experience and other chiiracteriBUcB of 
job applicants as well as changes in job opportuniticB by area mid 
industry. 

Data of these kinds may throw little light on the question whether the 
prevailing volume of unemployment results from lack of ndcfiuato 
over-all demand for labor or from frictional causes. To the extent that 
the data point to regional or industrial concentration of unemploy- 
ment, however, this would suggest that the unemployment arlsc.s from 
immobility of labor or other factors of prcxluction and from imperfect 
organization of the labor market. From the point of view of remedial 
action, this would indicate special mcaaiiros rather thon broad fiscal or 
other measures directed toward incroa.sing aggregate demand. But in 
any case, such review and analysis of all available labor market in- 
formation would provide a check on tho validity of the current esti- 
mates of tho size of the labor force as shown by the MoJithly Report on 
the Labor Force. 

A third problem, somewhat dilTercnt in character, is the cxistoucc of 
conditions of undor-cniployinent — c.g., employment in marginal nc- 
tiviticB or at a workweek shorter than desired — as a result of lack of 
real full employment opportunities. With employment at relatively 
high levels, it may prove difBcult to demonstrate the facts satisfactorily 
enough to justify romedial action. Information as to weekly hdUi s of 
work aro available from Ibo Bureau of I^abor StalielioH monUily re- 
ports for many industries and from the Monthly Report 021 the Labor 
Force for a cross Bcclion of the population. Many indiviclualH dosiro 
part-time employment, of course, and oven whore a marked incrcaso 
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in aucli employment can be shown, the meaning is not altogether clear 
except in periods of recegsion or depression. Further research and in- 
formation would be required, as indicated in a previous paper, for 
adequate evaluation of the existence of under-employment under condi- 
tions of relatively high employment. The problem ia significant, how- 
ever, because the existence of under-employment presents evidence as 
to lack of over-all demand for labor as a factor impeding the most 
efficient utilization of the Nation's labor resources. 



MEASURING AND FORECASTING CONSUMPTICJN* 

Fuank K. Gaufiki.d 

During tho pnrtt dijcndu, uinlor tlio HtinnilnH of olmrtgnd 
economic conditioim mul chnngi‘(l lownni policy 

fonnalinii, n!id prtiRn'V^rt Imu Wen imudciu llio iiKUvsnrtMiu'.ivi of 
coiiHiunpUcjfi ill Iho SliitcH. ( '(iKccpls hnvo horn rhu'i- 

fied coiiHidcruhly, teclinicpio!^ for gal}i(triii^ infonuidhni luwo 
been improved, Konu* inforimUion lm,H born oollrf-lofl, and a 
certain nmouiiL of lay nH well ns proh'snioiiril Hnjpport lias hoeii 
(lovoJopod for fiirtlier nso )jf public fiindH tf* rnousnro onn.surnj)- 
lion. VVork in tliiB field, hon-ovcr, iHBlill in a pioriooriiig slngo, 
parlicwbvly Nvilb rnferenne lo ihn of eluviiROH in 

the ijhysicnl volunio of conrmniplion* 

Olio purpose for whicb infornintion on roiisuinplinn luiH 
been {isiiil incrcrtHiiigly during; rnnmit yrnrn in tlm furi'cti.stiiiff 
of clnuigOH in coiiHiimptinn niul in eronoinic cfiinJirions 
crnlly. CoiiHUmpUon hiiH Ijcon widely regiirdml an a varudjlo 
dopciidunl in cpiita regular fnHliicin cm oerlain oilier varinhlnH, 
pai’ticiilftriy ooiiHumer inccuno afUjr laxen and iiirraninjilvi 
Ibernin. TIiir inlonnetiUion has faciliiiiLed (>a)(ni1jkLiniiH cif 
hypoihctlcnl fig urea for fiiLuro grosa mUicuial product and fur 
futuro omployment; and haa nonlrilniied alnci to enncliisinnN 
ranched about iiroapecLiva uggregnLe deiiiiuul and aggregaiii 
flupplyj niul proflptictH fur inflation, 

In th(] nuthor'B view, ganoraluatinna id ion t tlie ivlntioiiHlilfi.H 
lioUvacn conainaplion and oilier cOeiiieiitH In the rettnoniio 
flitnntion Imvo bcuii made witlioiit adeepmte rorogiiition of 
dinterQueoB iu bcluivior resulting from difforeueeH In time:, idivee, 
and circumstance. This acconnls in part for t)u* HhortcoiningH 
of many forecasts made Inst suininor. Kivn anggeHtioiiH con- 
ceniiiig foracnaling arc oiTered for coiiHiderulioni (1) that 
Goiiaumption in any particular period ho c‘.HtiriinleiL after gIoho 
study of tho jmiHpocts for crmipoiierit purtn, with iiiconm 
aftor taxes being regarded as only omi (very iiiiinirtaiit) factor 
infUioiAcing conmimplion; <2) that morn attention lio given to 
ncciirato measurement of the current level of the pbysi eid 
volunio of con Hiimp lion na n starting point fur eHLiniatiug 
future changes in conmiinpUoii; (3) that tiio ronunon aHsiunp- 
tioMH about coriBtnnt priccH he inodiiitMl to niiit tho orcasiun 
and that the whole approach to the jiruhlmu of irHliinatifig ilio 
probablo course of cnnHUiniUion, inroine, cuiiployinent, niifi 
pricen ho rc-oxuimned and revised In lake aflmpiato nceonnl 
of all till! important faetoiH in tlio market; (-1) that very ried 
limiU to what can he accompliHhed in foreetusting by dcHciiih- 
iug tlio econoiiiio world in lerniH of imitlioiimtical ndationHliips 

• Pn^koc doUvctGtl livtv AmBricim BUvUfiUtitl AwsDrintimi, Clc^dUiid. Ohio, JftiuinTy -B, lOlC 
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bo recognized and that the importance of selective judgments 
with respect to particular periods bo emphasized; and (5) 
that, in view of the present uncertain state of the nit of fore- 
casting, care should be taken in formulating policy to roly only 
so far ns is necessary on forecasts arrived at by any method. 

D uring the past decade considerable pioneering work has been done 
in this country in the measurement and forecasting of consump- 
tion, and the bibliography of this field is now quite extended — much 
more so than I supposed when I accepted this assignment. So farj 
fortunately, crystallization on any single viewpoint has been avoided 
for the most part, both in measurement and forecasting, and develop- 
ment of new ideas as to objectives and methods has been spirited. 
About all I hope to do this morning is to remind you of this and to sug- 
gest some of the broader issues which seem to merit further attention, 
particularly issues relating to forecasting. 

Meamring consum'piion. Great impetus was given to measurement in 
the field of consumption by the marked deterioration in living condi- 
tions which occurred in the early 1930's and by tlie widespread modi- 
fication in that period of the laissez-faire views of earlier, more prosper- 
ous days. Costs of investigation were regarded in many quarters as no 
impediment — in fact, surveys of all sorts wore encouraged as a means of 
further unbalancing the Federal budget and providing employment. 
There was keen interest in what could be done by the Government to 
improve living conditions, and especially the lot of the lowest one-third. 
The Consumer Purchase Study of 1935-36 provided information on a 
scale never before attempted in this field, including detailed analysis 
of the consumption of 60,000 families classified by income group, degree 
of urbanization, and other characteristics. In some particulars, such 
ns the coverage of high income groups, this study was not wholly 
satisfactory, but it marked a real turning point in the whole history of 
the measurement of consumption. Information was obtained not only 
on dollar expenditures but also on what consumers were able to obtain 
for their money in real or physical terms. 

Since this initial comprehensive survey there have been further 
studies of a similar soh in 1941 and again in 1944, but the samples have 
been extremely small and, even though sampling techniques had im- 
proved meanwhile, the results have been of only limited value. The war, 
it may 1)0 noted, called for action to restrict consumption rather than 
to expand it and to conserve labor rather than to provide employment. 
The gathering of information not directly essential to the war program 
was generally curtailed. 
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Meanwhile, smce the early 1930’b analysis of current economic dc- 
volopments has been extended in new directions, The focua of many 
recent studies hna been development of an integrated nyshiin of broad 
aggregates covering nil activities in terma of income flows and cxpcncli- 
turea, whcrcaB in the 1920'8 the effort was to develop measures of 
changes in strategic points in the economy and not to formalize esti- 
mates of cluiugca elsewhere. Development of this new Byslcni Iuib led 
to considerable work in estimating annual coneumcr cxpoiulitureH for 
consumption items and estimates Imvc been made largely on the basis 
of biennial Census data for production and leas frequent Census data 
on distribution. Work in this field lia,s provided such expenditure esti- 
mates over a conBidcmble period of time in quite Bomc detail by com- 
modity groups but not by type of purchaser. The coucepta and pro- 
eedurea were determined with a view to fitting the reaulla into tlic 
general analysis of gross product, and the matter of physical volume of 
conaumptioii was nob a primary consideration. 

For purposes of cuii'cnb analyeis it appeared necessary to have data 
for much shorter periods than ycara and the Department of Commerce 
has developed a serieB on the basis of much more limited data than Liioso 
available for annual compilations. Tliese figures have certain liinitutiona 
as a measure of current monthly cliangcs in consumer cxpcnclilurcs and 
can he interpreted as ropresenting changes in the pliysical volume of 
consumption only through a price deflation process. Tlic Buhjcct of 
price deflation, especially for the war period, ia sLill one of aharp debate, 
and differcncca in point of view as to proper deflation liavo conlrilmtcd 
to quite different vicivs as to the current level of conaumptioii and the 
prospect for clianges therein. 

Changes in living conditions — the physical volume of consumption — 
received some attention in the planning of the war program and more 
recently have received important consideration in planning the settle- 
ment of war claims and the floating of loans by this country. In this 
connection a "Special Combined Committee" setup by the Combined 
Production and Resources Board made a careful study of oxiating in- 
formation concerning changes in living conditionB during tlic war 
period in the United States, tlio United Kingdom, and Canada and did 
what they could to make coniparisoiis of absolute lovola of consumplion 
in the three countries, The cliairmnn of the group making tliiB study 
ia tlio chairman of thiB meeting and any questions on lliis may well bo 
addressed to him. It may lie noted, Iiowevcr, that thiB study was an 
attempt to get at changes in living coiulitioiis and not simply changes 
in consumer expenditures; and tliat it was an attempt to do this by 
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building up physical volume estimateB directly aa well as by deflating 
expenditure series. It was, moreover, an attempt to make international 
comparisons meaningful through appropriate reclassification, of data 
available in three different countries and through discreet handling of 
price deflation problems of peculiar difficulty. 

Finally, in order to estimate the importance of increased consumer 
holdings of liquid assets in affecting postwar spending, opinion surveys 
have been undertaken in an experimental way. It remains to be seen 
whether intentions to buy can be taken as seriously as intentions to 
plant. 

These observations aa to measurement of consumption have been 
made to indicate some of the many purposes for which inf ormation has 
been sought, some of the many types of information obtained, and some 
of the broader limitations of available data for purposes of historical 
analysis and of forecasting. In passing, perhaps apology should be 
made to certain people for talking as if no one thought of consumption 
before the Great Depression — particularly to such as Mr. Engel, the 
1919 budget study people, the people who initiated the collection of 
monthly department store sales data in 1919, and the authors of 1,600 
family expenditure studies made here and abroad before the Consumer 
Purchase Study of 1936-36. 

Vorecasiing consuni'piion. At this point the discussion narrows, in one 
sense, because the forecasting of coneumption as a part of the total 
economic situation is only one of the many purposes for which informa- 
tion about consumption is useful. Nevertheless, the issues involved in 
forecasting are themselves pretty broad and forecasts at times are im- 
portant in determining policies, or at least in rationalizing them; the 
time when forecasts were recognized as of significance only by those 
who hoped to turn a quick penny in capital markets is long since past* 
The period since the end of the war has been one in which widespread 
forecasts of quick deflation may have hastened the process of decontrol 
and of tax reduction. Forecasters who made such predictions may well 
ponder whether the influence of their forecasts has been in the right 
direction and whether there is anything they can do to improve their 
forecasting methods for the future. They are, as indicated by these 
sessions, quite aware of the problem. One particular question is how 
satisfactory estimates of consumption have been and how they might 
be put on a better basis. In approaching this question it may be recalled 
that until very recently no attempt had been made to estimate total 
consumption or to forecast the course of consumption, except in the 
most general terms; consequently it would be strange indeed if the 
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leaiilts achieved or tlie metliods developed wore us good us might be 
lioped for on the basis of more experience. 

One of the most basic facts iibout the course of conHumption in a 
country developed beyond Uio 8tag(! of recurrent fainiiicH is the rolii' 
tlvcly stable nature of total cc)iisumi)tion, in real terins, during most 
peacetime periods. Tlii.s is chanieterisLic of total conmimption in the 
sense of consuirKir purcliuHes and .somewhat more so of total (ujnsuinp- 
tionin the scn.se of consumer u.so of go(Kls, including durable goods they 
have on hand. (Tlic usual figures, incidentally, relate to a combination 
of the two; purclui.se.s of new automobiles are lak»ni as the ineasure of 
automobile conKumplion wliilc rent payiuenlH and certain costs of 
home ownersliip, latlior tlian outlays for new houHe.s, are laktui as the 
measure of service.s rendered by hou.ses.) Such fluclualions as have 
occurred in consumption — or at least in dollar consinnpLion expendi- 
tures — ill mo.st past pcrifKls liave been closely rcluteil to elianges 
in income, though considerahly loss marked. 

Observation of such fads about coiusumption in recent yotu'H has led 
many analysts to the conclusion that in full cmploymimt mcxh'ls — a 
rather recent invention — or in forecasts of actual coiuli Lions, figures for 
consumption could bo derived from figures for ('(UiHunu^r income after 
poraonal taxes, with minor allowances for the influenecf of faidors other 
than changes in disposaldc income. Because of (be Hlubility of eoiisump- 
tioii, and llic closeness of records for almost every year to oui! or 
another indicated relationship between income and con sn nip lion, it 1ms 
been thought tluiL any errors in forecasting coiisuniplion would be 
small, percoiilagcwiso. The groat size of the consumpLion eoniponent of 
total expenditures and the great cITcet of Biiiall percentage (M-rors at thi.s 
point have not received iiiucli attention; consumer expenditures in tlie 
fourth quarter of 1946 wore at au annual rate of 107 hillion as comiiarcd 
with 180 for gross product, au<l ordinarily are a larger part of the total. 
Nor has adequate attention liccn given to tlie impossibility of avoiding 
the conaefiucnce.s in the consumption estiniatofl of errors in eatinuilos of 
other components. For “normal” times the analy.sis of changes in con- 
sumption inns in terms of changes in derived consunior denuind, willi 
adequate productive capacity assumed, 

In compiling forecasts of consunijition and production for the im- 
mediate po,stwar period, it has been geneially recognized llial, output 
of automoliilcs and oUicr durable goods for eonsiimms would Iks ro- 
Bti’ietcd by Icebnieal reconversion prnbhmis and Ihatcoiiseiinenlly con- 
eiimcv demand could not be regarded to the usual degree us a determin- 
ing factor in the volume of production in tliis field. It luin also been 
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lecognized that demand for durable consumera goods would be to some 
extent independent of current income, owing to depletion of consumer 
stocks and accumulation of consumer buying powei\ 

Production of nondurable goods, however, was expected to be de- 
termined largely by demand factors and consumer demand in this field 
was thought of as being closely related to income, The limitation of 
production volume through supply factors in a wide range of produced s 
and consumer’s durable goods, moreover, was expected to limit income 
payments and thereby demand for nondurable consumer goods. 

On the basis of these considerations and allowance for a rapid decline 
in Government expenditures, a reduction of several billion dollars in 
the annual rate of consumer purchases of nondurable goods from the 
middle of 1945 to the end of the yoar was forecast by some last summer. 
As events turned out, consumer takings of nondurable goods were at 
an annual, seasonally adjusted rate of 66 billion dollars in the fourth 
quarter (a figure later revised to 69.6 billion) as compared with 59 
billion in the second quarter of the year. The rise occurred at a time 
when income payments and disposable income were somewhat re- 
duced. Thus, the usual relationship between consumer income and 
expenditures for nondurable goods did not hold in this pexiod and, 
moreover, the decline in income was very much less than had been 
expected. 

Now we might brush aside thia failure to forecast even the approxi- 
mate level of consumption outlays with the observation that this was 
an especially difficult period to forecast by any method. Or, we might 
interpret the continued strong consumer demand for nondurables as 
being so temporary that earlier forecasts would be fulfilled — albeit at a 
somewhat later date than originally suggested. Or, we might take fur- 
ther counsel about the forecasting procedure itself, recognizing that the 
period immediately ahead now will also be unusual and perhaps of 
exceptional importance; and that almost no period is of an average sort 
except some period in the fairly distant future which can not be ex- 
amined very closely in advance. 

My first suggestion is that full recognition should be given — as it has 
not been heretofore — to the many influences that bear on changes in 
consumption over time and especially to the varied importance of these 
different influences in different periods. To regard consumer expendi- 
tures, or even consumer expenditures for nondurables, simply as a 
variable dependent on disposable ineome is too restrictive, no matter 
what the formula. It is true that in peacetime many fluctuations in 
economic activity stem from business decisions about the purchase of 
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inventories, new plant and equipment, and the like; and that Huch 
fluotuationa affect conaumei' incoinea and cxponriiturca. It is niao irvie 
that considerations other than the consumer market may Ik? paramount 
in such decisions, Almost always, however, these Imaincfts rlcnisions arc 
made partly with a view to the consiimnr market, Moreover, clianKcs 
occur in. consumer stocks of aiitoinobilcfl and other tlurable ko(k1b— and 
also of soraidiirablc goorls— wliich inny liav(s iinpt)rUinL repi'roiiKsionB 
in the markets for these producla, especially if tliey have, not Iteen ade- 
quately foreseen, After the end of the war sueli inflneiuu'H wow. of great 
importance and there was also a rapid increaais in Uk? civilian popula- 
tion, witli the return of ecvcral million persona from the armed forces. 
Returning veterans, moreover, had special demands, chiefly for men's 
clothing and the like. Consumers generally were in a Htrongor financial 
position, than would bo ueual at existing income levels, hocuuse of war- 
time savings which liad been only partially devalued by uflvances in llic 
cost of living. Clearly, in forecasting consumption in mieh a period, 
demand for semi-durable as well as durable consumer goiais shoiihl he 
regarded as at least semi-autonomouB; and demand even for perishables 
should be estimated partly on the basis of factors other Uuui (turrent 
income. In 1940 the strength of the coneumcr’s financial position and 
of his dcBircs ond the paucity of his stocks of goods may contimu? to 
have a real influcnco on buying, keeping consumer expendilurcH for 
many “nondurables,” for example, “out of line” with past relationships 
and making the problem of price control more serious tlian many expect 
it to be. For later, more "normal” ycnia, the point may bn h?»8 pertinent 
but, again, the “normal” year, or quarter, may he elusive. 

Once the position is accepted that consumer expenditures arc autono- 
mous to a significant degree, the csliinatcs of tiu! groas product must 
be made partly on the basis of independent con»umplioLi cfllimatoH; 
and, further, the eetimatesfor capital formation rnny need to take these 
consumption estimates into account — ^luilcas, pcrchtmco, as in the most 
recent period, they have been based primarily on the estimates of prac- 
tical capacity rather tiian of demand, which has been expecU'd to he 
far in excess of supplies in the field of capital formation. Tbe ih'greo to 
which consumption exponditurce sliould bo regarded not only us 
autonomous but also as determining certain other ItcniH jicods to be 
considered in appraising the particular situation developing at any 
particular time. 

The second suggeation I have to offer is that more alien tioii should 
be given to thomeosuremontof past and current conHumplinn, ((spoeial- 
ly in real or physical volume terms. Ilcbato about tiu? cxteiit to which 
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consumer habits may be expected to change under given circumstancea 
could be raised to a considerably higher level if more were known about 
the actual course of conaumption. Last summer, for example, it would 
have been very pertinent to know how consumption in real terms stood 
in relation to 1939 and 1941. Had we, as many forecasters thought, not 
only avoided a **bed-rock'^ level of consumption but actually increased 
aggregate civilian consumption by 20 per cent? (And per capita some- 
what more?) Or was consumption little, if any, above the 1939 level, 
as some others thought? Or was it in a range of 7 to 12 per cent (10 to 16 
per cent per capita) above 1939 as the Combined Resources Board 
group concluded about that time with reference to the year 1944? 
It seems evident that the level was lower in mid-1945 than in 1944, 
If this is allowed for and if certain debatable downward adjustments are 
made in the Combined Resources Board figures for 1944, the mid-1945 
level for aggregate civilian consumption would appear to be little above 
the 1939 level and below the 1941 level — with very marked differences, 
of course, for particular groups. 'Whatever the correct answer may be 
as to the level last summer, it seems clear that, if possible, in the future 
enough work should be done to establish the facts and to avoid such 
sharp divergencies of view as to the level of consumption prevailing at 
the beginning of any particular period. And the information at hand 
should be reasonably accurate by groups of consumption items as well 
ns for the total if the significance of any level for the total is to be 
properly appraised. This is a matter, it may be added, of considerable 
importance in estimating the comparative courses of production and 
consumption in the period immediately ahead and therefore in estimat- 
ing when the present expansion pexiod will be terminated. 

The third suggestion I offer for consideration is that in making fore- 
casts of consumption and the economic situation generally, more 
thought should be given to changes in prices, costs, and the bargaining 
process generally, In the predictions framed in gross product analysis 
terms, note is usually made of the fact that the fig\.\res shown for variouB 
types of expenditures are in terms of constant 1944 or 1945 prices as 
the case may be. Note may also be made of the fact that a stable price 
situation is assumed in making the estimates, at least tentatively until 
it can be seen how large aggregate demand may be relative to aggregate 
supply and therefore what the general price situation may be. But right 
now one of the chief questions which needs to be considered in the 
preparation of estimates of consumption expenditures and capital for- 
mation is what prices will do or will be expected to do. And these quea- 
tions, in my view, can not be answered by a global comparison of 
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aupply and demand. Prices ovo made in many niarluds and price 
change.'} are often cumulative. They arc made in real estate: ami other 
transactions wliere only tinnsfor payjnents arc iiicludod — an well as in 
markets for currently produced goods to which the gro.ss product Inldc 
refers. They maybe so liigli nfl to niter conshlcrably the aiilnid cour.se 
of activity — they AV'crc in 1919-20— and ant pnuitieally ccrlaiii to 
affect the level of income payments, ns, for (ixumidn, when wage rates 
are increased. At the moment production i.s uitfM'rui)tcfl whih' bargain- 
ing over terms of cmploynicnt goes on. Wlicn the various iiiflimnecs of 
changes in prices and costs and tlic negotiation thereof are (loiiHidercd, 
the estimating process for consumption oxpeiiditunss and (ilhcr items 
may ho more difficult but should be in some respects more rcaiislic. 

It oven appears that in some periods the most significant dc^’(>lop- 
menta may be cn,sior to see when tlie whole approach is altered and 
instead of asking liow much employment or unemployment Uhto will 
be, the question asked is what will happen to prices. I liUHteii lu tlis- 
claim any desire to play down llie importance of emiiloyment or 
activity; rather, I would like to see what ndililioiud can be leanird from 
another approach. As one, illustration of what I have, in mind, the in- 
terpretation of recent inventory figures maybe ineulioned. In tlie gross 
product table, inventory changes shown arc small, of the order of three 
billion dollars annually, and their significance, is not increased imu'h by 
allowing for their effect on consumer expentlitnrcH. lint wliy is the 
estimated change no larger than lliia? It is recognized that jiroducers 
xuid distributors arc eager to replenish their inventories Imt it is 
thought that tlicy can not got the supplies limy seek, except over along 
peiiod. If that conclusion is right, it means tiiat f<ir a long Liine iires-siire 
to increase prices and to trade in the black markiit will be great, if 
price Ceilings arc held and enforced in the usual trade chaniK'ls. Within 
limits, the smaller the increases shown for invimtories, the inori! .serious 
' — in o ponod like this— is the likclihowl of further iidlalionary jirieis 
tidvanees. And ultimately, I may add, the greater is llio danger of un- 
employment in a period of reaction from a Hpcculativc price rise. The 
same general analysis applies to the not export ligureK in the. gross prod- 
uct table — if exports arc small simply because the good.H ar(> not avail- 
able, ili inoana that many markets are eonUnually in a tight, pusiUmv 
and that price iiicreaHos can he avoidtsl only |iy uulhnritiuiaii mensunis. 
If this same analysis is made for rcsulenlial building, llic eviileiiee is 
dear right now. People arc ready to buy many more nmv liouHes than 
can be built in 1040 and prices arc continuing to rise — to hivels, in- 
cidentally, which arc far beyoiul what the cost indexes, with e.cn.stiuit 



FORECASTING CONSUMPTION 


331 


percentage margins for contractors, would suggest. In a period of this 
sorb a figure whicli shows only how much will bo spent for new houses 
at constant prices or how many homes will be built gives little idea of 
the demand for now houses and provides no adequate basis for forecast- 
ing price developments in that field. Nor does it even contribute 
properly to an estimate of global demand to be matched against global 
supply. As I see it, analysis of the importance of price changes, of the 
way they develop and cumulate, and of the possible methods of fore- 
casting them needs to be developed by methods somewhat different, 
and in a sense more comprehensive, than those used in the gross 
product approach. 

Clearly, the suggestions offered here imply something about the 
emphasis to be placed on the development of mathematical devices in 
forecasting. Without in any way wishing to disparage the use of 
mathematics at appropriate points, I think it is important to recognize 
that there are very real limits to what can be accomplished by trying 
to describe in mathematical terms an economic world in which changes 
stem from so many influences of such varied significance in different 
periods. My emphasis — and this is the fourth of the suggestions about 
forecasting — would bo on improving our information (about inven- 
tories, investment in plant and the like, ns well as about consumption) 
and developing an analytical approach sufficiently broad and flexible 
to promote understanding of all the different types of situations which 
may lie ahead. No formulae or systems of formulae tied tightly to the 
past (a short past, too, for data of much reliability) can do anywhere 
near all the job, And efforts to formalize knowledge may divert atten- 
tion from establishing consistency between estimates of the parts and 
the facts to establishing internal consistency of a sort within a system 
of figures. The choice of independent variables, as noted in the discus- 
sion of the first point above, may be arbitrary and give rise to mislead- 
ing results. Perhaps all this is just another way of saying that the judg- 
ment of experienced people familiar with developments in economic 
and political affairs, domestic and international, is one essential cle- 
ment in good forecasting. Earlier I referred to the “art of forecasting^^; 
that phrase was chosen deliberately, 

Implied in all this discussion of forecasting consumption and eco- 
nomic activity generally ia a conclusion which may be stated as a 
fifth point; that the art of forecasting is not yet fully developed — or 
perhaps even that there are narrow limits to what can be done in this 
direction — and that forecasters should be careful not to claim loo much 
for their present methods. For many purposes, such as the preparation 
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of budget mcssagos, forecasts must be made curroiiUy by tlie best 
means available at any particular time and then be defended. But it 
hordly ecems desirable, in diecussing the feasibility of a full employ- 
ment program, to place great cmphnaiB on the improvement mode to 
date in forecasting IccliniciucB. llatlicr, those who support a full em- 
ployment program, as I do, might better argue that such a program is 
essential and that, in order to carry out some parts of tlie program, 
provision should be made for obtaining much betUir infornuUien than 
we have and for stimulating efforts to learn more about forecasting, 

The future. The final section of this paper waa to deal with the future 
of measurement aiul forecasting in the field of consumption but the 
crystal ball is clouded and I bcc no formulae for predicting fluch maltora. 
The bibliography on this phase of tlie problem is fairly short and the 
opportuniticB for people of imagination to make real eontribiiliona arc 
great, 

Even 80, the present staligticnl situation in this field ia very much im- 
proved over tliat prevailing immediately after the First World War, 
at loaBt in. absolute terms. What it may bo in relation to needB, I leave 
you to judge. Looking back over the liisbory of the period between the 
wars, it seems evident that tlio need for informalioa and analysis in this 
field was groat right along. An understanding of what was liappcniug 
in consumption as compared with what was happening in capital forma- 
tion might have provided the basia for hotter policy in the nineteen 
twenties, although the temper of tho times was such that any advice 
economists might have given on this subject jirobably would luvve been 
little heeded. In the past decade coiiBiderablc thought has been, given 
to objectives and methods and there arc numcroua cconomiets familiar 
with problems in tlie measurement and forecasting of conBumption. 
Moreover, there are many more people in the community generally who 
aro aware of such problems. Conecqucntly, there is more chance that 
the thought of economists may be pertinent and bo reflected in 
action. It is true that recent carefully conaidcred proposals for a largo 
study of family income and a companion study of conBuracr purchaaes 
have not yet been approved in CongrcBs. But this should not he re- 
garded as too discouraging under existing conditions. 

The problem of developing satisfactory time Bcries tor Uio physical 
volume of consumption ond for tlio physical volume of priKluction of 
goods for consumers is real and will need to bo explored carefully. I’rc- 
liminary inveatigation of production data, such as has been made at 
tho Beservo Board, and tho work of the Combined Resources BoartI 
group show that the underlying data available, particularly on a cur- 
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rent basis, fall considerably short of what might be desired, aa, for 
example, in the field of textiles. 

In the international area the occasion for further development of 
information and analysis in the field of consumption may not appear 
with the same force as it is likely to in the domestic situation, and with 
the difficulties of comparison much greater because of much greater 
cultural differences, the limits on, what can be found out are no doubt 
narrower. Nevertheless, the question of relations between the nations 
which '‘have” and those which “have not” is a very basic one, even ns 
the question of distribution of income and consumption within a coun- 
try is; and sooner or later we may see developments in the field of inter- 
national statistics on consumption much greater than it now seems 
reasonable to expect. 

Whatever the developments in measurement may be, there will 
always be forecasting, and forecasting of consumption will be part of 
the job. There are likely to be further changes in methods as the pres- 
sure of events is brought to bear on the work of f orecasters and as more 
consideration is given to the choice of methods for appraising prospects. 
Sharper distinctions maybe drawn in our thinking about various length 
time-periods and the extent to which forecasts may be useful and feasi- 
ble for six-month periods, two-yea-r periods, and quarter-centuries. The 
tendency to overemphasize similarities between particular aud average 
periods and to discount differencefl may give way gradually. Wo need 
not be too much surprised when any particular set of ABC series is 
superseded. -We should continue to avoid crystallization on any narrow 
view and to develop all approaches appropriate to the wide variety of 
situations likely to develop. 
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tho following oqualioii : 

'Xiy*- -V/d - X A{f 

whoro Xu is the mean of llio <tli flul)ClnH3 in Iho ;th row or 
columni Xj is the momi of the /th row or colnrniii X io Uio 
grand meuii niul is tho adjusted moan of the dh Hubclasg 
in tho /th row or column. 

Tho method is hnaod upon Iho nr«HUmplion that tlio weighted 
Buin of sqiiiircH of tho Huljclass mcniiH that arc acljnHtod for tho 
border mean ofTecLH in nii efliciejit cHtiinnlo of lUo variance 
due to intoracbion, Jimlinculioii of this asHumplion is indi- 
calod ]>y tho fact that tho dirToronco between the dilTeroiicefl 
of HuhelnftH ineann for ti gWou cluHsi Real ion in ^mehunged by 
the adjuBting proccBH. It 5k furllicr dcinojiHtrated lliuL if ii 
auflicient iniinljur of adjuatingH nro carrhnl out tin; reHuUs 
will bo bliu Humo as Dioue oblainod by Llio method of III ling 
oonsLants. 


INTltOPUCTION 

I N THE field of animal fjcicnco data arc often encount rod in which tho 
subclass mimbors are neither ociual nor iiroporlionul. TJic coime- 
quonces of this diHi^roportionality jn Iho Hubelussos ha\M^ Ixnni voviowial 
by Yntes (1933) and Snodecor and Cox (1935). Consi<lonible liinilaliouH 
have been iniposod on tho inLerprotations of Huch data, Ihc Kolutions 
being generally eousidcred^ at beat, only approxiinaiioiis. 

One of the oldest methods of analyzing data witl\ uncciual nuin))erH is 
that of correcting or adjusting for clifTcrences among tho nunins. By 
this nictliotl two or more groups may he made, on the av(M’ag(b homo- 
geneous for some given clTect. The more important Hccond cITiM-t can 
then be studied and compared without Ihc disturbing iulluen(:(^ of the 
coiTcetcd or adjusted olToet. Although Ihls rnctlunl has liml (‘Xtcimivo 

* CrciUt enul LhniiliA nm iluo Ici rmfriuior 0. II. (Indbcy of ilm AKrkulMind and aM n'liiiiiinkl (VjIIi'ko 
of 'joxAn for lid]) ih (lio lire jmnn Ion of 11 lU priper fur ihiniii'iUioii. 

t Aultnal liuHn^udnum, DlviwMiu of Auiuuil lluKliAudry* AftrU'ulluuU I'xiM rliuQUl 

SLatioiij AKriauliurnl and ^[GolhAT)iclll Colley o of 
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use, especially by workers in the animal sciences, users usually feel 

obligated to apologize for it even when no other methods are applicable 
to the data. 

The objects of this paper are (1) to show the relationship between the 
elimination of variance by a method of adjusting and the segregation 
of variance by the analysis of variance, (2) to demonstrate the use of 


TABLE 1 

THE NUMBER AND MEAN VALUE FOR MALES AND FEMALES FOR BACH OP POUR 

GENEBATIONS* 


QtntraUona 

MqUr 

Femalea 

Total 

Number 

Mean 

Number 

Moan 

Number 

Mean 

1 

2 

8 

4 

15 

15 

16 

16 

12 

10 

B 

0 

16 

16 

16 

15 

0 

10 

7 

6 

30 

30 

30 

30 

0.00 

10.00 

7.60 

7.00 

Total 

00 

0-76 

00 

7-00 

120 

8.376 


* Hypothetical data lor the purpoae ol llluetrallon. 


TABLE 2 

ANALYSIS OP VARIANCE OP THE DATA IN TABLE 1 


Source of Variation 

DeoreoB 

cf 

Freedom 

Bum 

of 

Bquaroe 

Mean 

iSffuarfl 

Total 

Between eonerfitlon>flox Bubclaasea 

Within Eenarallon-Bor flubciQBaoa 

Between sev meana 

Between Eoncrnilon moaiiH 

InternotiooB of Bex Xeonorallon 

110 

7 

112 

1 

3 

3 

702.126 

668.126 
224-000 
220-876 
170.626 
170.626 

81 

2 

227 

67 

67 


adjusting for segregating the confused variability in a two-way table 
when the main effects are non-orthogonal caused by disproportionate 
subclass numbers, and (3) to offer a method of adjusting as a substitute 
for the more algebraic and lengthy least square method of fitting con- 
stants. 

ANALYSIS OP VAHIANCB AND ADJUSTING IN BATA WITH EQUAL 

suncLAsa numbers 

In the analysis of a set of data two problems are confronted — one of 
estimating the variance due to several sources and the other of testing 
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the aigniacancc of tlicso effects producing the variance. In data with 
equal or proportionate Huhclttss luimliorH, llui method of aualysia of 
vailancG gives both an estimation of the variance aiul a teat of aig- 
nificancc. The method of adjusting herein rciJortoil can l)c used to 
eliminate the variance for any ofTcCit that can ))c f;cKrcRate<l by tlic 
analysis of variance. Tlic utility of thia property of ndjuating shall bo 
made clear when data witli the disjM’oiJort innate siiljclasn miinbnrs are 
dLsciissed. 

For ilhistratiiiR the elimination of variance by the method of adjust- 
ing, the hypothetical data of Taldc 1 will be n.scd. The rcHuHs obtained 
f]‘om tlieso data by the usual method of analysis of variiunKJ are shown 
in Table 2. 

TADIiE 3 


aUllCI,A 8 a MEANS OF TAllUv 1 AOJUSTPI) KOH nilTIvllKNClva IN SE.V MEANS 


0cii«rafi'ona 

Matti 

/V/Tirifrj 

Total 

Number 

Mean 

Number 

Mcftn 


^f€l\n 

I 

15 

10.025 

16 

7.376 

30 

0.00 


16 

8.025 

15 

11.376 

no 

10,00 

3 

15 

G.025 

15 

8.376 

30 

7.60 

4 

15 

7.026 

15 

ft. 376 

30 

7.00 

Tolnl 

GO 

8 376 

00 

8.375 

120 

H.,175 


AdjuaLccl fnolorn for noi: Mulo —1,375. Fomnlo «« 1.1175. 


TAWU? *1 

ANApyeis OK vartance ok Tirn data in taiice 3 


Sourcff £)/ Kgrifllion 



fffjurire 

Tolftl 

no 

506.250 


Bolwcon goitcrAlloii-ficx Aubclnnflcii 

7 

.^(1.250 

40 

WJlhiii KoncrAlion-ficx Bubcla»aert 

11 ^ 

22 ‘i .000 

2 

Jlelwcon Bcx mennfl 

1 

0 

U 

DcLvi'ccn KCncrftlton niCAnn 

3 

170.025 

67 

JntcrnollouH of Rot XeeJicrftllon 

3 1 

170.026 

67 


As noted in Tabic 1, the two se.v means differ from the grand imnin by 
-{-1.376 for the males and —1.37.5 for the fcinule.H. 'L’Ik'.sc dilfcnnicos 
show how mucli each sex is aliovo or below the average of llie entiio 
data. If the individiinls within each sex arc a<ljusl<‘<l or corrcelctd in mini) 
way that each sex moan will bo equal to the population mean and eipnd 
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to each other, there mil, of course, no longer be a difference between 
the sexes. This can be accomplished by the following equation: 

^Xf + X = Aij ( 1 ) 

where Xi^ is the ith individual in the jth row or column, Xj is the mean 
of the jth row or column, X is the grand mean, and Ai^ is the adjusted 
ith individual in the jth row or column. It then follows that 


S(Xi^ ^ X,’ + X) 
Nj 


= X, 


( 2 ) 


Aa this is a type of coding that does not affect the variability within the 
subclasses, it is therefore not necessary to correct each value in the sub- 
class but only their mean: 


Xi, -X, + X^ (3) 

where Xyj is the mean of the ith subclass in the jth row or column and 
Aij is the corrected mean of the ith subclass in the jth. row or column. 


TABLE 6 

SUBCLASS MEANS OF TABLE 3 ADJUSTED FOIl DIFFERENOES BETWEEN 
GENETIATION MEANS 


Gen^ralions 

Malea 

Pemalea 

Total 

Number 

Moan 

Number 

Mean 

Number 

Moan 

1 

16 

10.000 

16 

0.760 

ao 

8.376 

2 

16 

7.000 

16 

0.750 

30 

0,376 

a 1 

16 

7.600 

15 

0,260 

30 

8.376 

4 

15 

0.000 

16 

7.760 

30 

8,376 

Total 

00 

8.376 

00 

e ,376 

120 

8.376 


Atiiuslcd foctora for gonoratioiiB: 1, — 0,625; 2, —1.626; 3i +U.876; 4. +1,376, 


Such an adjusting procedure was applied to the sex differences in 
Table 1, giving the resulting values shown in Table 3. When the 
analysis of variance was applied to these adjusted values, the values of 
Tabic 4 were obtained. Comparing Table 2 with Table 4, it is observed 
that the variance between generations, interaction of generation X sex, 
and error or within subclasses are the same but the between sexes is 
zero in Table 4, while the total sum of squares is reduced by an amount 
equal to between sexes of Table 2. Thus, the variance between sexes 
has been completely removed without affecting any of the other sources 
of variation. 
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Continuing tho procesB of elimination by adjusting, tho values of 
Table 3 were adjusted for dilTcrcnces among genurnlioiia. The genera- 
tion adjustments of the subclass incana of Ttiblo 3 nre shown in Talde 5, 
An inspection of this table reveals that lliere is still no dilfei'encc be- 
tween the sex means and now no dilforcncea among the generation 
means. The results of analysis of variance are shown in Table 0. Hero, 
the total sum of squares is reduced by nn amount Ofiual to tho sum of 
tlw between sexes and between geiu'iatioiis of Table 2. There remains 
in tho data, therefore, only that variation attribuled t(j the itileraolions 
of sex X generation and tho witlilii subclnas variation. 


TABLE 0 

ANALYSIS OF VAIIIANCB OF THIS DATA IN TAIILE 11 


Source of Variation 

of 

Freedom 


Aftan 

Snufiro 

ToUl 

110 

304.025 

1 ^ 

Dot'M'fion E&iicrtilion-flGx BubolABflCifl 

7 

170.025 

24 

Wilbin Bcncrnlion-fiox BtibclnuoA 

112 

224.000 

2 

HoLwcga bcx incAnB 

1 

0 

0 

Bolis'DAn RanerniioD itioatia 

a 

0 

0 

InlomcLlona of eoiXRonoraUau 

a 

170.025 

67 


An intcreating feature of interaction is obtained from a comparison 
of Tables 1 and 6. To illustrate, in Table 1 the difference ImjLwooii tho 
males of generation one and the males of generation two is - 1 - 2 . 0 , wliilo 
tho diHorcncc between the females of generation one and the femalea 
of generation two is —4.0. The range lictwccn these two diffeicueo.H is 6. 
This is a typo of variation that determines interaction, The dilTcrcncos 
between tho same two pains of subclass means in Table 6 arc -H'lO and 
—3.0. The range between the two diltcmnccs is 0,0 as before. This shows 
that interaction hos not been affected by adjusting for tho main effects, 
Although tliQ differences may be changed, tho range between the dif- 
ferences will always remain tho same. This will bo considered again in 
connection with disproportionate Bubclass nmnborB. 

The interactions of box X generation also can be removed from 
Table G, leaving tho Biiholass moans equal and equal to tho grand mean. 
Tho removal of intornction can bo accomplished before or after citlior 
of the main effects are removed by adjusting for each of three correctly 
chosen seta of moans. 

If the analysis of variance ia made considering tho main cffccta elimi- 
nated, the corresponding degrees of fmedora for those effoots must bo 
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considered utilized in the adjusting and removed from the total. Thus, 
in the analysia of Table 4 where the sex effect was eliminated there 
would be 118 degrees for total, three degrees for between generations, 
three degrees for interaction, and 112 degrees for within subclasses, the 
one degree of freedom for between sexes being utilized in the adjusting. 
Ignoring the reduction in degree of freedom Avhen there has been a re- 
duction in sum of squares by adjusting might result in an erroneous 
conclusion from the data. 

ADJUSTING IN DATA WITH DISPHOPOIITIONAL SUBCLASS NUMBEBS 

In data where the subclass numbers are unequal and disproportionate 
the ordinary method of analysis of variance is not applicable. Snedecor 
and Cox (1936) have pointed out some of the difficulties encountered in 
such data. The principal one is that the addition theorem does not 


TABLE 7 

DATA TAICEN THOM SNEDECOR AND COX (1033) 


Oiticrations 

MaUi 

Femaiea 

Total* 

Number 

Monn 

Number 

MeuD 

Numb or 

Mean 

1 

21 

76.062 


o.5ie 


30.020376 

2 

16 

01.467 


14.080 


31.860126 

a 

12 

66.007 




21.080000 

4 

7 

71-000 




24,077308 

Total* 

66 

07,327201 

04 

0,030101 

140 

31.120820 


The meAiifl lor tlio border totals are carried a lx places In order to Insure n more accurate compari- 
son wltb tile vnlucB obtained by the least square mothod of fitting constants. 


apply. It is desirable to point out other direct consequences of dispro- 
portionate subclass numbers upon the means of the main effects as well 
as upon the interactions between these main effects. For discussion and 
re-analysia the data given by Snedecor and Cox (1935) vnW be used. 
These are shown in Table 7, where each of the means is decreased by 
100 , 

There is no question that the subclass means of a set of data are good 
estimates of the parameter subclass means, even when the numbers are 
disproportional, liowevcr, when the subclass numbers are dispropor- 
tional, the differences among the border means are not true estimates 
of the parameter differences, because these differences are determined 
not only by the effects of that classification but include also some of the 
effects that are exhibited in the other or other classifications. In other 
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words, tlic main cfTects arc not orthoRotml, tluc to (liH])riii)()rllonftl sub- 
class luinibcra. In the example Ibc ilinmence between Vlus sox means 
is no single function of sex but aiso reflocts soiuo of ilu; g(Mi(‘i'iiLion dif- 
ferences. Likewise, the lUiTcre.nccs among tiie generation means nob only 
reflect all the clTocts of gonorutions but n part of lliowr dilTcroiu'cs is 
caused by diffincnccs bebween K(!xcs. Fnudamenttilly, this is the pri- 
mary I'ca.son the mldition tlioorcm does not hold — tlie iiuiin offecis arc 
confounded or ncm-ortUogonal. 

Of the Kcveral moUmdH Unit have l)eeii developed for the analyHia of 
data with dispvoporlitnuiU' subclass numhers, the, least H<|viare, method 
of fitting conBtftiits, as icirorled by Brandt (lOfllf) untl (‘x tended in its 


TAHr.E 8 

DATA OV TAimn 1 ADIUSTJU) TO XKUO HBx: mn-vuu'.Ncn',* 


Qcnfrationt 

Afalti 



TM 

Number 

Me&n 

Kum1>or 

Mphii 

N'unilH'r 

Mcnn 


1 

31 

40,7d65:i5 

27 

00.702035 

40 

:i5.(X)040-l 

2 

[6 

26.260M6 

2/i 

35.201035 

40 

31.5130D8 

3 

12 

lO.dQOMfi 

23 

20.700035 

an 

30.1U3080 

d 

7 

a4.7035:iB 

10 

37,074030 

30 

1!IJ.HI0403 

To Ini 

AS 

31.120^520 

04 

3l.12O.H20 

141) 

ni.l20HJO 


Ad]uNliii(( fficLorfl for acx (lifTmiicei: Mitlow ^n0-20lH05, KoihaIo^ 

• KxnTnpks lo comiiuto Ihe incftn of (lio nmlw lu fJiie, mid *^30.1201520 lo 

70.f)S2 of Tolilo 7, 


application by Ynten (193'1), is ctm.sidored to Imve the, wiriest range of 
application njid the metst nccumle rosullH. Tlie priimiry a.ssninption is 
that there arc no iuteraclioii.s in th<) i)t)|Hilation fi'om wltudi the sample 
is drawn. In tliis method a net of constants i.s fitted to the data with the 
condition that they dolcrminc a set of Kubela.S8 inenn.s with wsro inler- 
actions but with the values of the main cflecUs une.luinged. Next is cal- 
culated the reduction in ainn of .squnrcH due to filling tlui conslanls, and 
from this an appropriate correction for clisjiroporlionnlo subclass num- 
bers is obtained. 

By the motliod of adjusting, prnelically the same re.sulls are. obtained 
as by the method of fibling cousLunt.s. With this inelhod lli<> assuinplion 
is made that the aiini of srinnres of llu! subtda.vs na'aiw that. are. udjiisted 
for the border effects is an offieic'nt estiinale of lh<'! A'ariaui’i' due to 
interaction. If tho diilcreneo lie.tween diflcuTaeiis (tf sul>elii.sH means for 
n given classification determines interaction, bias u.s,sumption is highly 
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justified. That is, the border effects are not confused with the inter- 
action between these effects. 

By using the data in Table 7 , the results of the method of adjusting 
are compared with those obtained by Snedocor and Cox (1935), Con- 
sider that the first object is to estimate the sum of squares due to gen- 
eration moans. This is to be based on generation means stripped of any 
influence of sex differences. Therefore we shall remove that variation 
due to Bex by substituting in equation 3. This gives a set of subclass 
means that arc not influenced by sex (Table 8). However, as the sex 
means had some influence of generations, as described above, the 
adjusting removed this also. When the analysis of variance is applied, 
the weighted sum of squares between generations is found to be 
1659.13869, This is smaller than it should be for the reason just given. 


TABLE 9 

DATA OF TABLE B ADJUSTED TO ZERO OENEEATION DIFFERENCES 


Ocneroh’on 

Male 

Female 

Total 

Number 

Mean 

Number 

Moan 

Number 

Mean 

1 

21 

30.700067 

27 

20.727067 


31.120920 

2 

16 


26 

34.B72a03 


31.120820 

3 

12 

24.387076 

23 

34,033776 


91.120820 

4 

7 

30.103B0B 

10 

20,284008 


31.120820 

Total 

56 

30.737077 

04 

31.345000 

140 

31,120820 


AdjualinK fnotora for gonoralion differonccs of Table 8: 1. —3.076678, 2. —0,302272, 3. +4.027140, 
4. +1.310333. 


In order to recover some of the generation effects that were removed 
with sex because of the disproportionate subclass numbers, the sub- 
class means in Table 8 are adjusted for generation effects. Because of 
the disproportionate subclass numbers, the difference between the sex 
means will no longer be zero (Table 9). By calculating the between sex 
weighted sum of squares, 12.80149 is obtained. This value is part of the 
generation sum of squares removed with sex in the initial adjusting. It 
is perhaps well to emphasize here that the final resulting sum of squares 
will be the result of contributions from both sets of border means. 
Adding 12.80149 to 1659.13869 gives the sum of squares for between 
generations of 1671.94018, a value within the limits of rounding equal 
to that found by the method of fitting constants. 

The next step is to readjust for sex effects. When this is done, the 
weighted sum of squares between generations is found to be 0.19049, 
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As this process is continued, each additional correction vill recover a 
part of tho between gonorntion sum of squares that was eliminated with 
sex initially. In tliia example, however, the amounts recovered after tho 
first two adjustments are very small. The sum of stiuares for between 
generation, as found in six adjustments, is 1072.14380 or tho sura 
1659.13869 + 12.80149 +0.19049 + 0.00712 + 0,00371+0.00230, repre- 
senting the first to the sixth ndiusUng respectively. 


TADLE 10 

DATA OF TADLE 7 Ari'KIV SIX ADJUSTMENTS. THE INITIAL ADJUSIMENT IlElNa 

FOa SEX DIFFEUENClca 


(7^71 er off on 

A7<ii< 


Total 

Number 

MiMin 

Number 

Mwn 

Number 

Menn 

1 

21 

37.110607 

WBM 

20,457440 


31.120^20 

2 

\t 

25.203416 


a4,01l270 


31.120525 

3 

12 

24.702037 

23 

34.4224B0 


31.120825 

4 

7 

30.654203 

10 

20,110055 



ToUl 

B5 

31.120743 

04 

31,120874 

140 

ai. 120829 


TADEE U 

DATA OF TADI.E 7 AnJUSTED TO ZUUO OENBUATION hlPFEUENCTn 


Ocneraiwn 

5/aid 


Totai 

Number 

Moan 

Number 

5(eAn 

Number 

Mean 

1 


00,062641 

mM 

1.01846L 

48 

01*120820 

2 


00,751701 

wSSM 

13.360701 

40 

3l.l20m 

3 1 


02.101820 


14.060820 

06 

01.120820 

4 ' 

HBl 

78.W36ia 

u. 

13.833518 

20 

61.120820 

ToUl ' 

66 

00. 4120X0 

04 

10.471378 

141) 

31.120820 


AtfjiuMnir rnclon for gonorailon dlfforoncoa of Tftblo7: 1. -7.flOOWO,2, “'0,7202111), 3. -hO.'13'lWO, 
+r.W3fiLa, 


Table 10 bIiows the data after the proccBa of elimination is continued 
six times, beginning first with the elimination of tho sox difTcronccs, 
As may be observed in this table, cacli border mean i.s apiiroximnlcly 
equal to tho grand moan, The variablUty among tho Bubchmscs is there- 
fore considered duo to tho effects of interactions. Hy calculating tho 
weighted sura of squares for between subchLsaes, a value of 3182.40356 
is obtained. This is, within tho limits of rounding, equal to tho inter- 
actions found by the least square method of fitting coiiBlants. 
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By the same procedure the eum of squares for between sex means 
can be obtained. After adjusting for generation effects of Table 7, the 
sum of squares for sex (Table 11) was found to be 108,584.62490, When 
adjusted for sex differences the sum of squares for between genera- 
tions (Table 12) was 1594.09223, which is actually due to sex. Then 
108,584.62490 plus 1594,09223 gives 110,178.71713, This value is still 
somewhat smaller than that found by the method of fitting constants. 


TABLE 12 

data of table iz adjusted to zero sex differences 


Qeneralion 

^ Male 1 

Female 

TM 

Number 

Mean 

Number 

Mean 

Number 

Mean 

1 

21 

33 .7807 67 

27 

22.257809 ' 

4B 

27.296086 

2 

15 

26.446017 

25 

34.000140 

40 

30.702312 

3 

12 

20.810042 

23 

36,600274 , 

36 

32.600423 

4 1 

7 

42,761734 

ID 

34.482000 

20 

30.700173 

Totnl 

1 56 

31.120320 

04 

31.120820 

140 

31.120826 


Adlvisling IftctoiB for box dittcronoca ol Table 11) —36.291784, Femii\(j 3 '=s d'!i0.94944B, 


TABLE 13 


DATA OF TABLE 12 ADJUSTED TO ZERO GENERATION DIFFERENCES 


denfralwn 

Male 

Female 

\ 

Tolal 

L 

Number 

Mdaei 

Numb&r 

Moan 

NumbeJr 

Mean 

1 

21 

37.566508 

27 

20,002740 

48 

81.12Q82Q 

2 

16 

26.774431 

25 

34.328003 

40 

31.120826 

a 

12 

26.340446 

23 

34.130677 

36 

31.120826 

4 

r 

37 . 103387 

ID 

28.804010 

20 

31.120820 

Tobel 

66 

31.038005 

04 

30,817000 

104 

31,120820 


Adju^tiog faotora [or gQnor&tion didccQacoB of Table 12 1 1. ‘f3,824.B41, 2> H-Q ,328614, 8, 
-1.400507, 4. -6.68B347. 


However, a considerable amount of sex influence was removed with 
generations and not all was recovered at the first readjustment. Read- 
justing for generation differences (Table 13) yields a sum of squares 
between sexes equal to 23.52606. This is also due to between sexes and 
when added to 110,178.71713, gives 110,202.24319, a value similar to 
that found by fitting constants. The next adjusting would yield a sum 
of squares less than 0.50. There was thus needed two readjustments to 
regain most of the sum of squares for sex that was eliminated with 
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generation in the initial atljuslmcnt. II the eliinmalitm proceHS in con- 
tinuccl, a act of subclass vnluos would bn obluinetl Ihal tire i)ractically 
equal to those of Table 10, where the iiiilitil adjustinent vcinoved the 
sex elTect. 

In actual practice it ia necessary only to fuitl the muiffoc.tod adjusted 
aum of squarea for one of tlio border effcctH, «h the tlilTerenee between 
the unadjusted nnd adjusted sum of Kquiucs for one effuet ia eciual to 
the same typo of difference for tlio other border (‘ffeet. 'I’Iiun, tliu dif. 
fcrencc between the original sum of HquareH for geiicralion (07, '50) and 
the adjusted (1G72) ecjunls ‘1081. To find the miin of nciuare.H for Ijetwoeii 
sexes Bublract 1084 from the unadjusted mim of atniures (111,287), 
■which gives 110,203, ns ohlnincd above for between sexes. IiUevnelion 
may also lie calcvdatcd from the BubclaK.seH that have been a<l}»stcd for 
either set of border mcana in the initial adju-stincut. 

Tabic 14 shows the combined results of the aiiftlyHis of variance by 
the method of ndjuating. TJic mean square vnlucn wlien rounded off 
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are equal to those found by Siicdecor and Clox (1035) from fitting con- 
stants to the same set of data. The sums of squares by fclic two nusthods 
differ because of rounding off and beeaiiso a part of the suin of sciuiircs 
removed in each initial adjusting -wa-s never recovered. 

It will bo observed that the ditTercnccs between Ibe difft'i'iUKUia of the 
subclass moans of Table 10 arc the same for corresponding viducH found 
in Table 7. Tor example, the difference l)ntween the two muli! snbela,siies 
for generations one and two in the uimdjiiHted data i.s + 15-185, while 
that between tho female Bubcla.s.ses for genoration.s iiiui and two is 
-6.562. The ditTerence bolwcon Ihctso two differonocs is 20,017. In 
Table 10 the diffcronco Iietwecn tin; eorro,s))on<liiig lirst pair of sub- 
olaases is 11.803170 nnd between llui second pair is —8.183821. Tltc 
difference between those two dirfermu;e.H is 20,0 }7()l)l), llin same ns 
above for the unadjvrtjtcd data. If inleriiiditm is ilelcvminod l)y snch 
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differences, adjusting for the border means has in no way affected the 
interactions. 

Furthermore, the method of adjusting applied to data computed from 
fitted constants, so that the interactions are zero, gives the sanne esti- 
mates of sums of squares for the main effects as those obtained when 
the original data are used. Thus, the sizes of the estimates of sums of 
squares for the main effects are not influenced by the amount of inter- 
action present. There is also no evidence that the variances for the 
border effects are less well estimated as the departure of the subclass 
numbers from proportionality becomes greater. In such cases, however, 
the border effects become more confused or confounded. 

The adjusted border means may also be calculated by the method of 
adjusting. Such calculated means are devoid of the confounding effect 
brought about by dispx*oportionatc subclass numbers. The adjusted 
mean of generation one is found, for example, by adding to the sex ad- 
justed generation mean the difference between the succeeding sex 
adjusted means and the grand mean. Thus, the original sex adjusted 
generation one mean is 35.09640. The same generation after adjusting 
for sex the second time is 31.16235, which differs from the grand mean 
by 0,04152* The third sex adjusted generation one mean is 31.12X44 
with a difference of 0,00061. Furtlier sex adjustments will result in con- 
tinually small differences. The mean for generation one will be for the 
three sex adjustings 35.09640+0.04152+0.00061 =35.13863. In a simi- 
lar manner, generation two is found as 31.51672, The difference be- 
tween these two means is 3.62181. This is in very close agreement with 
the difference between the two (b) constants for the same two genera- 
tions. By the same method, adjusted sex means can be obtained as well 
as the difference between sexes unaffected by generation differences. 

Both sets of adjusted border means can be found ivhen the initial 
adjustment has been for either one of the effects. In other words, the 
sex means can be calculated when the initial correction was for the sex 
difference. For example, the sum of the unadjusted mean for the males 
(07.327291) and the differences between sex and generation adjusted 
male means and the grand mean ( — 0.38149 plus —0.005625) equals 
66.938517, By the same method the mean for the females was found 
to be 10.1G3G65. The difference between the two sexes is therefore, 
66.774852, a difference similar to that between the (a) constants of the 
least square method of fitting constants. Thus, it is necessary only to 
carry out the elimination process for one set of border means and then 
make as many recovery adjustments as may be considered necessary. 
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SUMMAHY and CONCIjUAIONB 

A method of adjusting is clcambctl wlicrcby llic mua of flqimrcs of the 
various aourcca of variance can he eliminated, When tliia method of 
adjusting ia applied to data with unequal Bubclaas numbers, it is pos- 
sible to obtain a- sum of squeuea for each fiourco of vavianco that ia free 
of the infiuciicG of the other effect, 

The method of adjusting is applied to data with unecpial auliclftsscs 
that had been annly7,ed by tlic least square melluxl uf fftting constauts, 
that the same results can be obtained l)y both melhodH. It is 
indicated that the adjusting method is mueli simpler and requiros less 
laboriouB mathemaiieal computations than the method of fitting com 
Btants and is tlicreforc offered as a Bubstitute for it. 

Although the method of afljuating has nob been toslod oxtenslvely 
nor aubjected to algebraic proof, it lias given rcHulla similar Lo those 
obtained by the method of fitting constants in Hovoral two-way sets of 
data.^ It acema safe, thercforCj to conclude that the method can be 
substituted for tho Icnsb square incthocl in data where the hitter is ap- 
propriate* 
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Information about small areas such as census tracts, wards, 
cities, oountios, etc., should be available to the consumer in 
a compaot readablo form. To meet the problem of multi- 
tudinous tables in large expensive volumes, the method de- 
scribed below was dovised for the analysis and publioation 
of data concerning the neighborhoods of Pittsburgh and 
Allegheny County. By using punched card procedures, making 
use of summary curds, machine multiplication and other 
techniques, a set of cards was prepared containing the social 
characteristics of each area and including perccntilo rankings 
identifying the relative position of each area for a particular 
characteristic. The atatistical tables were reproduced directly 
from the listing sheets. Instead of repeating iclontical heading 
stubs for each of the tables, ono set of stubs was printed on 
overlapping tab cards bound bo tho right side of the book. 
This alone jnakee for a most ofliciont use of paper and reduces 
the size and cost of the books. This method of analyzing and 
presentation can be applied to data for cities, counties, and 
metropolitan areas, as well as to small areas within cities. 

T he in creasing quantity of available information for small areas 
such as census tracts, wardSj study areas, cities, and counties is 
maldng the work of analysis, comparison, and publication more and 
more complicated and time-consuming. The consumer of statistics for 
a particular area does not usually have the time nor the inclination to 
spend weeks calculating rates and percentages so as to determine the 
standing of his city or neighborhood among others. Neither does he 
wish to consult a dozen different sources for his basic information. The 
data should be available to him in a compact, readable form so an- 
alyzed that he can see how his community compares with others in the 
most important characteristics for which etatistica have been compiled. 

This problem has only partially been solved by the publication of 
tables which show percentages, rates, and rankings for a group of cities, 
counties or census tracts. Physical limitations upon the size of tables 
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necessarily prohibit the presen tatioi;i of more than about half a dozen 
series in one table. To obtain information on several hundred series, it is 
necessary to search scores of tables. This necessarily requires a large, 
cumbersome expensive volume. 

Another approach to the problem has been attempted through the 
publication of specially prepared booklets for each area. This is an 
ideal solution if funds are available to cover the cost of publication. 
Unless the areas are large counties or cities, it is doubtful whether the 
retums from sales can be expected to cover costs. 

The method of meeting the problem outlined in this paper has been 
applied to the analysis and publication of data concerning the neighbor- 
hoods of Pittsburgh and Allegheny County. The techniques used grew 
out of experience gained over the preceding decade in the analysis of 
small area data and in their presentation. Through the assistance of 
NYA and WPA projects during the Depression years, many special 
tabulations had been made of local datad Most of these data had been 
summarized in a series of ‘^Social Facts Booklets. These consisted of 
mimeographed forms on which the data were typed. The preparation of 
copies of these booklets proved to be s/oav and expensive, Many users 
were interested in more than one booklet which further complicated the 
problem of distribution. 

Tlie vast quantity of new data from the 1940 Population and Hous- 
ing Census which needed to be analyzed and compared with the 1930 
census data, as well as with data from numerous local tabulations, pre- 
sented a real problem in clerical man hours. By the time the data were 
available, clerks and calculating machines Avere difficult to find. The 
choice seemed to narrow down to postponing extensive analyses until 
after the war or of developing some labor saving method of doing the 
job. Because of the great interest in the data for post-war planning 
purposes, it did not seem wise to postpone. Accordingly, considerable 
work was done in the summer of 1942 in the development of a plan for 
the analysis and publication of the material through the use of punched 
cards. 

Since the basic data were available in most instances by census 
tracts, the plan provided for the key punching of one card for each 
census tract for each series to be analyzed. The basic card form used is 
illustrated in Fig. 1 (Card I, the upper half of the card headings). The 
design of this card was changed many times during the course of laying 
out the iilan for the project. Only the last 21 columns of this card were 

1 Edward B. Olcle, “Tlio Use of NYA Workete ihEcologicnl Studies,'’ iSocia? hWcea, Vol. 20. No. 2, 
Docomber, 1041, pp. 218-223, 
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manually pimehcd and in uomc iuHtauccs only tlie laat 1() columne. 
These fickle ehowing the denominator or Imee used in computing per- 
centages or rateSj the actual percent, rate or average, the lunnerntor or 
frequency for tlic particular area for the particular serica, niul the area 
code number, were punched directly from the piddisliwl censuH tract 
figures wherever possible, or from carefully prepared work HlicetH. The 
fields labelled "Gang Punch I" were then punciw<l by the reprmlucing 
machine to indicate the various cmlea for the particular fiorica. These 
codes will bo described later, After all tlie cards wore puiicluMl nml veri- 
fied for the various .series, Iho cards \vere sorted by urea number. Pje- 
viously punched master cards were then used to reproduce area codes 
and descriptions into tlio fields Inljcllcd “Gang Punch II, 

Another typo of card form shown in Fig. 1 (Cftrtl II, the lower half 
of the card headings) waa used to obtain aummarioB of frcciueucy dis- 
tributions for Biieli series as “Monthly Eent of Ilomes.'’ To compute 
medions for arons made up of two or more censiiB tracts, it was necc.^- 
sary to obtain totals for cacli class of the frcqucncica for each tract. 
Columns 3 to 11 on this canl form contained the same nnm cckIc in- 
formation fta the Can! I form on tho upper half of Fig. 1. 

The area codes were used to Indicate the cwlc luunhcv of the. eiuhvac- 
ing Btudy area, service area, or minor civil diviaion for llio particular 
census tract. By sorting on these codes, it was pos-aihlo lunehuiiieally to 
puncli Bummary oarcls for tho various types of suinrunry ai’OaH. In this 
manner it was not necessary to manually add or to key punch the 
cftrda for summary arcDB, Since tho firet two digits of the IMttaburgh 
conBUB tracts indicate tho Ward number, it waa poBsiblc to obtain 
BUinranry cords for wards by sorting and controlling on tliiB number. 
The field labelled "typo of MCB" was used to designate whether the 
minor civil division was a Borougli, Township, or City and wliether or 
not tho area fell within tho census definition of nn iirban place. The 
field lobelled “Type of Area” indicated whether tho area waa a census 
tract, ward, study area, service area, minor civil division, county serv- 
ice area, or county ward. These various types of areas had developed 
historically as the moat useful areas for purposes of jjcighhorhood and 
community planning, 

Tho population woiglit for each area (Field II) wna arrived at by 
dividing the 1040 population of the area by 100. It rvna uaed as the 
weight of the area in computing tho percentile ranking (to he desci'ihcil 
later). 

The Map Coordinate Number was used to indieato tho exact posi- 
tion of each area on. tho ccjibub tract haso map for Alleglumy County. 



PUNCH CAUDA IN AREA BTATISTICS 


351 


This map was drawn with the possibility of running it through a 
tabulator and to have decile rankings listed directly on the map on 
each census tract as the basis for subsequent cross hatching. However, 
this method was found to be impractical in actual practice, and the 
maps were manually prepared from straight machine listings. 

The reciprocal of the denominator was gang punched in along with 
the area codes where the same base was applicable to a number of 
series. For example, the total population of an area was used over and 
over to compute percentages and rates. By punching the reciprocal of 
population into the cards for all these series, it was possible to compute 
the percentages by machine multiplication. For this a multiplier is 
used. 

The name of the area was gang punched into each card to provide 
easy identification when the cards for each series were later listed in 
order by the percentages. This listing showed the names of the areas 
that were highest and lowest as well as all the shades in between. 

It was decided to use "percentile rankings^' to identify the relative 
position of each area in the array for a particular series. This seemed 
superior to simple ranks because it was independent of the number of 
areas in the array. For the publications herein described, the number 
of areas varied as follows : 


Minor civil divisions 

126 

County censers tracts 

297 

County service areas 

26 

Pittsburgh service areas 

19 

Pittsburgh study areas 

63 

Pittsburgh wards 

32 

Pittsburgh census tracts 

194 


In addition, there were different numbers of minor civil divisions and 
of census tracts in 1930 and 1940, By reducing all ranks to percentile 
ranks, it was possible to indicate the standing of an area in a particular 
aeries without reference to these differences. 

The percentile ranks can be used to divide the areas into other de- 
sired groupings, For example, to divide the Pittsburgh census tracts 
into thirds on the basis of some factor, such as average rents, any tract 
with a percentile rank between 0 and 33 is in the lowest third; between 
34 and 67 in the middle third; and between 68 and 100 in the upper 
third. Since the percentile rank has been weighted to allow for the 
population of each tract, it can be used to divide the population into 
thirds, fourths, fifths, sixths, eighths, tenths, etc., on the basis of rates 
or percentages for neighborhoods. 
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In computing the percentile ranks, the population weights for the 
areas in the array were progressively totaled and printed on the 
tabulated list. This list was then marked off into 100 parts each of which 
included approximately one per cent of the total population. The 
punched cards were gang punched to indicate the appropriate per- 
centile rank on each card. The cards were then sorted into order by 
area and listed so as to indicate the significant information, including 
the percentile rank for each area, as illustrated in Fig. 2. 

After percentages, rates, averages and percentile ranks were com- 
puted for all areas, the cards were assembled and sorted to prepare the 
summary reports for each area for all series. These area reports were 
considered the final reports from the punched cards and were used as 
the copy for the photo-offsetted sheets bound in four volumes. In- 
stead of repeating identical heading stubs for each of the numerous 
area summary tables, one set of stubs is printed on overlapping tab 
cards bound to the right side of the book. Each of the six overlapping 
tab cards matches with one of six columns of data on the area tables 
which are bound to the left side of the book. This arrangement makes 
possible the most efficient possible use of paper and cuts down the size 
and cost of the books. It also facilitates the rapid location of any de- 
sired information for any area in the county. The tabs are illustrated 
in Fig. 3. 

Three types of information are presented in each column of the table. 
These consist of the actual frequency for the particular series such as 
the number of foreign-born persons; the percentage, such as the per 
cent of the total population which was foreign-born; and the percentile 
rank of the area according to the per cent foreign born. This detail is 
shown for approximately 175 series of data in the city of Pittsburgh. 
The bottom part of each table was used to show frequency distribu- 
tions without any percentages or percentile ranks for such series as 
population by age and sex, persons per household, monthly rent of 
homes, years of school completed, major occupation group, and type 
of stmeture. Selected information from these series was translated into 
rates, percentages, or averages and was presented also in the upper part 
of each table. 

The preparation of the area reports was greatly facilitated by the 
use of the punched cards to run lists which were photo-offsetted di- 
rectly, thereby minimizing typographical errors. The series code gang 
punched into the cards immediately after key punching, was so set up 
as to place the cards correctly on the final area tables. Thus series 101 
was listed on the first line of the first column on the report; series 102 
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on the second line of the first column; series 203 on the third line of the 
second column, etc. The final copy for the printer was obtained by 
pasting together two Ustinga for the upper part of the table together 
with the listing for the lower part. Decimal points had to be put in by 
hand and some touch-up work was required. Guide lines were printed 
in red on the final tables to facilitate locating individual series without 
reference to the tabs. 

Considerable interest has been shown in the final volumes by plan- 
ning agencies, real estate companies, schools, newspapers, market 
analysts, and social agencies. One volume contains the ward informa- 
tion for Pittsburgh; another volume contains the study area informa- 
tion for Pittsburgh; the other two volumes are devoted to the 126 
minor civil divisions of Allegheny County. It is expected that the cost 
of publication will be covered by the sale of the books. The cost of the 
analytical work was covered by a special grant from the Buhl Founda- 
tion. 

The basic cards are being retained for special tabulations and listings 
for various studies which may be desired in the future. For example, it 
may be of significance to make summary tabulations of several series of 
data for somewhat different combinations of census tracts than those 
which have been used in the past. To obtain such tabulations, it is a 
relatively simple machine procedure to reproduce the census tract cards 
for the desired series and to gang punch new area codes. The cards can 
then be sorted by the new area codes and taliulated to obtain the totals 
for the new oombinations of census tracts. The cards will also be 
available for correlation studies to demonstrate the close relationship 
between such factors as average rents and the birth rate, poor housing 
and large families. 

It is believed that this method of analysis and presentation could be 
applied to data for cities in various size cla.sse3 or regions, to counties, 
and to metropolitan areas, as well as to small areas within cities. The 
chief diffleulties encountered resulted from the constant turnover in 
the personnel engaged in the undertaking, as well as from problems 
of obtaining sufficient tabulating machine facilities. Both of these 
difficulties were unavoidable during the war period hut would not be 
appreciable factors in times of peace. 



LINEAR REGRESSION FUNCTIONS WITH 
N EGLECTEO VARI ABLliS* 


lIOWAtlU JitNKrt 
/Ittiiois Util Ttlcphonc ('uiiijKint/ 

Tliifl article <linni»<,H(;H Homn i)re|iorlica of the roiiiimtcd F 
valued olttnitKul liy nitiiiR a liiicur rcKrcHfioii runclinii In in* 
(loputKleiiloliaervaliDiiH l>y (lie oriciiHlaiiiiared, For the 

general enao where llie furiu riJ llie lilleil fiiiictieM )iiny not bo 
correct it id iirovcd llinl (u) l)ie Hutn|iriiiK variaiire of the cum- 
]iiitc(l valued ninl of llin rcdidual ‘lifTenuiri'rt ia tlie. Haini! nn for 
the dpeeinl cadis wlicre llie form of llie fitleil fnnetiim i« roTrecl, 
and (b) tlm menu Hnvvani hia» of Ihn Mil of coiopoU'd vnhies is 
IcKs tlian, or cc|iini to, Umt of luiy oilier KC.t of linear eHtiinalcB. 
Thodc and nllier {iroiiertii’H lead to llm aiiRgeMlioii lluiL in 
iniiiimiziiiK tlm incari HCpuiru error, one nr more vnriuldod bo 
ncgieclt'd iiulcdii S'liedocor'd /■' id greater Ilian two. 

I KHAKiNO forocasta on thcbiia'iH of ('inpirieiA roftrosai^'n fnnelioiia 
fitted l)j' the nicthwl of least wnmies, it is a cojiiinon experience to 
find the forecasting oiTors to be bo large Hint (hey can lini'dly be 
aacribed to chance ulono. In fitting bucIi funelioiiH, the follow ing pos- 
sibilities should therefore be eonsulercd: 

1. Tlie asBiimplion about the errors of observation that uinlerlieH 
the least square procedure inuy not lie reuliatic. In imrlioular, 
the crrorH in the depeudeut vnriiible, may Iw* w*riuUy v.orreUiletl, 
2. Tho assumption about the velaUon»hip betsvet'ii llie variables 
may nob bo correct. In purlicuhir, the complete vehilionshi)! may 
involve vnriaiilcB not included in the regivssion fimelion, or the 
form of the rclalioiiHhip bolw'con the viirialiloB inaj’ differ from 
the form of the fitted function, 

Tlierc is no satisfactory method now iivailable for deteriiiining, from 
internal evidence, that one of those two diflioultieH, but not llie otlior, 
is present, In fact, the two diffieultio.s may both be. imisetit. Uy refer- 
ring to past experience, liowevor, Home iiulicalion may ho had as to 
whicli one is likely to be the principal aourcc of trouble. 

Consider, for example, the problem of fitting n- terms in n, lime. Heries 
by using a fe-paviivncter polynomial function of lime, 

* 'I'lilfl nrliola h (lio roaull of ft nrurrh for n nilcrioii (o unh In hinkiiiK a i^tmii r ninrinK r<«ivi<rol liru'nr 
CQlUimtOi) ol Irciul ordliiitlen In a iliiir* nrrer^. Ainonii ilif nn mmh piMito I'liiiif-iiiiril friou ^inihrd 

futLoUoiiiii davcloiied [oliiOy Uy Jtilm U. fc'iultU ftml mym’lf, lu vkKUU Ivh^i KiiMinr Cuiulimn 

worn (rrnlGd nn indoppmlrni vnrlnlilcjf In (ryinii lo find llio lirirnr rniiGiloii (IjjiI iiMiiirniaia ilm pjipor ird 
vnliiQ of Lho iiicnn sriunro error. U iti A plennnro lo nekmiwli;(!ftft ip»y delil in Dr. Hniilli fur hiN pncoiimKC- 
iR&nl hi ^^\ 
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Past experience may indicate that a satisfactory fit to a given set of 
observations can usually be obtained; but that when the polynomial is 
projected much beyond the range of the original observations the fit be- 
comes unsatisfactory. In this situation, suppose it usually happens 
that the poorness of fit is duo solely to the computed values of the 
parameters and that, no matter how many homogeneous terma arc 
added to the aeries, a satisfactory fit to the augmented series can still 
be obtained with a polynomial of the same degree (fc— 1) by making suit- 
able adjustments of the original parameters. Then the principal source 
of difficulty may reasonably be ascribed to the assumption about the 
errors of observation. On the other hand, if it is usually necessary to 
increase the degree of the polynomial in order to obtain a satisfactory- 
fit to a longer series of the same kind of data, then at least part of the 
difficulty in fitting these regression functions may be ascribable to the 
assumption about the relationship between the variables. 

In this article, the mean square error and some other properties of 
linear regression functions will be investigated for the case where the 
second difficulty, but not the first, may be present.^ Por this purpose, 
the mean square error is defined to be the mean of the squared dif- 
ferences, at the points actually observed, between the estimates com- 
puted from the regression function and the expected values of the 
dependent variable. For the general case where the form of the fitted 
function may not be correct, the following results will be proved: 

1. The mean square error of the estimates is the sum of two com- 
ponents, the mean sampling variance and a component which 
may be called the mean square bias. 

2. The sampling variance of the estimates, and of their differences 
from the observed values of the dependent variable, is the same 
for the general case as for the special case where the form of the 
fitted regression function is correct. 

3. The mean square bias of the estimates is less than, or equal to, 
the mean square bias of any other linear function of the same 
independent variables. 


' For ft (liaciWBlon. of tlio monn ftquftro error when ncibhor dlOioulty is present, ueo Mn-rkofl, A, A., 
1912, pp. 201-228 (trftnfllfttctl into Germnn by H. Liebmnnn from tho 
BuBsiftn ’2nd ccl.); nlfio OrviiI, F. N-, nnd Ncyman, “EKten&ion of tho Markoff Thootora on IjoclrI 
Squareg," jSia/isb'cnf Ueaeafch Memoira, vol, 2(1036), p. 106. For Iho cftflo w’licro Ibc errors in the (lo- 
pendenb vnriftblo mo Berlnlly corrointed, boo Aitken, A. C., “On Fitting Polynomiftla to Data with 
Weighted ftnd CJorrelftlod Errors," Praceedififfa cf iha Royal Socleiy of EdinxhufQh, vol. 64 (1033), p. 12 j 
ftlflo, Dixon, W. J,, “Furthoi- Contributions to tlie Problem of Serial Correlation,” Anjials of Afaifte- 
mab'eol vol. 16 (1044), p. 110, and references cited on p. 144. 
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In. tlie aeclion headed “PracUcal Applirnlionfl,” miggcatioiiB will be 
offoi’cd concerning t,Jic use of these propertij's in notiinl problems, in- 
cluding the problem of making o choice among aevcral linear regres- 
sion functions whoro miminmn monti srpinre error is a Sivtisfaetory 
criterion. Employing the suggested criterion Uiriis out to bn ccpiivnlcut 
to applying n test of signinoancG to the partial regreasioii coefneients 
and then neglecting the coiTespomling independent variables unless 
Snedecor’a F is greater than two. 


SPEC’ll'iCATJOnS AND thkoukms 

Assume that wc are given n observatioiiH of the real variables Xi, 
Xi, ■ • ■ , Xk, and 

r - if- + t (1) 

■where each e is a random selection from some nnivm-ae snch that, for 
every observation, 

A’flf-e] =» /!-’[<) =0, fi « 1, 2, • - * , /f), (2) 

and where 

^ “ Mr}, (3) 

the symbol E denoting expected value. Make uo awnunplion as to 
relationship between A'j, , Xk, and Jajt 


S = BkXx -h IhXi H -h IhXk (4) 


bo the general expression for one of the n values of the lini'nr regres- 
eion function of the AT's, fitted to the n ohsorvctl values of I' by the 
method of least aquarcs; that is, let the regresaion coefikdenls Bi, 
Bi, ' ‘ , Bk bo computed by solving the k normal equations obtiiiiicti 
by setting the partial derivative of 

i: {BkXx + B,x^ -1- . . . + fikXk ~ yy 

with respect to each B equal to zero (22 denoting siimnmUon over all 
n observations). Assume that the solution is unique; and that it is 
possible to construct tho % orthogonal linear functions 


Xi = A'l, 

Xj ®= CiiXj -f* Xjf 

Xi - CaiXi + C»Xk + A^, 


( 6 ) 


a!fc » CfciXi + CjtjAj + + Xk, 
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with coefficients Cn, Cn, ■ ■ ■ , Cj,.k-i such that 

T,XiXi = 0, I 

0, i 

for i = l, 2, • • - , k‘j=2, 3, • • • , k'j^i. Let 

<t> = E[f] 

at a particular observation, for the set of n values of Xi Xi 
Xk. Let 


( 6 ) 

(7) 


= ( 8 ) 

and assume to be finite. Then the main theorems to be derived may 
be written 

^['E (I - i'Y] = E{<l>~^y + k<T^ (A) 

and 

® [E (y - ry] = x: (« - + (n - k)<T\ (B) 

Of more practical importance are the corollaries 

S E[E(f ~Y)y(n-k)], (I) 


— E{^~ 4') 

n 

a = — (/ - Yy] - (n - k)oy7i, 

n 

(II) 

E (/ - 4'y 

Ln J 

and 

= — ^[E C/ “ Yy] -(n- 2k)ayn, 

n 

(HI) 


— — 2 + the sum of k terms of the 


Ln 

n 


also, 

form — { 0-2 - (i; Xi ^] ; 

u 

(IV) 

and 

= — iS[E (/ - I^)*] + 2kayn 

n 

r 1 _ “1 

(V) 

fi’ = -®L-E(/-iA)'J + v» 

(VI) 



SGO Hl’ATlB'nCAl. ARHOCUTION 

whcJ'c 6^ is clofiiicd l)y the rolatiojisliipH 

5‘ r)=] (0) 

n 

and 

Y' - ^ (10) 

each (f being a raiuloni Keh'clioii l.lu! aaiiKf ni»ivt«i>r‘ iih l}i(> t’l^, 
but incloponciont of Ihe t» iiKtliulcd iji llw> V'h Ibiil wem used in eom- 
puting IJio /i'fl ill equation (1). 

m;uiVATiON 

Assume that the cocllicienls !;i, hi, ■ • • ,ht in llii! legrcHsioii riinulion 
htxi -I- biXi - 4- 

liave been coniptibcd liy Lite iiioUkhI of least HqiuiirH so ns to niininui5c 

23 -|* hsZi •('•■• d* huxi — }')*. 

(In solving notiinl probleins it is not lunressary to inaki* llie transfor- 
mation to orlhoRonnl funetions; but llie. fiirlln'r (lisi'iission is simpli- 
fied if we assume that it has liemi nnuie.) 'riien from (fi) wi' see the 
normal equations take llic form 

= 23 a:, r, 

h 23 *4* = 23 


/i*23 *** 

It ia known that uudoi Lhcao comlilinns, 

H- ^23^2 >[-*.- d' Juxh f (12) 

where /3s defined by equation (4), 

Wo are now ready to dciivc tlm sampling variance of /. From ('(pm' 
tiona (11) and (12), we have* 

^_ai23a:iy , ®g23®*^'’ , , a-*23'r*1' 

j — 1 I * ■ ' X 

2^ a:," 23 a-a* 23 

Replacing Y with ^H-e, wo obtain 

' Compnro I>riv]H/ II, T,, The Andtj/tiin fi/ f^evfiotuic VVirif iSrrifs* IlM J. |». IHL r(|Uhfiiin (li); JoiifH, 
11. L., “L'iUlnK Volyiminlal TcgiuIa iti l»y tlw MpUhuI ivI JoutiinI o/ffta 

Awicrfcari vol. 98 p. ^53, ftfilialfifim (7) aikI (H). 
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xi 23 

+ 


+ ' ■ 

■ + 

Xfc23 Xki^ 


23 

23 

Xi23 

- 1 - 

X2 5 i X 2 C 

1 . . 


xjb53xfc6 


r 


“T ■ ’ 

. 

"T 

23 

(5), and (2), 

we have 




®i 23 


xz ^ xz^l^ 

_L . 

, 1 

Xfc Xfc^ 

2^X1^ 


2 :^ 2 “ 

“T * ' 


23®*“ 


At a particular observation the sampling error in / is, by definition, 
that isj Let 

r = / - (16) 

Then from (16), (14), and (15), 

a:i 2 n;i« * 4 ^ 3:26 Xk'^ Xke 

rrom (6), (17), and (2), 

= ^[f] = 0 (18) 

for every and every observation. Also, from the specification that e 
is selected at random, we have 

= 0 (19) 

where the subscriptg r and s denote different observations. From (8) 
and (19), the expected value of the square of (17) may therefore be 
written 






E\,-^ = ^ ^ " j + . 

2.TiX22^ XiXaff* 2xiXa 53 XiX»a^ 




^ 2Xk-iXi,J2 Xh-iXk<T^ 

23 a:fc_i^53 

or, from the orthogonal property of the x'a, ec[uations (6), 


E[^^] = 


Xi^ X2^ 

^ 7 + 


+ “' + 


-I- 

Xfc‘/ 
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This ia the sampling variance of/iitn imrliciilar olmervalioa Siinimi). 
over all n observations yields “imnniiig 

We next derive the sampling novariniice of V uii,| /. tiju ,, 
cloliiicd by the cfjimLioii ^ 

Ayf]-K[yf]~ |/!:[rj}|;i’f/|j 

where ^ denotea sampling covariance. In this case, by Kubsliliilinfr n 
oquiy. o„t y.l„cs Of 1',/, E|,-), £,/, M * “ 

AYf] = Kl'I'i + €0 + d] = A’ltf]. (22) 

Multiplying equation (17) by t, we obtain 




(23) 


whence, from (8), (10), mui (20), 

t E + • ■ ■ + j "■ «le| . , 

that is, at each observation, the sampling covariance of V i r ■ h 
same as the sampling variance of/. \Vc liavc immedinlcly^ ' ^ ^ 

/, So wX:' ■" 

From (21), (17), (16), (ig), and (2), tliis equation bocomcH 

(/ - vJ-)*) = 21; (0 - f)» + ka\ (2.5) 

which completes the derivation of Theorem (A) 



E 2 ^ If), ( 20 ) 



363 


IINEAB, HEQRESSIONS AND NBQLECTED VARIABLES 

From (16), (5), and (2), 

- f)] = 0. (27) 

We have, therefore, from the combination of (26) with (25), (8), 
(27), and (24), 

(/ - yy] = X) (<A - ^^')' + (« - (28) 


which completea the derivation of Theorem (B), 

Corollaries (I), (II), and (III) are easily derived from Theorems 
(A) and (B). 

The bias of the regression function, /, at a particular observation is 
defined to be the difference 0— Its mean square for all n observations 
ia given by Corollary (II). Some additional properties will now be 
derived. From (16) and (6) we have 


whence 


(Z) gif)^ 

Z a:i“ Z 


Z (<i> — f)* = Z i/'* - 




Z#. 


(Z^^_ 

Z®!* Zaii' 
(Zf^_ 

Z 


(29) 


(30) 


Combining (30) with Theorem (A), and dividing by leads to Corollary 
(IV), 

It is to be noted that if a set of orthogonal functions ii, iz, • ■ * , Xi, 
defined by equations (5) and (6), has been computed for ti observa- 
tions of Xij X 2 , ’ ’ • ^ Xif the addition of a new variable Xi+i and then 
transforming to a new set of xi^ 0 : 2 , ‘ satisfying (5) and (6), 

requires the computation of but one new orthogonal function, Xi^ij 
the functions (Ci, X 2 , ■ - ‘ , rCf remaining the same as before. From this 
fact and equation (30), it follows that adding a variable to an 
original set of variables Xi, X 2 , * * * , X,- and then recomputing a 
least square linear regression function of the variables can not possibly 
increase the mean square bias, since each term following iu equa- 
tion (30) must be negative or zero. 

A more general statement follows from a comparison of equations 
(13) and (15), Since/ and 0 are seen to be of the same functional form, 
it is obvious that among all functions of the linear form 


^ = 0 lXl + P2X2 + * • * + PkXk 


(31) 
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tUc pai'ticultti’ oiio that miiuiuiziiH definetl by 

(16). In other wottls, if 

tff' = iSi^A'i *f- (32) 

Is ft linear functioji of Ai, Aa, • ■ • , Xk, nnly, hiicIi Dint 

<>'9^^ (33) 

for at least one observalion) llien 

(^ — f)* < 5^ -> f)J. (34) 

(A linear fiinction with a cnnslant term Ib to he vt-Runlccl as Dm special 
case whore Aisalf otherwiBC, it might ho an ext'oplion.) 

To derive Corollary (V), wc first expand obtaining 

BiJKf- vy] = A’ [ £ (4. +r - *')’! 

2^-1- i:(*')H-2i:f(^-iA) 


-2Z *'(■#> -V') -2 (35) 
From the spocificnlious of t' following cciualion (10), wc write 

7!l(r«'] = 0, (30) 

and 

-- <r*- (37) 

Equation (36) therefore reduces to 

ii[T, u “ yy] = i: (^ - 'I'y -i- (n h- h)a\ m 

Combining (38) with Tlieorcin (B) yields 

A’li: (/ - yy] = kIT. (f - i')’l -h (30) 


Dividing by n, and combining with (0), eonipletcH the derivation of 
Corollaz'y (V). Cojnhining (III) and (V) leads to Corollary (VI). 

PRACTlCAIi Al’PJ4CAriONfl 

The theorems and corollaries in the preceding seeliouH wore derived 
for the general ctmc where the. leliitionship hutwt'en llv(^ indepeiulcnt 
variahlca and the expected value of the dependcnl variuhlc is not 
specified. This eiiso is broad enough to cover silnnlion.H wh(>ro Die 
linear rogression funclion neglocls Home of the indiqx-mh-nt variahlcH, 
including Icrnis of the second niul higher clogriics in llie variiil>lc.H Dial 
do appear in this fimction. More simply, w(> can ulways think of the 
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differences "between the expected values of the dependent variable and 
the expected values of a linear regression function, when such dif- 
ferences exist, as constituting a set of values of a single neglected vari- 
able. In the following paragraphs, the application of the theorems 
and corollaries to practical regression problems will be considered for 
the case where one or more variables are neglected. 

Suppose several independent variables are being considered, and 
it is desired to investigate various combinations for predicting the 
dependent variable or estimating its expected value. Let m be the num- 
ber of such independent variables (including Zi=l if the regression 
function is to include a constant term, 5i), and let n be the number of 
observations. (It is desirable that n—m be large.) We may first com- 
pute the sum of the squared residuals for the least square linear re- 
gression function of all m variables and divide hy n—m. Let us desig- 
nate the quotient s^. Then from Corollary (I) we know that the 
expected value of is equal to or greater than (r^, the sampling variance 
of tho dependent variable. In this sense, is a conservative estimate 
of 

We see from inequality (34) that the 7n-variable function has a mean 
square bias less than, or equal to, the mean square bias of any other 
function of the same m variables that is of the same linear form — for 
example, any such function whore one or more of the variables are, in 
effect, neglected by setting their coefficients equal to zero, Suppose we 
assume the w-variable function to be unbiased. Wg can then use 
Corollary (II) to estimate the mean square bias of any other linear 
regression function, of any k variables. We compute the sum of the 
squared residuals for this fc-variable function, and subtract (n— /c)3^ 
where ia the estimate of cr^ previously obtained by employing all m 
variables. The remainder, divided by n, is the estimated mean square 
bias. If the quotient should turn out to be negative for a regression 
function which employs no variable not included among the inde- 
pendent variables used in computing s'*, it should usually be ascribed 
to chance and not interpreted as evidence that the fc-variable function 
has a smaller mean square bias than the m-variable function, as 
inequality (34) shows this latter interpretation to be incorrect under 
the assumed conditions. Note that if the estimate of o-'* is too large, 
the usual tendency, the mean square bias will tend to be underes- 
timated for all the regression functions, the expected value of the error 
being proportional to (n — fc). In many comparisons, however, these 
estimates may nevertheless be indicative of the rank of different 
regression functions with respect to bias. 
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To estimate the mean square error, as mcasurwt from the expected 
values of the dependent variable, Corollary (III) suggoeta that tlio 
mean square residual be rcdvjced by (ft— 2fc)s*/n, wliere 8® is computed 
as outlined above, The special case where in is iutcrcsling, for then 
the mean square error and the menu square residual ha\'c the samo 
expected value. If the wt-vnriable function used to coiiiijiite «* is biased, 
however, tlio estimates of the mean square error will tend to ho too 
low for A<ift, and too high for k>\n. For tlic 7«-variul)Io function, 
the combination of Corollurlos (I) amt (III) aiiggcsts esliinatiug the 
mean square error by multiplying the mean square residual by 
'ffifin-m). As before, tho resulting estimate will be unbiased if the 
regression function is unbiased at every observation; olherwiae, tho 
estimate will tend to bo too low for m<^n, and boo high for vi>\n. 

In many problems of estimating a variable, it is useful to eslimato 
the quantity 5® ns defined by equation (9). It is the expected value of 
the square of the standard error in estimating a new sot of values of the 
dependent variablo where thcao values arc assumed to be constructed 
by replacing the random elements in the original observations by now 
random selections from the same univciac. In general, 6* is equal to the 
sum of (1) the expooted value of the mean square of tho diffcToncoB be- 
tween tho estimates ond the observed values of tlie dependent variable, 
and (2) twice tho mean sampling covariance of these observed values 
and tho estimates,' 

To estimate 6® for a least square linear regression function, Corol- 
laries (I) and (V) suggest that tho moan sciuaro residual be increased 
by 2fcs®/n where s® is computed from the m-variablc regression fvjnclion 
previously defined. In making a choice among several regression func- 
tions, 6’ may be estimated for each function, using the sjunc a®, to deter- 
mine the funotion for which tho estimate of fi® is sinnllost. For the in- 
variable function, wo may estimate P by multiplying tlic mean square 
residual by (n+m)/{n—m). Corollary (VI) shows tliat i® (lifToia from 
the expected value of the mean square error by the constant a®. It is 
therefore immaterial whether one or the otlier of thcao two criteria is 
used in choosing a regression function, provided the same cstiinalc of v® 
is used. In either case, if a® is overestimated, tho aelccLion will be biased 
in favor of the regression function with the smaller iiumber of variables. 
However, estimates of 8® have the important property, not powinsaed 
by estimates of the mean square error, that their expected values arc 
always equal to or greater than tho quantities that are lieing estimated, 
for a random selection of regression function under the assumed coiidi- 

* Ifcla (lIDloult to lliluk ol ft ruIIoIiIq QftmR loT ft, PcTUftps gfnnHard r^giihinl do. 
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tions as to the random component of the dependent variable. In this 
sense they are conservative estimates. When the estimates themselves 
are used to determine the choice of function, however, there may be a 
tendency to underestimate 5^ for the function chosen. 

There is an interesting relationship between the estimated value of 
6^, as a criterion for deciding which variables to neglect, and the usual 
tests of significance in multiple correlation and the analysis of variance 
where the null hypothesis states that the partial regression coefficient 
of the expected values of the dependent variable on the observed values 
of an independent variable is zero. The 6^ criterion rejects the independ^ 
ent variable — that is, sets its coefficient in the estimating function 
equal to zero — unless or F, is greater than 2, where / and F refer to 

Student's” t and Snedecor's F, respectively. To make this clear, let 
us suppose that we are given n observations of the dependent variable 
7 and the independent variables Xi, X 2 , ■ ‘ , Z*, • — , Zz, ■ • • , X^, 
k<l^tnj and that we have computed the linear regression functions 
fk) fh and fm from the first k, the first Z, and all m variables, respectively. 
Then if and di^ are estimates of P iorfh and/i, computed from the 
formulas 

s’* = E (/« - Ymn - m), (43) 

df? = — [L (U - Yy + 2ks^l (^14) 

n 

and 

= b [X: (/j - y)^ + 2ls»], (45) 

n 

and if wc compute 


[E (A - Yy - E (/2 - Yy]/{1 - k) 

j:(f^-Yy/{n-m) 


(46) 


it can easily be shown that d <d^ if and only if f?' > 2, The critical value 
of F (or P) corresponds to fairly large probabilities with respect to the 
null hypothesis referred to at the beginning of this paragraph. 

The proper choice of criterion depends, of course, upon the purpose 
in applying it. If it is important not to include an independent variable 
in the estimating function unless there is strong evidence that the par- 
tial correlation of the variable with the expected values of the de- 
pendent variable is different from zero, the i or F test may be applied 
in the search for such evidence. On the other hand, if it is important to 
have unbiased estimates, then it must be kept in mind that a value of 
^2 or F greater than one supplies some evidence that setting the tested 
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coefficient or coefficients equal to zero will result in biased estirndtes; 
and that there ia no test, based on aainpling theory, which supplies 
satisfactory evidence that the "true" partial regression coefficient is 
exactly zero (except in special eituatioiiB, ns when admissible hypoth- 
eses state the coefficient to bo zero or one). In deciding which 
variables to neglect, the S* criterion should not be useil in attempting 
to answer the question aa to whether tho "true” regression coeflieient 
is different from zero, but only in trying to find the function that re- 
sults in estimates with the smallcat mean square error. 

Corollary (IV) throws light on tJie problem of choosing a criterion. 
It shows that adding one more variable, Xi, to a linear rogresaion func- 
tion reduces the expected value of its mean square error if and only il 

(2 ( 47 ) 

the left-hand member of this inequality, divided by n, representing the 
reduction in the mean square bias, and the right-hand member, di- 
vided by n, representing the increase in tho mean sampling variance. 
In testing a single variable, Xi, the objective in using the 6* criterion 
ia to retain this variable in the regression function wdiou inequality 
(47) is true, and to neglect X( u’Jioii (47) is false. A n underlying premise 
is that tho risk of accepting (47) when it is false is of nboiit the same 
importance us the risk of rejecting (47) when it is Inii?. On the other 
hand, the objective in using tho F or I test is to neglect the variable 
Xi in the regiession function when 

(2 2 “ 2 ^ 0i (48) 

and to retain tho variable otherwise. Tiie common use of llris lest with 
a small probability as the basis for making dccinioiiH rests on tho 
premise that tho rialt of rejecting (48) when it is true is very important, 
while the risk of accepting (48) when it is false is comparatively unim- 
portant. On account of the difTcrcnco in tlie relative impurtunce at- 
tached to the two kinds of risks, the F test sonieliincs loads to the non- 
rejection of (48) where the criterion lends to the aeia'pUmce of (47). 
Aa usually employed, the F test frcquoiilly tells us to rotniii n wirinhlc 
in tho regression function, but never tolls us to iioglocL one. Tlio 4’ 
criterion does both, tlio decision to rutiiiii a variable doin'iidiiig on 
whether the gain in reducing tho mean square bias appimrs to outweigh 
the increoao in tho mean sampling variance. 

In fitting empirical functions to a set of obsorvalioiiB there is no 
assurance, of course, that or any other criton'on will bo satisfactory 
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for unobaervod points outside or inside tbe region of the observations, 
or even for recurrences of the observed combinations of values of the 
independent variables if some variable not considered affects the de- 
pendent variable. There are also problems where our assumptions as to 
the random component will not be sufficiently realistic. Only practical 
experience can determine which assumptions and what criteria are 
most useful for any given type of problem in a particular field of re- 
search. 

Linear restricUons, In computing partial regression coefficients 
Ba, • , Bm, it is sometimes desirable to impose the condition that 

the computed values satisfy c consistent independent equations of the 
form 

“iiBi + aiiBi + • ‘ + aimBm = yi, (i = 1, 2, ■ ■ ■ , c), (49) 

where the a's and -y'a are specified constants. A special case is that 
where these equations are all of the simple form 

B, = 0, (60) 

Imposing the condition that the computed values of the B's satisfy c 
equations of this simple form is equivalent, of course, to neglecting c 
independent variables in computing the regression function. 

In general, it can be shown* that requiring the solution for the re- 
gression coefficients to satisfy c equations of form (49) is equivalent to 
making a linear transformation of the variables Y, Xi, Xt, • • > , 
and then neglecting c transformed independent variables. It can also be 
shown that if, for every observation, equations (3) and (3) are true for 
f, «, and every X,- in terms of the original variables, they are also true 
in terms of the transformed variables, a® and each « remaining un- 
changed. Hence, if the transformed variables can be orthogonalized, 
all our theorems and corollaries bold, provided k be replaced with to— c. 

* Sco Wilkfl, 6-, Mathemalical Slatisliest 10d3, pp, 171-172. Tlioro it Jb Bpeolficd Umt tlie random 
oOTQTTOiiBnl tho vMiabl© is nOTTnuUy dlBlr^butcd ntbout r UiteRt futitllon of tbc Lr\d6pondB!\t 

varinblca. The dlfiqUB^ion of the IranBrormation is ^uOlclontly general, liowovor, to coyor Itig cage con- 
Bidercd in tills nrllqlc wlioro noltlior Iho functional lelatlonBhip between tho variablca nor tbo form of tlie 
diBlribulion oi the random component ib BpGciilcd. 

Incidentally, tliia diacuaslon scLtlca a question rnised olGewhora by ILe present writer as to wbother 
a least Bquaro aolulJon rcBultB In the unbinecd estimate with minimum eampling yarinncQ wlicD the solu- 
tlon is subject to a linear rcslriolion on tbo paramoters. Sco rcforenco in footnoto 3 jupra, p. 469. 



THE ANALYSIS OF LATIN SQUARES WHEN SOME 
OBSERVATIONS ARE MISSING* 

D* B- De LrUnv 
Virginia Polytechnic Imlilute 

Tlio tliscuBBion of Urn iniwHiiig-vahu) pnililuip if* given ex- 
plicitly /or ft biologicul n«ttay wliidi onipluyH ft 4Xd Intin 
flqimro in acvornl roplicfttioiiw. However, llio luatbodH ato 
cnaily Adapted to nay latiii Huuiiro and lo variouB other do- 
fiigna na well, 

Llcthoda of ftiifilyfllBj when oomo oljw^rvatioiiH aro iniHahig, 
nro diBCUBSGd for Lho following cnaca. 

<1) One or raoro "flinglo" ohaervatioaH uro misHinB, 

(2) Several columns nro laiaHingc 

(3) Olio column ia nuHaing. 

(4) Two GoUnnna aro iniBBtng. 

(5) One column and oiio or more ainglo uhaervAtioiis aro 

I NTnoDi/cTioNa Devices Avliicli can bo used to sunplify lho statistioal 
analyBis when some of tlio obsorvnlions nro iniKaint; from a latin 
square have been <liscuHBcd by Yates (U and liy Yato.H and Halo [2], 
These discuBaions cover most of tho cases of jiraclical importance^ but 
in certain situations, for example, when a laLin Hfpmro o[ fixed size is 
in routine use, tho methods and results given in thcs<^ ijiiiiors can bo 
reorganized so as to increase coiiBiderably tlie simplicity of tlio form nine 
and of the nritlimetic required for their application. Ulu* latiii scpuiro 
arrangement suggested by Bliss and Marks [4] for use in tlio assay of 
insulin illuatratea such a situation. Thia paper discusHeH tiic amilyaiH, 
when some observations are inissing, of this HpeciHc de.sigii, which is 
described in section 1. Modifications appropriate to oLlior designs Hhoiild 
be fairly obvious. 

1. This assay is designed to compare the potencies of Livo jircpara- 
tions, which may conveniently bo called the “staiuhutP' and the ‘bm- 
known.” Each preparation is administered at two closago levels, winch 
usually are made the samo for both preparatioiiH umU'.r the usHuinptiau 
that the potencies are equal Each experimental iiniinal is given each of 
tho four doses on four diffoionfc dayn, Tho ohnorvationH on four animals 
are arranged in nlnlin square, corresponding to dayn, ‘^lolumns" 
to animals, and “treatmonts” to doHos. This Intin K<iiiurn is ropentccl 

♦ A paper prcacnlcU al llic 105lh Aniiunl Mrclici^ of Ui« Ani«-rirmi HUfi'iMfVil AhHorfnlion, lo ^ 
joint flOflafon of lho Uloiriotricd flocUon imd lho Jimllluio of MAUieiniillciil HfciiUlIca, C/lovoland, Jmiu- 
ary 25 , 104&, 
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several times, using different sets of animals, each set with its own ran- 
dom arrangement of doses, but administering the doses on the same 
days. Thus if r replications are used, the assay involves 4 r animals and 
yields 16 r observations » 

Assuming that the effects of rows, columns and treatments combine 
additively, the analysis of variance table rends as follows when no ob- 
servation is missing. 

Sources of variation Degrees of freedom 

columns (animals) 4r''l 

rows (days) 3 

treatments (doses) 3 

residual (error) 12r-6 

The three degrees of freedom exhibiting differences among treatments 
are subdivided into 

1 for the distance between the two dose-response lines, (i!>) 

1 for the common slope of the two lines, (5) 

1 for the departure from linearity of the dose-response curve over 
the range of the test (C), 

Since the response is linearly related to the logarithm of the dose, the 
difference between the logarithms of the potencies of the two prepara- 
tions is given by I D/B^ where I represents the difference between the 
logarithms of the two doses. ([4] page 188.) Validity of the assay re- 
quires that B differ significantly from zero and that C be not signifi- 
cantly different from zero. 

These calculations may be illustrated on the data of Table I, which 
gives the observations, in milligrams of glucose per 100 cc. of blood, 
obtained in a rabbit assay of insulin, The latin square arrangement, 
with 4 replications, was used. The treatments, assuming the same po- 
tency for unknown and standard, were: 

treatment 1 — 0.30 units of the unknown preparation, 

“ 2 — 0,60 units of the unknown preparation, 

“ 3 — 0.30 units of the standard preparation, 

“ 4 — 0.60 units of the standard preparation. 

The number of the treatment is recorded under each observation. 

The analysis of variauco table is made up using the ordinary rules for 
such Gomputaiions. The sum of squares arising from differences among 
columns is given by [(210)^+ (246)^+ ■ ■ ■ + (288)^ ]/4 — (3782) V64, 
and similar calculations furnish the sums of squares for rows and treat- 
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menta. The residual Biim of squares ia obtained by subtracting from 
the “total" Bum of squares, those for columns, rows, and troatinonta. 



d.f. 

B.S. 

m.B. 

columns 

16 

10,327 


rows 

3 

037 


treatments 

3 

3,480 


residual 

42 

2,680 

01.06 

total 

03 

17,330 



No importniico is attached to tcslhiR for Bignificanco tlio treatment 
sum of squares, but since the validity of tlie assay doiicnds on the 
significance or non-aignificanco of the quantities li and C, Ihoso must 
ba tested. It is convenient to calculato li, C and D according to the 


follo^ving schomo. ([4], page 184,) 




treatment number 

1 

2 

3 

4 


treatment total 

1078 

846 

1047 

812 

divisors 

D 

+1 

+1 

-1 

"1 

4\/r«8 -h 8.00 

B 

-1 

+1 

-1 

+ 1 

4s/r=8 -68.60 

C 

-1 

+ 1 

+ 1 

-1 

4\/r-=8 -b 0.25 


This array implies that [(1078)(-}-l)4-(854)(+l)d-(10-47)(~l) + 
(gl2)(-I)]/8 = 8.00, etc. 

Tho value of D may bo tested cither by calculating whore 

ia tho residual moan square, and entering tlio Hablo with 42 d.f., or 
by calculating ii’ = J3Va’ and entering tho /i'-tablo with ni = l, nas=42. 
Here tho value of B is highly eignificant (t»7.46, P<10“*). Tlio value 
of C may be tested in exactly tlio aamo W’ay. In this case it is obvious 
that C does not differ significantly from zero. 

Since these tests give no reason for doubting tho validity of tho ns- 
sumptions undotlying tho analysis of fclio assay, tho logarithm of tho 
ratio of the potencies may be computed oa 

M = (0.30l03)(8.00)/(- 68.60) ■=> - .0412, 
with an estimated standard error given by 

sIVbH^ 

— = 0.0320- ([4], formula (4).) 

2. Tho aimplo annlysia outlined above breaks down W'lien an oli.scr- 
vation ia missing and constants must be fitted to soparnln oul the con- 
tributions of rows, columns and treatments. In order to set uji the 
problem in aymbola, let ropresont the obsorvation in row t and 
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column where h = k j) denotes tho treatment in row i and column j 
provided by the latin square arrangement. Under the same assumptions 
that were made in the analysis given above, the equation representing 
the dependence of y on its row, column and treatment may be Avritten 

(2.1) Yiik m + Vi + Ci + tftf with r< = £ = Z) = 0- 

Tlie r% c*s and Vs represent estimates of the deviations, from the 
general mean, of tho average contributions to the observed values of 
rows, columns, and treatments, m is the estimate of the general mean. 
Yiik is the estimate of the mean response to treatment k in row i and 
column j\ In order to bring it into conformity Avith the standard form 
of regression equation, this equation may be written 

(2.2) Y{jk = +• + Z + 23 

CT (5 -y 

where = 1 or 0 according as p = ^ or and the summations extend 
over all rows, columns and treatments remaining in the assay, (This 
form of the equation is needed in section 5.) The 5*s are the independent 
variables and the r^s, c's, 1% and m are regression coefficients, chosen 
to minimise jS(j/— F)^, whore S denotes summation over all the obser- 
vations. The minimizing of this sum, subject to the restrictions Z^^^O 
etc., may be carried out by introducing Lagrange multipliers and find- 
ing the unrestricted minimum of 

<l> = Siv- Y)^ + 2X2 r, + + 2^2 h- 

The derivatives of <#i with respect to m, the r^s, c^s and Vs, and X, ii and 
y, equated to zero, provide a set of normal equations which determine 
the values of the regression coefficients. 

When no observation is missing these equations are very simple. Using 

0 to denote the sum of all the observations, 


R<“ 

u a 

a u a u 

« 

in row i 


Oy « 

(( (t 

f( (f (f i( 

u 

in column j, 


T, « 

(f 

u U it u 

it 

on ti eatment h, 


tho normal 

equations 

arc 






16m 

= 0, 





4m + 4rr^ + X 

= Ri, 

i = l,2, 3. 

4, 

(2.3) 


4m + 4c^ + 

= Oy, 

3 = 1,2, ■■■ 

ir, 



4?’m + + v 

= T,, 

fc = 1, 2, 3, 

4. 



AMBItlCAN fJTATIK'nCAI- ASSOCIATION 


374 

Tlio solvitiona follow oftsily. 

m = G/16r, r, = Ei/4r - O/lOr, c, = Oi/4 - G/I6r, 
Z* = TJ4t ' G/\<Sr, X = /i = K = 0. 

The resicUiftl sum of squares, obtuiiicd by «i)])lyiiig a Klamhud least- 
squares formula, is given by 

(2.5) S(ij - r)’ == Sf - in(? - 52 - S «,C', - 52 

Now S2/*-?nG=iSy*— C/Vl6>'>s ‘^lotiil” tnim of wiviavi's of the analy- 

sis of vnrinncB, and 52’’fft< = 

is the sum of squares properly a.scribcd to vnriiitum among i-owa, uiulis- 
turbecl by cliBorcnccs among columns and nnioiig trcntnuaits. Similarly, 

5^ CjCi = (52 Ci®)/4 — GVlb'* is ilie "column” sum of Hquares, 

hTk = (X) Ti>)/4r ~~ GVlOr is the "trcftlmenl" sum of squares. 

These sums of squares arc the same oa tho.se entered in tin; analysis of 
varianeo table of Bcction 1. It is to be remarked also that the combina- 
tions of obsorvaUon.s designated li, C, I), arc linear function.s of 
fi, fj, h, li. For example, i3 = \/r(“h-hfj-<rh<i). 

3. When some observations arc miasing, the selling-\ip anti solving 
of tlio normal equations arc in general very laborious. IJowovtjr, in some 
cases, the equations are simple or can be made so by cniidoyiug .suitable 
devices; in others, the normal criuations may bi! avtiiileil tmtircly by 
using “missing-plot” formulae. The purpose of Ihi.s piqier is to explore 
these two situations, providing approjiriato formulao when jiossiblo 
and illustrating devices which may be used when a solution by means 
of formulae is not practicable. No particular no\'elty is (•laimod for 
most of tliis di3ciis.sion. It represents simply a colloclioii of methods, 
most of thorn well known, for application to a .simcifio proltloin. 

The cases to be considered arc the following; 

(1) one or more singlo observations are missing; 

(2) several columns are missing; 

(3) one column, is missing; 

(4) two columns are missing; 

(5) one column and one or more single observations aro inis.><lng. 

Cases (1), (3) and (5) may be treated by moans of f(wnmla(^; oases (2) 
and (4) require tho solution of a set of normal ec|uati<mH. 'I'lio inoro 
general situation in which several columns and one or uiora single ob- 
servationa are missing i.s not discussed, .ninco no 8im])li) formulao arc 
available in such eases. 
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4. Case (1). When one or more single observations are missing, the 
solving of normal equations may be avoided by applying the argument 
given by Yates [3], which, in brief, runs as follows. Suppose that the 
normal equations have been solved for the values of the c^s and 
i*s. Then Y{jk=m+ri+Cf+ih is determined so that Siy—Yy is a mini- 
mum, subject of course to the restrictions etc. Suppose also 

that the Y-values corresponding to the missing observations are used 
to fill in the gaps in the table of observations. Now let — 

-\-i\ be a regression equation fitted to the numbers in this completed 
table. This amounts to choosing Y* to minimize /S(2/ — — Y'y^ 

where S represents, as before, a summation over the actual observa- 
tions and 2 here indicates summation over the values which were 
filled in from the regression equation. It is clear that this sum 'is 
minimized by putting = that is, the regression equation fitted 
to the completed table is identical with that fitted to the actual obser- 
vations alone. The fitting to the completed set of observations is im- 
mediate, since the solutions obtained in section 2 now apply, It follows 
that when the analysis shown in section 1 is run on the completed table 
of observations, the error term and the components (7, D are strictly 
correct. Hence if a way can be found to determine the Y-values to sub- 
stitute for the missing observations, without first fitting the regression 
equalioUy a simple and direct method of analysis is provided. This is 
easily done. 

Suppose that a single observation is missing, say in row I and column 
m. Let the symbol be written for the number which ultimately ivill 
be substituted in this position. When a regression equation 
Y iik — 'in-\-ri-{'Cj-\-ih is fitted to this “completed” table, the coefi&cients, 
m — G/16r, r, = iZi/4?’'-G/16r, etc. (from section 2) involve the symbol 
yurin- Substitution for m, r^, c,-, ih in the regression equation yields the 
relation 

F.-,* = J2./4r + C';/4 + Tfc/47- - 20/Ur. 


Now the value of is obtained by equating yimn to This forms 
a linear equation in yimn whose solution is 


(4.1) 


Vbnn 


AtC'„ + 4(22'. + T'n) - 20' 
12r - 6 


The primes on the symbols indicate that those totals, all of which in- 
volvo tho cell of the tablo from which the observation is missing, are 
sums only of the actual observations. Thus G'm, for example, represents 
the sum of the three observations in the column from which the obser- 
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vation is missing. When y=l, this fevroula rcducca to that given by 
Yates ([3], page 132) for a single '1X4 latin square. 

Formulae for obtaining simultaneously values to roiilnco several 
missing observations may be derived in the same manner. However it 
is simpler to use an iterative process based on the siiiRlc-valuo for- 
mula. This piocediiro is doseribed in a nuinbor of placcH (|3l jingo 133, 
[6] page 263), 

TIio sum of 6quai'c.s of residuals may bo comimlcd according to for- 
mula (2,6), that is, according to tho rules used when no observation is 
missing, with the totals nindo up to iiicludo tbo miinbcra Hiibstituted 
for the missing values. Tho manbor of degrees of freedom associated 
with this sum of square.? ia 12r— 0 Ices llio number of missing observa- 
tions. 

The sum cannot now bo identified with variation arising solely 

from differences among rows, owing to correlaliojis among the row, 
column and treatment constants. Likewise, the Bums ^c,C( and 
^ihTi, do not represent variation among columnH only and among 
treatments only. However, tho effects of thcao corrclalions are small 
enough to bo ignored, unless tho number of missing observations is 
largo ([3] page 138), Tho effect of a missing obRorvalioaon the vavioneca 
of B, C, and D ia discussed briefly In section 8. 

6. Case (2), When tho missing obfiorvaliotVH make vip Complete col- 
umns it is, in gcnoral, noooasary to solve a sot of normnl equations and 
the only question requiring discussion ooucorns Iho form in which this 
calculation, ia best carried out. Normal oqualioiis may be sot up and 
solved for the constants m C/, t* as in section 2 and tire combinations 
of tho t'a which give tho values of B, C, D may bo calculated. However, 
it seems simpler to writo tho regression equation in such a form as to 
yield these combinations directly. This may bo done by leavronging 
equation (2,2) into tho idonlicnlly equivalent form 


a • 


( 6 . 1 ) 

Yiik « 

w + Z) 


D Cp*V0{tk + £ 





a — 1 


^“*1 




whore 








Uufh 

+ 

I! 

— Ssj 

— ^4^ 

TVuil, « 

fii* + ^adr — fia* “ 

in 


UjiV* 

= Su 

+ Sil — 

^3/ H' 

'Walk =■ 

— {l* -1- 5n — figli 

-h 

Sik 


~ — 6 if 

+ ^af + 

hi ^ hi 

Mfu/k = 

— 6 u H- 63 * d" ia* 

- 

hk 


= fijj + 

Say + ■ • 



^ « 1, 2, ■ - • , (7 


1), 
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and 

rx* = in + t 2 - Ti- n)/i tx^ ^ (tx + U- u- U)/4: 

- (- n + ri^u+ u)/4: = (“- - /a + ti)/^ 

= (“ + ^’2 + “ ^'4)/4 ^3* = (— + ^2 + ^a — U)/^ 

Cfl* = (Ci + C2 + • ■ ' + - /3Cp+0//3(/3+l), = 1, 2, • • • , (2 - 1). 

The symbol q is used in these formulae to denote the number of col- 
umna (animals) remaining in the assay. There are no restraints on the 
values of the regression ooefficients when the equation is written in this 
form. 

The and have been chosen to make ii^j ^ 2 *, proportional to 
Df Bf 0. The choice of the and r*'s is based chiefly on considerations 
of symmetry, since the values of the row constants are of no direct 
interest in this example. Likewise the column constants play no direct 
part in the evaluation of the assay and may be chosen in. any way con- 
sidered suitable. In this particular case, no simplicity is gained by re- 
placing the original independent variables (the 5^^) and column con- 
stants (the Cj) by orthogonal combinations of them (such as the v‘s 
and c*^s). However, this change of variables may well prove useful, in 
other situations of this kind, in simplifying a system of normal equa- 
tions. Other orthogonal functions may, of course, be used, according 
to the needs of the particular situation. 

Assuming that no observation is migaing, apart from the missing 
columns, all sums and sums of products of the independent variables 
(the -u's, t;^s and tij's) vanish except those of form iS(ua<#h 
a, 7 = 1, 2, 3. These sums may be written 

4 9 4 

1=1 y«i 1-1 

by letting represent the value of Thus is simply the 

sum of the values taken by Wyifh over row i. These numbers a.-y are 
always zero for the intact design, but if some columns are missing, their 
values depend on the arrangement of treatments in the missing columns. 
Those values are always small positive or negative integers and are 
easily calculated. In all cases 7 = 2, 3, which provides 

a useful check on this calculation, When the values of the aiy have been 
calculated, the sums ^U\(^iyy'aiih=A^y (say) may be evaluated. The 
other coefficients needed for the normal equations are 
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Su^aijk = S’lo^yifk = ig, *h l)i ^ = 1, 2, • ■ • ^ 

The normal equations aro 

4? Hi = G, 

iffiP H- l)cfl* = Cy, /iJ «= 1, 2, ■ ■ . , 

49n* -h AuU* + A,,iy 4- A nU* =-- ly 

igra* 4- Anil* 4- Anh* 4- 4,4^/ /;,♦ 

‘^Qr^* + AnU* H- ..Im/j* 4- -U*/,* - A',* 

+ AiiTi* -|- /iait’}* H- = j'j* 

4“ Aitrn* 4' -j- igy s 

■4]aJ'i* 4* Aiar 2 * 4" /laj>’a* 4- 4)^/^* rj^ 

Avhere C^*, Ri*, • • • Ti* stand for the following combinations of Die ob- 
servations. 


1, n, 


. iff ^ 1) 


Ti + 'I\ - 1 \ - 'l\ 


On* ~ Cl + Ci ‘ + Cfi — 

Ri* = fill -I- Hi - Ri - Ri 'i\* c 

flj* = - Tfi -f /ij - rt, 4- li^ __ ^ 

Rt* = - iJi 4 - fja + Ri - Ri Ti* «= — T\ -I- Ti -h Ti ~ 'i\. 
The residual sum of squares is calculated from tins fnnimlu 


( 6 . 2 ) 


S{v - 10^ = - mO] - r g 

L fl-i J 

- r E r*Ry 4- x; 

L o-i t-l J 


Tho term m tho first square bracket is the "lotul" siun of .sqimro.s of 

calculated according to tho formula 
vnrinf,-/ ^ sciuai'cs alliihuLablo to 

variat on among columns end is bosk calculated from the ociuivulent 

\ derives its value from varia- 
tion due to 'rows and trentmeuUs." Tlio sums iind Ti *T * 

cannot bo regarded scparaLoly ns exhibiting vailTitiou tunong mu^aml 
among rca tmonts. When such quantities are needed l ey 

®Swi; “1' “™ -I I zM:: 

Tof n nuantilies n.redod for lim analy- 
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If the covariance of ty* and ty* is denoted then is one of 

the elements of the inverse matrix. Its value may be obtained by put- 
ting unity for and zeros for all other i2*'s and T'*^s in the expression 
for obtained from the solution of the normal equations. This rule 
applies also when 7 = 7^ in which case is the variance of The 
value of (7^ is estimated by s^=jS(t/-7)V(3(f— 6). 

Any one of the may be testol for significant departure from zero, 
either by calculating with 3ff— 6 degrees of freedom, or 

¥ — with ni==l, ?i2=3(?“6. 

The estimate of tho logarithm of the ratio of the potencies is 

(5.3) M - 

with an estimated standard error given by 

Is 

(5.4) sm = + C22^i*^j 

12 


which is simply the form taken in this case by the first order approxi- 
mation to tho standard error of a ratio. 


The computation of the numbers Aar^ from their definition is not dif- 
ficult and does not require an inordinate amount of time. However, this 
calculation may be simplified and systematized considerably by regard- 
ing the matrix {A ay) as the product of two matrices as follows (shorten- 
ing the symbol Uam to Uai) • 


un 


UiB 


Un 

U22 

ti 29 

'W24 

Wai 

Uaa 


U34 


aji 

(in 

ai 3 

021 

022 

O23 

O3I 

^32 

033 

O4I 

O42 

O43 


Alt 

A 12 

A 13 

A 21 

A22 

A 23 

A 31 

Aa2 

A 33 


The w-matrix is determined by the choice of the functions Uanh and is 
fixed when this choice has been made. For the w’s chosen in this paper, 
the 'w-matrix ia 


' 1 1-1 -1 

-1 1 1 . 

.-1 1 1 -1. 

The a-matrix depends on the form of the functions lOyijh and on the 
arrangement of treatments in the missing columns. When this matrix 
is determined for a given case, the A-matrix is calculated by matrix 
multiplication. 
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Tho solution of the normal equations is in general fairly laborious, 
but in tho cases which are likely to occur most frcqiiciilly tho solution 
is simple or can. bo avoided altogether. A discussion of theso coses fob 
lows. 

6. Case (3). When a single column is missing, no eHsenlinl restriction 
is imposed by tho assumption that Ireament 1 in missing from ioav 1, 
treatment 2 from row 2, etc., sinco this can always ho arranged by ro- 
numboring tho rows. Tho A-matrix for this order is 

-4 0 O' 

0-4 0 . 

0 0-4. 

Tho solutions of the resulting normol equations are 

(6.1) = m.* + T„*)/4(rj^ - 1), 4* = (qT,* + - 1) 

a, T *= 1, 2, 3, 

and the oloments Cyy' of the invorso matrix aro 

(6.11) Cji = Cm = Cjj ?/4(2’ — 1), du ™ ou => Cji =« 0. 

Substitution of those values for tho r*'B and i*’s in 
yields tho formula 

( i + Z Tr*AA(q + 1) 

( 0 . 2 ) ^ 

+ Z (««* + 3',*)V4(?» - 1) 

<k«-l 

for the reduction in tho sum of squares duo to rows and troalnicnts. 

Sinco this formula does not requiro tho values of the r*'8, lho.so num- 
beia would not ordinarily bo computed. 

It may be remarked that tho sum of squares duo to treatments alone 

(eliminating rows) is given by 2 <7’**, Rince Iho t*'8 aro mu- 

9 

tunlly uncorrolated. Likowiso tho sum of sqiiaroB duo to rows (oliini- 

4(g^-l) 

natlng treatments) is 2^ rn**. These facts aro not needed for 

9 

the analysis of the assay, however. 
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The formulae deduced in this section may be applied whenever only 
one column is missing. In this way the solution of normal equations is 
avoided and indeed the analysis is no more difficult and requires only 
slightly more computation than that of the intact design. 

7, Case (4). When two columns are missing the solving of the normal 
equations cannot conveniently be avoided, but the determination of 
the /-matrix can be made very simple, and the equations are not par- 
ticularly difficult to solve. 

Let the symbol 

- (pi) pi) ~ 

(?!. 9l) 

(n, ra) 

(Si, Sa) _ 

associated with a design in which two columns are missing, be defined 
to mean: treatments pi and p 2 are missing from row 1, treatments qi 
and q 2 are missing from row 2, etc. It is clear that the values of an, af 2 j 
a { 3 , that is, the members of the ith row of the a-matrix, depend only on 
the treatments missing from row i of the design. There are only ten dif- 
ferent pairs of treatments which maybe absent from any row, and there- 
fore there are only ten different row^s which may occur in the a-matrix, 
No advantage is gained here by reordering rows to bring the missing 
treatments in one of the columns into an assigned order since the num- 
ber of different pairs ia the same in any case. These ten pairs, together 
with the corresponding rows of the a-matrix, are listed below. 


(1. 1) 

-2 

+2 

+2 

(1,2) 

-2 

0 

0 

(1, 3) 

0 

+2 

0 

(1, 4) 

0 

0 

-|-2 

(2,2) 

-2 

-2 

-2 

(2,3) 

0 

0 

-2 

(2. 4) 

0 

-2 

0 

(3, 3) 

+2 

+2 

-2 

(3, 4) 

+2 

0 

0 

(4,4) 

+2 

-2 

+2 


The Botting-up of the a-matrix will consist simply in writing down the 
symbol associated with the design and substituting for each curved 
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bracket (pi, pi) etc., the corre.siKmdiiiK row taken from this li.Ht. Tlie use 
of this device is illustrated in section 9. 

Similar lists can be made up for obtaining llio ri-iuntrix \S’IiPti more 
than two columns arc miasing, but the lists arc long anti inc-siiiuably 
would bo used only rarely. 

8. Case (f>). SvippoRO now that one column and another single obser- 
vation nio missing. Tljis cose can he treated by a eoinbination of the 
methods ii.scd in sections 4 and G. After rows have, htren retmtlercd to 
bring treatment 1 in the missing column into row I, oLe., let the single 
missing observation occur in rOAV land column m. Kiihsliluto for this 
missing observation the symbol i/in„ and lit to the “comiilctod” sot of 
observations a regression equation ro’* — values of 
the fitted constant are ea-sily dctcrminctl njul, when subslilulcd in the 
regression equation, yield the relation 

r.-,-* - Ci/i + [g(Ri -1- 2V) + lit + Ti)/iq^ - 1) - G/2(q - 1). 


Now, according to the argument used in section 4, the niimhcr to bo 
substituted for the inis.sing olworvalion i.s dolonuiiicd by equating 
2/rinn to Y irtni Thus the formula f or the miasiiig value in oblaiued by solv- 
ing for Dinn the equation 

= 6V4 + [q(R, -I- ?'„) 4- Rn H- ?'(]/(?» - 1) - a/2(q - 1). 

Two cases arise. If n‘=l, all terms on the riglit side of this equation 
involve y if n?^l, the terms Rn and 2'i do not conlatii The solu- 
tions in the two ca,3cs aro 

(8.1) t/(„^ = [(5 - 1)CJ -f- i(RY 'h 2V) - 2G'yCAq - 0), 

( 8 . 11 ) Cil = Cjg = Cjj = — (q -|- , 

4(3“ — 1) \ 33 — 0/ 

and 


( 8 . 2 ) 


Vlnn — [(3* 


l)CJ + 43(7e,' + T„') 

+ i(Rn + Ti) - 2(3 + l)(?']/(3ry“ - O3 - 1), 


(8.21) cii = C 22 = Cja 


4(3' 


1 

- 1 ) V 33-0/ 


apijroxiinatcly. 


Tho prime indicates, aa in section 4, that the total in immmploto. The 
derivations of formulae (8.11) and (8.21) arc diHeus.s(!il lul(;r. 

The argument given in section 4 showH that wlnm lliis number is 
substituted for the missing observation and tho analy.His carried out 
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using the formulae of section 6^ the values of the fitted constants and 
of the residual sum of squares are identically the same as would be ob- 
tained by fitting the regression equation to the original observations 
alone. However, the formulae given in section 6 for the variances and 
covariances do not hold here. The following considerations yield the 
proper values without much computation. 

Suppose that the regression equation (B.l) is fitted to the original ob- 
servations. The left sides of the normal equations will be considerably 
different from those of the equations in section 6, but the right sides, if 
changed at all, will be altered only by the addition or subtraction of the 
numb er y ^r^n- Again using a prime to indicate that yi^n is omitted, the right 
sides of these normal equations may be written G', C*', etc., where 
G = G'+Vimr,i ±yuvny the plus sign to be used if 1= 1 or 2 and 

the minus sign if Z=3 or 4, with similar relations between the other 
primed and unprimed symbols. Now, to find the variance of one of the 
Z*^s, say we may replace Ta*' by unity and all other r*^'s, etc. 
by zeros in the formula for U* given by the solution of the normal equa- 
tions* This substitution gives the value of cn> Similarly, replacing Ti*' 
by unity and all other etc. by zeros, we get the value of Ci2, 

The formulae for the are given in section 6 expressed in terms of 
the unpvimed symbols. These formulae can be written in. terms of the 
primed symbols (remembering that yimn is itself a function of the 
primed symbols), and thus, making the substitutions indicated above, 
are obtained the values of the c^s. 

Tho formulae for the do not fall into any simple pattern, but there 
are two main types correaponding to the two missing-value formulae. 

Wlien formula (8.1) is used, that is, when a treatment is missing twice 
in the same row, 

1 ^ + 

On — C 22 — Caa = 19 + r r ) ^ 

4(9' - 1) \ 3g -- 9/ 

and C12, C23, C31 are equal to +l/12(g— l)(g— 3). The arrangement of 
plus and minus signs depends on the whole configuration of missing 
treatments, but in all cases two of the covariances are positive and one 
is negative. 

When formula (8.2) is used, the values of Cu, C22, caa are given by 

4(q^- 1)L - ij 

the plus sign applying to only one of the three, and the set of 
quantities C12, caa, cgi may take various combinations of the values 
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EB OF THE TREATMENT IS BECORDED UNDER EACH OBSERVATION 
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The data in Table I tot pnrridcd thronch the courtesy of Dr, D. M. Youne aad th* 
Cozmancht laboraioricA UiUTcrsity of Toiooio. 
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±l/4(3(z^^Gg— 1)^ ±(g^l)/4(^+l)(3g^— 1), Thus it appears that 
the variances and covariances require a rather complicated set of for- 
mulae, The complexity may he avoided, however, by introducing suita- 
ble approximations. For any values of q that are likely to occur in 
practice — may be replaced by 6) without 

sensible loss of accuracy, which gives the approximate formula (8.21), 
Likewise, in such cases, the covariances are numerically small and may 
be ignored. 

An argument of the same kind, applied to the case discussed in sec- 
tion 4, shows that the effects of a single missing observation are to in- 
crease the variances of B, C, D from to 5)/(12r’-6) and to 

change the covariances from zero to These changes are 

seen to be so small numerically as to permit the use of the formulae 
appropriate to the intact design, ignoring the slight inaccuracies result- 
ing from the missing observation, 

When one column and several single observations are missing, for- 
mulae (8,1) and (8.2) may be used iteratively to supply values for the 
single observations, An analysis performed on this ^‘completed” set of 
observations, using formulae (6,1) and (6.2), yields the correct values 
of the residual sum of squares and of ^2*, <3** The variances and co- 
variances of the arc affected by the missing observations, but the error 
committed in using formulae (8.11) and (8.21) in such cases should be 
small, unless the number of missing values is large, 

9. Examples. Case (1). Suppose that the observation in row 1 and 
column 16 of Table I is missing. Then Bi' = 872, Cia' = 224, r2' = 781, 
G' = 3718, These numbers, substituted in formula (4.1), give the num- 
ber to be used for the missing observatiou- 

2/1(10)2 = [16(224) + 4(872 + 781) - 2(3718)]/42 = 66, 
to the nearest integer. 

The analysis of the completed table, carried out as in section 1, gives 
the following values for the sums of squares and the components (7, D. 



d.f. 

s.s. 

m.B. 

rows 

3 

936 


columns 

15 

10,380 


treatments 

3 

3,461 


residual 

41 

2,587 

63.11 

total 

62 

17,363 



Z) = 8.25, 5 -- 68.26, C - 0.50 

M = (.30103)(8,25)/(- 58.25) = - .0426 
Sii/ = (63.11)(.30103)V(68.25)^ + (8. 26)7(68. 25)^ = .0329. 
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Here the value of M ifl correct, but the formula and value of are in, 
accurate, owing to the correlation of B and Z) nnd the nllerefl values of 
their variances. Corrocting for both of tho.'so soiirccH of error chanKo.s the 
value of fliv to .0336, a iicgligiblo correction, ijarliciilnrlj' in view of the 
fact that the formula for 8 .m ia itself only aiipitixiniuk*, iShiultvrly, cor- 
rections in tho formulae for testing tho Hignificanec of li niifl C are not 
important nnd may bo ignored. 

Case (2). Suppo.so that coluinns 14, 16 and 10 ar<! jni.ssing. The first 
step in sotting up tlio normal cfiuations i.s the compulalioti of the a- 
matrix. Tho value of a», for example, is the Hum of the ^'ahu‘H taken by 
W) for the 13 observations in row 2. Now Wa livkoH the value 1 when the 
observation is made on. treatments 2 or 3, niul takes the value — 1 when 
the observation is made on treatmenls 1 or 4. The treatincnls nii.s.siiig 
from row 2 are treatments 2, 4, 3. Hence osj+l “ 1+1 =0, a 2 a = — 1, 
since each w sums to zero over each row when the (losigii is intact. In 
this way (or others) tho a-mntrbc may bo set up in a few inimiLos. It is 
given below, inultipliod on tho left by the a<-maliix to form tho 44 - 
matrix. 



Tho right sides of tho normal equations (llio IJ*'h and are com- 
puted from tho row and troatment totals. 


7i:i = 763 

Ti = 86Q 

li,* « - 01 

Ti* = 

+ 17 

Ii:2 = 742 

Tj = 603 

Rz* = + 81 

T,* « 

- 35 

Ra = 747 

Ri = 849 

r, = 802 

Ti =. 680 

7 ? 3 * = - 123 

7’,* = 

+ 0 


The calculation of the K*’b and 3 ’*'b may bo cheeked by incauH of the 
identities 

Bi* + Bi* + Bi* + G = ilia, 'I\* -h 'J\* + Ta* -h (f = 4J’j 

When tho normal cquation.'i are set up, it in found Lliat the hIx equa- 
tions break up into three pairs. Tho Holulions are 

672<i* = 13Ti* - Ra* Q72la* =■ 13'A* + le,* 072/,* = llVl'a* + Ri* 

672>’2* = 132i!j* - Ti* 672r,* = 132Jj* + Tj* G72ri* = IS/e,* -|- I,* 
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Substitution, of the numerical values of the R*'s and T*'s yields 

ti* = 0.2083 n* 1.7470 

h* <= - 7.0506 Tt* = 1.6417 

k* = 0.0387 Ta* = - 2,9077 

Substitution of unity for Ti* and zeros for all other and in 

the formula for ii* gives Cii = 13/672, Similarly, replacing Tg by unity 
and all other 7**^8 and by zeros in the same formula gives the value 
of Cl 2 . Evidently, 

Cii — C 22 = C 33 = 13/672, Ci2 = C 23 — C 31 = 0. 

The reduction in the sum of squares due to rows and treatments ia 
2 ra*R* + 2 = 3148. 

The othov numbers needed to complete the analysis of variance 
table are; the "total” sum of squares, (59)*+ • • - +(71)*— (3101)V52 
= 108533 — 184926.94 = 13606; the "columns” sum of squares, 
[(210)*+ • • • +(222)*]/4- (3101)762 = 8847. 



d.f 

B.S 

m.s 

columns 

12 

8,847 


roAYs and treatments 

6 

3,148 


residual 

33 

1,611 

48.80 

total 

61 

13,606 



^ 2 * ia highly significant, since 

F = = 62.66, 

Likewise is not significant. 

AT — — .0889 (Formula (6.3)) 

Sm = .04:11 (Formula (6.4)) 

Case (3). Suppose that column 16 is missing. Reoi'dering rows to 
bring treatment 1 of column 16 into row 1, etc., in order to apply the 
formulae of section 6, the row and treatment totals and the numbers 
calculated from them are: 

221- 839 ri-1004 J2i* = -72 ri* = +76 Ri^ + Ti* = +4: 

222- 872 n-TSl 2?2*-+210 T2* = -442 222* + r2* = -232 

223=803 7*3 = 964 223* =--144 7*3* = -4 + = 

22, = 980 7*4=745 
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The mimbera h*, h*, h*, given by formula (6.1) are 1063, -0420, 
—204, divided by 806. The reduction in sum of squares due to rows and 
treatments is 

[(-72)2-1- , , . _^(-4)2]/Gil-t-[(4)3+ . • ‘ +(-148)=^]/896 = 4321,G7. 

(Formula (0-2)) 

The other numbers needed for the analysis of variance table arc calcu- 
lated as in the preceding example. 



d.f 

H.S 

m.s 

columne 

14 

0,616 


rows and treatments 

6 

4,322 


residual 

39 

2,477 

03.. W 

total 

69 

16,416 



The tests of significanco and the computation of M and its standard 
error proceed as in the preceding examples^ using formula (6.11) to 
obtain the value cii= 022—^33 =0.01 674, 

Case (4), Suppose that columns 16 and 16 aro missing. The symbol 
describing the distribution of missing trcatinontB and tlio a-matrix 
derived from it by means of list (7. 1) arc 


(1, 2)' 


-2 0 O' 

(4, 3) 

and 

+2 0 0 

(2, 1) 


-2 0 0 

.(3, 4). 


,+2 0 0 


fO 


The il-matrix is 


8 


0 


0 0 

0 0 

0 0 , 


The rest of tlie calculation follows exactly ns in case (2). 

Case (5). Suppose that column 16 and the observation in row 1, col- 
umn 16 are missing. Again the rows nro reordered as in ca,sG (3) and 
the missing observation now occurs in row 2. Tho following numbers 
are needed to apply formula (8.2) to supply a number for the missing 
observation. 


Cn - 137, 22^' = 815, 2V = 947, Ri = 839, 3^2 = 781, G' = 3437. 


Substituting theso numbers in formula (8.2), 

mm = [(224) (137) + 00(816 + 047) + 4(839 + 781) 

- (32)(3437)]/(684) = 60.34 

or 66 to tho nearest integer. 

Substituting 66 for the missing observation, the analysiH proceeds 
exactly as in case (3), with 38 instead of 30 degrees of freedom for tiro 
residual sum. of squares and using formula (8.21) instead of (0.11) to 
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obtain the values of the c’s. The value so calculated (0.01717) differs 
only slightly from that given by formula (6.11) (0.01674:), but the 
more accurate formula (8.21), appropriate to this case, requires only 
simple calculations and presumably should be used. 

Conclusion, The primary purpose of this paper is to bring together a 
number of methods of dealing with the analysis of balanced designs 
when some observations are missing. The discussion is focussed on a 
specific design, but the methods and devices can be used, with suitable 
modifications, in a much wider range of problems. 

Another purpose may also be served, Apparently some suspicion 
attaches to the “estimation of missing values” as being an attempt to 
extract something from nothing, Perhaps the phrase itself, although 
warranted, is misleading, In any event, it is hoped that the foregoing 
discussion emphasizes sufficiently the fact that the basis and method of 
analysis are the same in all cases, and that the cases singled out here for 
discussion are special only in the sense that, in them, some simplifica- 
tion of the arithmetic is possible, 
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DR. VICTOR SELDEN CLARK* 

W ITH the death of Dr. Victor Scldcn Clark in the 77th year of his 
age, the country Ima lost one of its outstanding economiats. Ho 
waa not concerned either with economic theory or with statiaticnl 
methods. He was primarily nn economic analyst, making use of all 
available -sources of information concerning the several suVjjects which 
he investigated and interpreting them in masterly fashion. 

Through much of his career, Dr. Clark devoted liia attention mainly 
to ooonomic conditions and trends in those areas of the world concern- 
ing which adequate information was not readily available — outlying 
possessions of the Unitctl States, Latin American and Ear Eastern 
countries, and the "down under" lands of Australasia. Mo-it of his time 
from 1900 to 1913 was spent on studies of these areas. The cmpliasis 
was on labor problems bub the whole economic picture of each area was 
sketched. In no case did he roly mainly on published information, of- 
ficial or unofficial; ho visited each area and ohtaiued most of his knowl- 
edge of it from personal observation and interviews with all cIushcs of 
people. Ho may well bo cliaracterized both ns a "globe trotter" and us 
a past master of the reporter’s art. The areas covered l)y hia rcaear<!lu!8 
included Puerto Rico and Hawaii (in both of which he for boiuc time 
held hiyi-ranking administrative positions), Philippine lahiruls, Cuba, 
Meidco, Java, New Zealand, Australia, and Canada; inculontnllj' he 
visited Russia and Spain, The results of this work were for the nujst part 
published by the Bureau of Labor Statistics. Each of the raonogruplis 
which Dr. Clark prepared for that Burcau contains from 100 to IfiO 
closcly-packed pages and was, at that time, the principal source of ia- 
formation on tlie given area. They included critical (liscuflsion of prol)- 
lema in addition to factual material. 

Toward the cud of hia career, Dr. Clark reverted again to globe- 
trotting, not only revisiting practically nil those areas where ho had 
previously made investigations, but also Iravclliiig extensively in other 
countries of the Par East and Latin America. I'or the most i)ai'b, tbo 
results of these later travels and researches wore not puhlishcd. How- 
ever, tlic investigation concerning Puerto Rico, which ho and eolleagues 
conducted under the auspices of the Brookings Institution riuriiig llic 
years 1628-30, constituted the basis for a large volunm Puerto liico 
mvd Z(s pToblema, which is the most valuable one souveo of inf ovinii- 

• Born nt Portogovillo, N, Y., Juno 12, 1808, «on of Molor Bcldon N. nnd Itclcii 13, (On-vio) CUrV. 
U. of Minn. 1800} Pli.D. OolunibltL, IfXKIi died April I, 1040, WnnhinuLoiij H.G.; unmarried. 
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tion ever compiled concerning that island and its difficult economic, 
social, and political problema. 

In the interval between these two periods of research in outlying 
countries, Dr. Clark conducted a monumental investigation concerning 
the economic history of this country itself, under the auspices of the 
Carnegie Institution. The first volume. History of Manufactures in the 
United SiaieSy 1607-1860^ was published in 1916. The work was then 
interrupted by the war and the second volume covering the period 
1860—1914 was not issued until 1927- The two volumes together contain 
nearly 2,000 pages and were exhaustive in scope and illuminating in 
analysis, Professor Henry W. Farnan said in his introduction to the 
second volume: 

. . . With rare porEietenco and industry he has succeeded in completing 
the work which is now offered to scholars- Like the History of Manufactures 
to 1800, this study is based on original material. It is nn economic history in 
the strict sense of the word. It does not deal with technology and mechanics; 
it does not give biographies of prominent manufacturers; it can not cover 
the details found in histories of speciilo industries. It does give nn interpre- 
tation in broad outlines of the development, the organization and the 
economic interactions of manufacturing industry in our country during a 
truly remarkable period. 

In preparing this history of American manufactures, Dr. Olarlc made 
use of an immense variety of material, ranging from official statistics 
of the Federal and State governments and of trade associations to items 
in periodicals and personal reminiscences. He traced the effects of 
tariffs on the development of American industry, the gradual spread of 
manufactures from the northeast to the central, southern and western 
sections of the country, the progress of the working classes, the develop- 
ment of great corporations and combinations, and all the other major 
aspects of the history of industry. 

In What Is Money, a compact 88-page book published in 1934 — a 
time when the country was passing through a maze of monetary dis- 
cussion — Dr. Clark gave an elementary explanation of money and 
its relation to prices- His approach to the subject, as he said in his 
preface, was ''by the path of history rather than by that of theoretical 
analysis.^' Attractively written, with frequent touches of humor, his 
little book might well continue to bo a valuable guide for the "man in 
the street” or non-professional reader. 

During the years 1920-28 Dr. Clark was editor of The Living 
Age^ Boston, a periodical of long standing and wide circulation, 
which, however, was ultimately discontinued as other "readers^ digesta^^ 
became more popular. During his later years Dr. Clark maintained an 
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office in the Library of Congresa, where lie nob only pursued his own 
investigations but served aa a consultant totlio Library regarding eco- 
nomic and governmental publications, 

E. Dana Durand 
Washington, D. C. 



COERINGTON CALHOUN GILL 
1898-1946 

T he death of Corrington C. Gill in TucsoHj Arizona, on July 13, 
1946, closed a distinguished career as government economist, statis- 
tician and administrator. Gill played a significant part in shaping and 
executing governmental policy during the long depression and the war 
period, 

Gill was born in Grand Rapids, Michigan, in 1898. His early life 
was spent in Michigan. Entering the Navy in 1917, he served through- 
out the war in the destroyer servico on the Erench coast. He received 
his A.B. degree at the University of Wisconsin in 1923. 

In 1923 he came to Washington as Manager and Correspondent of 
the Washington D. C. Press Service. After four years he turned to 
independent research and business consulting work. In 1931 he became 
economist and statistician for the Eederal Employment Stabilization 
Board. 

In the Spring of 1933 Gill was selected by Harry Hopkins to direct 
research, statistical and finance activities for the newly-created Federal 
Emergency Relief Administration. He occupied a key position in fed- 
eral relief agencies for the following eight years, serving successively 
as Director of the Division of Research, Statistics and Finance of 
F.E.R.A.; Assistant Administrator of F.E.R.A.; Assistant Administra- 
tor of the Civil Works Administration; and Assistant Commissioner 
of the Work Projects Administration. The excellent administrative 
record of the emergency organizations during this period was in large 
measure the result of his efforts. 

In 1941 Gill left W.P.A. to become Deputy Director of the Office of 
Civilian Defense in charge of Operations. The difficult job of organiz- 
ing regional, state and local civilian defense operations throughout the 
nation was performed with hia usual speed and effectiveness , In 1942-- 
1943 he served for a year as Consultant to the War Department, mak- 
ing a complete survey of the Army Medical Corps and assisting in its 
reorganization. 

In the Spring of 1943 Gill was chosen by the President to become 
Director of the CommiLtee for Congested Production Areas, assisting 
localities with war-swollen populations to obtain urgently needed 
facilities and community services. When the C.C.P.A. was liquidated, 
ho became Deputy Director General of the United Nations Relief and 
Rehabilitation Administration in charge of Administration and Fi- 
nance. He held this position until late 1945 when illness necessitated 
his resignation. 
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He is survived by his widow, Julia Turnbull Gill. Ho is tlio aiilhor of 
mrmerouB economic and statietical articlce and of two liooks, Wasted 
Manpoipevt and The Challenge of Uneniploymcnl. 

Those who knew Corriiigton Gill and worked with him shall inis-s 
him a great deal An unuanally eompetont adminisLvnlor, he Imtl a rare 
ability to bring out the best in those who worked under him. Numprou.9 
new developments and techniques in research and Hlali sties wore de- 
veloped under his direction and willr the assistance of his wise Judg- 
ment and shrewd sense of liming. IIi.s alrility to complete Htu[)(ind{)ua 
and urgent tasks competently and quickly i.s rare, in Wjushington as 
elaewheve. 

Howaud B, Myehs 

Committee for Economic Dcvolopinont 
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Statistical Abstract of the United States, 1944-4S: Sixty-Sixth Number. Com- 
piled by the Bureau of the Census, Washington 26: Government Printing Office. 
1946, Pp. xiii, 1023. $1.76. 

Review by Bruce T >. Mudgett 
Professor of Eco7iomic8 and Statistics 
University of Minnesota 

O N FIRST thought a review of the Statistical Abstract of the United States 
Beema almost in a claaa with writing a literary account of the monthly 
telephone bill, and the present writer had that reaction upon being asked 
to write this note. But maybe on further consideration there is something 
to be said, if not too much, about a recurrent annual volume summarizing 
the vast quantities of statistical information that pour out each year from, 
and about our national government and our national economy. 

It should be said at the start that the present volume is the current result) 
of a development or evolution of many years (66 in fact) in presenting a single 
volume of brief summary information that is in wide demand. Of the things 
that would seem to deserve notice in a technical comment, I do not conceive 
the factual content of the volume deserves a very important place — and 
that mainly because most people who will have occasion to use the Statistical 
Abstract are likely to have a good general idea of the sort of information that 
is available, information such as is collected and published by different 
subdivisions of government and by some non-governmental agencies. 
IllustrationB: population, vital statistics, prices, foreign and domestic 
trade, agricultural, manufacturing and mining production and the like. 
There have been additions to the factual content as the ^''ears have passed 
and a cursory examination of the present volume indicates that some of the 
recent additions have come from the sample studies developed in the last 
few years. For example, section five on the labor force contains tables con- 
structed from data obtained in the monthly report on the labor force — a 
very new and very important type of inquiry now being carried on in the 
Census Bureau. 

Since tlio Statistical Abstract is a compendium of summary statistical in- 
formation ill n vast number of fiolda, the moat important thing about it 
would seem to bo how well has it done the job it is designed to do. This is a 
matter, largely, of the organization of the book and of the construction of 
the individual tables so that users can find what is there and can under- 
stand it when found. A new feature in this volume, and a commendable in- 
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novation is ^'fcJie presentation of a geiicml note nt tlic beginning of each 
section in order to furnish a baclcground for tlic etati«tica in the field — 
Such notes have been prepared for fifteen of the thirty-four Rcctions mid fur- 
ther extensions arc proniiBecI in future editions. Tins feature plus one otlier 
makes for easy location of available information on any topic. Tlic other 
19 an extensive and carefully constructed index. FurtUennore tl\o Kouvee 
reference for each table (of which there arc over one thousand) jh an improve- 
ment over what used to bo, in that the souroe reforonce gives the publication 
in which the original data appeared, as well aa the agency ivhicb pubbslied 
it, Eor example, table 80 of this volume giving death rates per 1,000 popu- 
lation by sex and iige-groups 1000-1043 lists tlio source as ^^Dopt. of Com- 
merce, Bureau of the Census; Vital Statistics llatca in tlie United Slatoa 
lOQO^lQlO; basic figures lOdO-1043, annual report, Vital Statistics of the 
United States, Part II. In contrast the eourco reference for the correspond- 
ing table of the 1031 Abstract (tlicro it is table 70) merely lists "Bureau of 
the CeuBUQ, Depfc. of Comnuircc," In the front of the volmuc is a tisb of all 
tables classified by source; thus all tables obtained from the Bureau of Agri- 
cultural Economics aro listed under that title in this clnsBificatiou, This 
yearns praGtioe on. eourco reference ia a great ivnprovcment for anyono 
who wishes to seek more complete data in the original aourco. 

The feature of most importance in tlio conetmetion of individual laljles ia 
the appropriate arrangement of cUsBifications in stub and caption and ll^e 
adjustment of spacings, lines, clifl’crcncoa in type, etc,, in such a way as to 
bring out the information contained in the figuiGs. Wc liavo all rccii ex- 
amples of badly coiistnictod tables whore the effort was abnosL more than 
its worth to discolor what fclio figures meant. In this respect tlic i^lalutical 
Abstract has for many years done a reasonably good job, which could in at 
least one respect bo improved; but I suspect tlio iniprovoniont would run 
counter to loiig-catabUshed habits in the Qovornuicut printing ofUcc and 
therefore, would havo a great inertia of habit to ovcrconio before it could ba 
introduced, I refer particularly to the ueo of dtlToronb weights of lino and 
BomeUrncfl diffcrenceB in typo in tables to help to show coordiwixlc and 
Bubordinato relationships among tho figures, There Ih evidonco of some 
tondonoy in tins direction, but it could go much further, to the great im- 
provement of tho abstract. Consider for example, table 289 on Income Tax 
Heturns to States and Territories for 1030, 1040, 1041, In tho stub clas- 
sification, tJ. S, totals and section desigiiationH arc in heavy faced tyjie, 
whereas individual Btatca (subdivisions of the sections) are in liglitcr type, 
equally for the figures referring to theso sovoral categories. But it should bo 
noted that in somo tables tlio heavy faced typo is scarcely distinguiHhablo 
from tho lighbor faced variety. Tins, of coui'so, is a printer’s problem, but it 
does deserve more attentiqn thoult liaa received in our govcruuieul printing 
pffido, Statistical volumes in innny European coitn tries havo for years been 
vastly bettor than ours on this score. Again illustrating from tablo 280, 
these tables make much Iobb uso of different weights of lino than is desirable, 
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and again the proof lies in the better job done in European printing offices. 
Table 289 would be greatly improved if, for example, the lines between. 1939 
and 1940 were much heavier than the two lines within the 1939 category; 
and similarly for other years. 

The above criticism that the 8latulical Ahairacl does not make enough use 
of differences in type and different weight of lines is, I think, deserved, and 
here is one chance for improvement on the technical side of presentation. 
Despite this objection, the government haa placed within some thousand 
pages a vast body of summary statistical data and haa organiaed it in snob 
a way as to make it readily available to its potential users — a truly monu- 
mental achievement, 


Statistical Analysis for Students In Psychology and Education. Allen L. Edwarde 
(Associate Professor of Psychology, University of Washington). New York 10: 
Rinehart & Co,, Inc. (232 Madison Ave.), 1946. Pp. xviii, 360. $3.50. 

Ubvibw by David A. 

AsBociate Profesaor of Psychology 
University of Wisconsin 

E dwards* Staiislical Analysis is not just another elementary atatistioa 
book, Unusual features and clean breaks with tradition are to be found 
in both structure and content, and several of the unique features are to be 
applauded. For example, one-third of the book is given over to the statistics 
of email samples, and two chap tore are devoted to analysis of variance. The 
reviewer agrees with Edwards that . whether the traditional attitude 
approves or not, more and more research as published in paychological and 
educational journals is being evaluated by small sample techniques,” Other 
good points about Statistical Analysis include clearly written elementary 
chapters on ^Probability and Frequency Distributions” and “Rosearoh and 
Experimentation,” modern sampling treatment for the correlation coeffi- 
cient, the use of the Charlier checks in computation, and a chapter on ele- 
mentary algebra. This last-mentioned chapter is perhaps a bit too elementary 
omitting logarithms and exponents. Some teachers of statistics may have 
mixed feelings about teaching statistics to students whose mathematical 
backgrounds are so inadequate as to permit them to profit from such a simple 
review of algebra. 

One can scarcely approve of one of the unusual features of the book, the 
deliberate omission of any treatment of the reliability of test scores. To 
begin with, this material has unique value for students in psychology and 
education, Its absence detracts materially from the usefulness of Statistical 
Analysis as a general elementary textbook in statistics for psychologists and 
educators. Furthermore, in spite of Edwards* comment that it does not 
, fall within the general orientation of the rest of the book > . . , ” 
fallibility is a property of all actual mensuration, including reflex magnitudes, 
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discrimination limcns, reaction tiinea, and other iiicaBurofi from "^puro” 
payoliology. To omit the topic of reliability even from nn experimentally 
oriented atabistica book such na 6WtsHcol AmoIj/ots would seem to encourage 
Biiperficial interpretation of the nature of mcaiiuroincnt in general. 

In the veviewet'fi opinion, SMistical Analym Huffera from a naiiibet of 
pedagogical wcakiiofisea. Thcac includo; (1) an undcHirablo uiultipltcity of 
definition and coinj3utaiional fonniilao which scenis hound to confunn the 
Glomentary student; <2) inatancoa of unnecessary notationnl coinplicationa, 
such as tlie uao of v for and ^ for tho critical ratio or ttjgnificanno ratio wliich 
requires the follo^ving footnote (p. ISO): “h'lshcr lion introduced iv trmiHforjua^ 
tion of r into anotiicr Btatielio ^Yhioh is known m z (uol to be coi^fuhcd with 
tho z vnenbioived earlier) i . . ; and (3) introduction of Petern and Van 

Voorhia' as au alternative to F in analyaiu of variniice, accomimniod by tlio 
etatement, "You may wonder at this point whether F or nlioulcl be used 
as a teat of significance in a given problem. There 1 h no definite -niiBwer to 
this question. . - . (p. 236), It eccins to the reviewer that an elementary 

textbook should avoid such eourcoa of confuaion, 

The TGv lower’s chief CTitlclBm centers around the general omplmsla of tho 
book. The leader, intrigued by the list ot chiiptcr lopica, and led on by a 
promise ia tho preface that oniphaaid ia to bo upon u«g and fuiiotion rather 
than calculation, ia doomed to a real dieappoiiiUnont ns ho wurkw Ida way 
through calculation after calculaLiojii coding technicpio uflor coding tech- 
niquo. On the topic of corrolafcionj for oxnniple, 12 pages arc expended on 
the dovolopmcnt and use of definition and coinputatumal forjiinluci but only 
two and one-bnlf pages arc given to mterprotation of r, and nioHt of this is 
rather Buperficial. In this rcepeet, it wovild neom that Kdwurdtt ie euvight up 
in precisely tho very "vicious circle’' ho promiHCH, in tlic preface, to break. 

With respoot to atatistleal errors, Edwards’ book is very niiieh like tho 
first editions of most elementary statiatics texts wliicli roaoli the murkot. 
Tho slips arc disconoorfclng, but minor. They include: (1) the Ktutement 
tlmt computation of tho probable deviation requires coiupuiation of tho 
S.B. (p. 60); (2) nn inacoiirnto technique used to obtain fiducial limits for a 
proportion (p, 169); (3) a remark that grouping will cause no Korions error 
in tho S,D. (p, 70); (4) a formula for i which Uolda only when 
(p. 182); (6) nn erroneous assertion about (Tr (p. 186); and (0) an interpre- 
tation which accepts the mill hypo thesis wlioux* does not exceed the 6 per 
cent point (p. 247), 

Slalistical A7ialysia is bottop fclmu many current HLatiHLios honkH. EuL, bo- 
cause of the points inentiouecl above, Lho reviewer does not think that it 
will prove to bo an oxcellont teacblng text. Ho doos not rato it in tho waino 
class with the olemontary texts of Lindquint and Helen Walker. I'hhvardH’ 
bookia, in many respeots, a more forward-looking text, but it laclcH tiui touch- 
ing finesso and tho depth of iutcrprotatiou of its best uvailablo coiupctitorH. 

Incoma from Independent Prolessionnl Proctlco. AfUton Friedman (AsHoi'iato 
ProfoBBOT of Kconomics, Hnivorsily of Chicago) and iS'i 7 /io;i Kvzncta (IVofcHHor of 
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Statiaticfl and EcorLomicB, University of Pennaylyanin) . Publicationa of the Na- 
tional Bureau of Bconomic Research, No. 46, New York 23 : National Bureau of 
Economic Research, Inc. (1S10 Broadway), 1945. Pp. xxxiii, 694, $4,60. Two 
reviews follow: 


Rbyibw by R. L. AKDBnaoN 
Associate Professor of Experimental StaiisHcs 
QTid Agrimliural Economica, Institute of Slatislics 
Umveraily of North Carolina^ Raleigh 


T HIS book aumm arizes the results of several years' study of the net 
inGome from independent practice by phyaiciana, dentists, lawyers, 
certified public accountants and consulting engineers. The authors have 
made use of many modern statistical techniques an eh as the x^-test, the 
analysis of variance and multiple regression, which in the past have been 
applied too infrequently to the analysis of economic data. Dr. Friedman’s 
techniques for the analysis of ranked data have also been utilized to good 
^advantage in several places. 

Because of the Avide usage of modern statistical techniques, this book 
should receive careful scrutiny by economic statisticians. The authors are 
careful to point out the basic assumptions behind such tools aa the analysis 
of variance, assumptions which are too often not fulfilled with economic 
data. Such a treatment aliould help Immeasurably to promote the idea of 
finding means of altering the old statistical tools or of devising new ones in 
order that economic data can be analyzed more objectively than in the past. 
WJnle some criticisms will be made below of the atatistioal methods em- 
ployed, these oriticisins in the rnaln are minor in character and the general 
quality of the statistical methodology is well worth the attention of econ- 
omists. 

The first two chapters describe the professions studied and the methods 
used in obtaining tlie sain plea and in adjusting for known biases in the sam- 
ple results, Unfortunately, the authors did not have available some of the 
modern techniques of conducting mailed questionnaires, which were used 
exclusively in this study. It was concluded that the nonresponse problem 
waa not important in this survey, because no correlation was found between 
income and response. However, the geographical distributions of the sample 
responses did not correspond with those of the population. It is the reviewer's 
opinion that such an extensive study should have been based on a more 
solid sampling foundation with some provision made for sampling the non- 
responders by direct interview. Also some provision should have been made 
to check on the accuracy of actual replica. For example, did deductions from 
gross income include only businesa and not personal expenses? 

The autliora present a detailed analysis of the adjuatmenta necessitated 
by such things as the exclusion of all but membera of the American Dental 
Asaociation iu the dentiaVa sample and the apparent size of community bias 
in the eamples for doctors and lawyers. The sample and population fre- 
quencies wore compared by use of thex^^testfor goodness-of-fit and of Xr'^jthe 
latter being Friedmanns test for rank correlations. The attempts to justify 
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the Tcsulte on the basis of previous state surveys seemed incau^^ifttent ^vith 
the previous etatement that the sample results were not good for separate 
geographical units. 

Chapters 3 and 4 contain the pertinent cp'^cluHiona of the study, compari- 
sons beU^een professional and other Iiicoiiio and couipnriHons af income 
among the five professions. Averago professional income wan al^out three 
times as largo as tliafc for people not engaged in one of lliose i)rofcHHiona. 
This rcBuU was largely cxplaiiieil by the iiioro exi)onsivn and longer training 
required of professional men, the larger comiminitiGS (with larger average 
income for any work) which attract'd profcsHioniil men, tho liiglior ability 
required for pxofesaioiml work, and the noncompcliiivo nature of U\o pro- 
fessioufl. My opinion is that too little importance was placed on tho factor 
of ability. However, the restriction of entry ajul tlie rioncoinpelitivo nature 
of the professions coiinot be stressed too imicli. These are factors for which 
an adequate statiatical aiialyals ia not available; hciicc, the poj^Hibility Cor 
personal bias in the evaluation of causes is quite important. One also 
wonders what the inclusion of cducatora would Imvc done to tlio over-all 
professional picture t\s herein presented, 

For nil of the income data, it was found that tho averago incouica and 
their standard dovmtiona were highly correlated, indicating that it might 
have been better to assume logarithmic TcIatiouBhips in the analyses, Lorenz 
curves were used to study rclatlvo variability ainuug jjrofcftsionnl incomca 
and between professional and nonprofcHsional incomes. Tlio five profossions 
ranked as follows as regards average iiicomo (high to low); eiiglnoorH, ac^ 
countautflj lawyers, doctors and doutista. There was little diftcrwuce between 
the average income for lawyora and doctors. 

A detailed analysis was mado of the differance botweon (IouH.sLh' and doc- 
tors’ incomes. This reviewer tonds to agree with a coniinont imiclo l)y C, II, 
Noyes (pp, 406-10) to the elTcct that the asHUmptions made uhout tho 
difTcrcncos between theec two professions wore of such an arbitrary nature 
ns to render highly untenable tho statement that clocfcovs restrict entry into 
their profession more tliati dentists, A multiple rcgccsHiou was run fc»r the 
doctors^ averago income in each state using the percontngu of dociora in the 
population and tJio per capita inconio os independent variablea; similarly, 
for dentists. This kind of analysis of econoiuio data Bl\ould bo used much 
moro. In this caso the authors were able to obtain tile elasticity of dcnmncl 
for aer vices for a given cimngo in the porcenUge of doctors and dentists in 
the community, holding per capita incoino constant. 

Chapters 6 and G present a dclnilcd analyKis of scvcnil causes of iucoiiio 
differontinlFi. The analyais of variance with tlie metluKl of expooLod HubclaBs 
numbers for disproporbioimto froquenoicH might have been jn'Ofitiildy used 
to teat for (UDforGuccu among regioua and among commuidlica of dirfcrout 
sizes, Instead tlio authors utilised tho Xr® Jiicthod jiicnLionud nbovo. fhita 
were too scanty to discusa tho important topic of influence of tranung and 
inherent ability on profcBaionul iucomo, Tho importance of such inlungiblcB 
as family connectiona and political infliicnco are not stressed enough, 
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Chapter 7 disoueses the stabiUty of relative income status for the saTne 
individual in different years. A new treatment of the problem is presented 
here whereby income is said to consist of permanent, transitory and quasi- 
permanent components. If this analysis can be coupled with some estimate 
of the variability of the separate d^mponenta, it might prove of value in 
locating the cause of the extreme variability in professional incomes. Lineor 
regression analysis was used to comparG incomes in succeaaive years. This 
reviewer believes that any re commendations based on annual trends ate 
Extremely hazaidous because of the correlations due to general business 
conditions. It is suggested that a multiple regression analysis utilizing some 
general business index ns another independent variable is needed. The au- 
thors use the analysis of variance to test for nonlinearity. They are quite 
perturbed about the normality requirement for the analysis of variance, 
but the correlation of mean and variance is a much more important disturb- 
ing factor. 

Chapter S presents some generalizations on the temporal changes in in- 
come for each profession and for business as a whole. The moat important 
conclusion here is that there is a decided positive correlation between changes 
in professional and in general business incomes. 


UbVIEW by ZeNON SzATnOWBXI 
Instructor in Economics, Northwestern Universit'i/ 

T ins study deals with the incomes from independent practice in five pro- 
fessions, medicine, dentistry, law, certified public accountancyj and 
consulting engineering; however, intensive analyeia is applied to the more 
adequate dota of medicine and dentistry. The data, obtained from question- 
naires sent to sample groups, covers the period from 1920 to 1930. Presenta- 
tion of these statistics in tho volume, though a significant contribution, is 
only a small part of the contents. Analyzing differences in income and 
measuring the influence of factors giving rise to these diffeienceB appears to 
to be the principle objective. To quote the authors (p. 63) : "But it is not 
enough merely to name factors making for variability in inoome. To be use- 
ful the catalog must be quantitative aa well as qualitative; the importance 
of the different factors and the direction and magnitude of their influence 
must be measured.^' 

Pursuing this objective, the authors use statistical techniques which are 
relatively simple but adequate for the problem. Pertinent characteristics of 
the distributions of incomes are obtained and used to describe differences in 
professions and variation from year to year. Arithmetio averages, medians, 
and quartilea arc employed as estimates of general level of income; the inter- 
quartilo range, standard deviation and Lorenz curves serve to measure vari- 
ability in incomes. These statistical measures are used as a basis for compar- 
ing incomes from independent practice with incomes from salaried em- 
ployment in the same professions, with incomes in other occupations and, of 
course, differences between the professions. Correlation techniques are used 
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to meftsuro the etability of incomes from year to year and tlio relationships 
between income and its detorminanta, such as size of coininunityi years of 
practicGj etc, Index numbera are derived in order to describe temporal 
changes in the level and variability of incomes for tlm difTorent profesBions, 
The reliability of tho data itself is difloussecl at length. The objective teats 
of reliability which arc used arc based on a comjmriron of Biuriplc data with 
samplGs of other studies and the universe, with npl/icnlion of tho test. 

The approach followed by tlio authors is to give a relatively comploto 
discuBsion of the problem in connootion with each atop in Choir btatistical 
analysis, This is desirablo bccauso it enables an individual with little sta- 
tiatioftl training to get a good deal of information about the flubjccU lu addi- 
tion, in this way, the nuthors present tho rcnaoniiig wliich justifiCB their 
statistical procedure. For example, a priori they derive the determinants of 
income by considering the factors which influonco the demand, tho supply 
and the nature of tlio competition in connection with the difTorent pro- 
fessions. 

In their discussion the authors are careful to point out tho Hmitatione and 
shortcoininga of their data and tho statiatical tcchniquos they employ. Tho 
problem, from their standpoint, is to extract as much infornialion. as possible 
from tlie relatively inadequate data which is available. They do tins compe- 
tently. The value of tlio book lies not merely in tho information obtained 
from the data which was available, Tho procedure wjiich is developed can 
bo used profitably as ft pattern for both a further study of more complete 
data on tho same professionB, and also in connection with stuclics of other 
income groups. 


Mathematics ol Investment, Third Edition. William L, Ilarl (ProfosBor of 
MathomaticB, University of MinncBOU), Bound with Tabla for MathanaticB of 
InvesluKtnt^ Third Edition. Boston, Mass.: D. C. Ilonth & Co., 1040. Pp* vii, 304; 
ii, 120. ^3.00. 

Review hy Lnovo A. K^ro^vLKU 
Chairmafif Deparimeni of Mathcmalics 
JSiale Unwr'sily of Iowa 

T ke text consistfl of the three parts: Part I, Annuities Certain; Part 
II, Life Insurance; and Part III, Auxiliary Topics. EBsontially a 
fourth part ia provided by a rather exteneive set of tables for aniuiitica cer- 
tain and a few functions of the American Experience Table of Mortality 
with interest rate of 3i%. 

The mala features by which this edition difTors from tho preceding one are 
outlined in tho preface Bomowhat as follows: 

An alteration Ims boon made in tho prcRontation . < .with tho aim of giving 
tho student maximum acquniritniieo with , , , applicalionH boforo lie mcot6 
tho more unusual situations. . . . Tho cxorcisgs nnvo been freshonod, , , . 
Tho format of tho text and iabJes Jins boon changod. . . . 

In carrying out ‘^Tho primary aim to adapt tlio material, pariioularly that 
dealing with annuities certain, to the noeds and tho ability of tho typical 
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student in a college of business administration^' the author has attempted 
to keep as the "minimum prerequisite ... a substantial second course in 
high school algebra” and as a "maximum prerequisite (with certain except 
tions) a standard first course in college algebra.” 

Part I dealing with annuities certain covers pretty much the Tnatevial in 
standard texts of inatWematics of investment or finance. As with the pre- 
ceding edition, it is raS'hcr well written. A nice collection of 106 review prob- 
lems ia given at the ond of this part. 

Part II dealing with life insurance consists of three chaptera, namely; 
Life Annuities, Life Insurance, and Policy Reservee. On page 204 we find 
that "Table XIV (The American Experience Table of Mortality) was formed 
from the accumulated experience of many American life insurance com- 
panies.” The accuracy of this statement ia doubted in that it has been previ- 
ously reported that the mortality statistics were deduced from experience 
of the Mutual Life Insurance Company of New York, but that the figures 
were inadequate at the older ages and bo they were arbitrarily adjusted some- 
what. Also, in the preface, we observe that "the notation and emphasis in 
Part II have been oriented thoroughly with respect to existing actuarial 
customs.” Some sources might question the use of the American Experience 
Table at 3^% interest as conforming to this custom. The use of this table at 
the interest rate indicated has no effect, however, upon the underlying prin- 
ciples. This part is meant, apparently, to be no more than a mere introduc- 
tion to the clomentary principles of the mathematics underlying life in- 
auranco. 

Among the auxiliary topics in Part III is a discussion of computation and 
logarithms; progressions; and an appendix consisting of computation of 
interest by use of binomial expansion, force of interest, comparison of com- 
pound and simple interest for fractional interest period, certain interpola- 
tions, reference to depreciation charges, and abridged multiplication — a 
valuable aid which in the opinion of the writer should be used in those classes 
where appropriate tables or computing macliines are not available. 

Although several good textbooks exist in this area, it is worthwhile to 
consider this one for use in an introductory course. It will, no doubt, bo 
adopted by a number of institutions. 


Theory of Functions: Part 1, Elements of the General Theory of Analytic Func- 
tlotis. fConrod Xnopp (Profesaor of Mathematica, University of Tubingen, 
Gormany). Translated from tho fifth German edition by Fredp^rick Bageimhl 
(Instructor in Mathematics, University of Bochcatcr). New York 19: Dover 
Publications (1780 Broadway), 104C. Fp, vii, 146. $1.25. 

Review ht Edmund Ciiuhchidd 
InslTuctor in Malhemalics^ Uutqers University 

T he dcpendencQ of modern statistical theory on advanced mathematical 
tools makes it increasingly desirable that the statistician have a 
background in mathematics that goes well beyond the traditional courses in 



404r AMBniCAN BTATISTICAB A0BOCIATXON 

caloulufl and algebra. Some knowledge of the theory of functionfl of both real 
find complex variablea, for example, is certainly c.SHcntial to a complete un- 
derstanding of such booka as thoso by Kendall and Wilkn on atntiatical theory 
find of most of the literature on distribution theory. The atniiatician not 
already acquainted with the elements of complex function theory will find 
this little book by Knopp an excellent introduction to the avibjoot. It is a 
remarkably readable book, concise, clear, and rigoruiiH. A number of brief 
illustrations and nltcrnato forms of definitionB help to clarify important 
points. 

While this book was not written cspccinlly for the atatistician, llie nmtorial 
which it contains is so basic as to bo valuable in its entirely to the atatis- 
ticitvn, The Bubjecta treacled cousiat of luimbcrB am! points, the gcncriil con- 
cept of a function of complex variable, integrals of complex functions, 
Cauchy's integral theorem and formulas, Taylor and Laurent series, nimlybio 
continuation, eingulnritios, and the rcBidvic theorem, Terhnps half of Ihcao 
topics are involved, for example, in calculating the moments of the normal 
distribution by means of ita characteristic function, The rosidue thcorom 
often offers the aimploat method of calcuhiliug intcgralB that arise in ntatis- 
tical problemo, Otiicr problems of stntiatical importance require! a good deal 
more fiuiotion theory than could bo included in a book of tliis ei7,o, but a 
knowledge of what is in Knopp's book should cuable one to coiuprchend 
most of the advanced theory in the more coinplcto treatises when it is needed, 
What, in turn, is needed for an undoratanding of tliia l)ook U roughly the 
equivalent of three BcmcHters of calculus, incUidiug a good grasp of the con- 
cepts of convergenco and contimiity. As a book for *iolf study, thin book 
auffers from the small number of exercises included, A person using tim hook 
for this purpose would do well to obtain the first volume of Knapp's A«/- 
gahemammlung zur IhmkiiomnthcoTic (Berlin: Walter do Oruyter & Co,, 
1023), a collGOtion of Bcveral hundred nxcrcises on this material with their 
solutions^ which, iiicidon tally, will put little strain on tUo reader’s Ganuau, 

The physical appcnranco of the book and ita Iranalniion me good; bho 
price is moderate, Similar publication of Bcveral other volinnc.H In the Ger- 
man ''pocket book” aerica would constitute a real Hcrviuo la aludculH of both 
statistics and pure mathoinaticB, 


Curve FUting ior Students of Economlce, Brij A^aram (Prof^sor of Kcoiioinics, 
Saimtaim Dlmrma College, Lahore, Indin). Lahore, India: 8. Chund A Co,, 1044. 
Pp. viiij 107. Its. 10/-. 

Review uy John II. Smith 
Acting ChieJ StatiHidan, fhireau of LahoT SiuiHicR 
WashingtoUt 7 >. ( 7 . 

I N T3IB first four clmptora Narain presents clcinontary applicnliunH of least 
Bqmrea to original data and to their logarithnifl. The lifth oha))Ler is de- 
voted to population concepts such as life tables, net and groan reproduction 
rates, and age composition, In the last two chnptcr.s is presented a incUiod of 
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fitting curves to population data and to frequency data in ogive form to 
which "the attention of the reader ia specially drawn. If x represents popu- 
lation, an arbitrary time origin is chosen at which a: ^a/2. The trend value 
of X at time t is determined from the polynominal trend value of K, the 
average rate of change in log ic^log (a— ic), from the origin to t. The presen- 
tation ia made more difficult to underetand by the fact that the author 
calls a the ^^maximum population^* when most of the examples show popula- 
tion for which the trend declines before reaching this "maximum.” This 
method might be adapted to special types of problems. Even if less flexible 
trend functions were chosen for JsT, however, the method could not replace 
forecasts of population based on trends in birth and death rates and changing 
age composition of the population. Except for this specialized type of curve 
and the use of Indian data with accompanying discussion, this book haa 
little in it which would be of interest to readers who are familiar with the 
much more comprehenaive books by writers in England and the United 
States such as the ones by Croxton and Cowden, Ezekiel, Elderton, and 
others. 


LETTERS ABOUT BOOKS 


Readers are invited lo submit letters cibout statistical methodology hoohsfor 
jiuhlicaiion in this forum. Concise, informative leiiera which sup'plement 
previously published reviews by pointing out specific siren^ths, weaknesses^ 
errors, and errata in currently used hooks are wanted. Criticis^na based on 
actual use of a book aa a text are especially desired jfro7n statistics instruct 
tors. Other letters may consist of suggestions for the writing of boohs and 
reviews. Letter a which contain adverse criticisma of JounNAn reviews mil 
he submitted lo the author of the retnewfor any reply he may care to make. 
Contributors are requested to avoid personalities, The right lo decide whether 
a letter merits publication is rcsert^ed. Letters should he sent to the remew 
edi 7 or, Oscar K. Buroa, Ruigera University f New Brunswichi N. J, 


SEQUENTIAL ANALYSIS OF STA- 
TISTICAL DATA: APPLICATIONS 

A REVIEW by D. L. Welch of Sequen- 
tial Analysis of Statistical Data : Ap- 
plicaiions, contains the following sen- 
tcncc: "A basic criticism which has 
been made of Waldos work ia that fre- 
quently m will bo about halfway be- 
tween m\ and m2, and that theroforo 
nppreciablo averngo reductions in gam- 
pling size will not happen.” I should 
like to comment brioily on this. 

If it were true that a substantial 
part of a factory's output had to bo 
charactorized by m about halfway be- 
tween nil and much more would be 
wrong with the sampling inspection 
sclmme than moroly failure to effect 
economics in inspection. The probabil- 
ity of acceptance at m is of tho order 
J. (By this is meant that it is fairly 
large. Its exact value of course depends 


upon the various para me tors involved.) 
Now if product characterized by w is 
aatisfnctory, than either the producer 
or the consumer has a legitimate griev- 
ance in that a subatantialj satisfactory 
portion of the output ia being rejected 
or completely inapected with the cost 
that thia implies. If product character- 
ized by 711 is defective, then a aubat an- 
ti al fraction of the output ia defective, 
and these defective items are being dis- 
poBcd of partly by acceptance by the 
conaumer and partly by rejection (at 
tho producer'a expenao, presumably). 
Such an economic setup cannot long 
endure and calls for changes moro 
drastic than a change in sampling 
plane. It scorns to me timb in a produc- 
tion ayatom which has reached at least 
the approximate stability whore one 
can be concerned with such questions 
na minimizing average inspection, the 
bulk of the output must bo in the 
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nG^hbothood of mi; coiisociUQtitilyj tho 
criticism ia invalid. 

Now TTii deiiotea good product mid 
mi uuflEjtiBfftctory product. Let tho 
proccBB averago bo denoted lyr m 
which tlicreforo licB near fiij. A. Wiild 
BcciugnllEK^ test iUBpccUou 

at mi and mi. It scema to mo that a 
next atop should bo to coiislruct a teat 
procedure which will havo the prp- 
soribod power at mi and mi and will 
minlmizci mapoetion at tho proccas 
averago 9». Using Waldja equation (or 
the power of ji sequential test such a 
test procedure can nt present bo coii*" 
Btructod to a required degree of ap- 
proximation only at largo cost in com- 
pufcationnl effort. Clarification of Ihia 
problem should bo of service to thoao 
engaged in acceptance sampling and 
would no doubt contributo to tho 
theory of Wald tests. 

J. WoLFowiTZ, vlffSocifl^c Profes-* 
aori In&iUiUc of StalhtioB^ Uni- 
versily of North Carolinat Paleigh 

industrial statistics 

I N RESPONB0 to yoiirrcqiioatforlctlors 
concerning TCGcnt hooks on BUliBli- 
cal methodology wo commciiL below 
on H, A. X'^rcoman^fl /ndufliriaLS/artfifica 
(New York: John Wiley & Sons, Ino.i 
X942J, Wo feel tliat tho titlo and wide 
distribution of this book have caused 
many Btatistical novices to read it, 
and that it ia thoroforo imiiortant to 
oerroct flomo of its more important 
erroTB. por many of those, tho autlior 
should not bo hold rcaponsiblo; they 
have beon colioclod from tlio litera- 
ture where they liavo tho support of 
eminent Btatisticians. 

the dbe of the t test. On page 17 
Freeman polntH out that **n large 
value of i may reflect clifforcncOH in 
variances rnthor than difTorcnccs in 
moans^* and then pasacs to a test of 
homogonoity of variance. Why not in- 
clude a aimpici conaorvatWo vcrBloti 
of the t test? One such is obtained by 
estimating tho variance of each mean 
from tho correapouding Bample, nd' 
ding these together to estimate tho 
variance of the difforonco of moans, 
and then using the stnallev luimbcr 
of dogroofl of freedom. When the two 
samples are of equal sizo, tho only 
change from the cfaBBioal pToeedut'o fa 
the halving of the number of dogrooH 
of freedom, lloro one may point out 
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that tho “Joss” of degrees of freedom 
ia an examplo of tho balanco of 
sciiailivity va. Hoeurity which ocenra 
throughout all stnlisUcnl praccdutcs. 
Immediately followiEig the warning^ 
Freeman unnlyjsca on example wliero 
tho varlancft ratio is 3,flh, which is at 
about the 8 per cent point for 0 and 9 
degrccu of freedom (two-tailed P teat), 
The lack of homogeneity in aurely avia- 
picioUH and might well bo diKCuaHed, 
yob it is not. The 6 p{?r cent noint of ( 
on a eoJiBorvalivn 0 df would be only 
2,202 inalcad of 2.J01 nii 18 df. Tliis 
fact would help the render or student 
who hna to apply Ihin Lecimique hi 
practice, We arc reluct lint to conclude 
from this warning and example limb 
Freeman believes that whenever a teat 
of signifieaiice faila In indicate dilTer- 
cnb varianccH it is automatically safe 
to nssunio them tlie Hume, hut a stu- 
dent might easily conchulc Ibis, 

On page 02 we find "Jfiul the cnliro 
sot of grida tliffcicd signi ficantly among 
themselves, tho fnllowlng procedure 
eould have iiccn used to determliiQ 
whether or not llm aiqmront bust and 
second beat grids differ Hipnificnnily be- 
tween tUemselvea/ After oviLhuiug 
tho use of n ( test after an P test, Free- 
man poiiila out that the dilTcrcnco 
between the Urgent and the sinjiileat 
will often appear ‘^significant'’ duo 
aolely to orrnri and then warns the 
roaclor brieliy that ♦‘A i Itssl applied 
to two mcima after over-all Iiomo- 
geiicity has either been rcfulod or not 
must ho used with caution.'’ lie might 
also warn the render about tho cnao 
where tho P test 1ms not beon made. 
Yet on the next page he uhcs tho i Lest 
on tho heat and secorul bent without 
comnieiiLl In noticing this point we 
do not wish to Imply tluiL n good solu- 
tion ox’islH — wo know of none — but wo 
feel that tho reader should Imvc been 
Warned. 

the use of Lq and Li tEbth. On 
page 17 l*'rcemau lutraduces the L\ 
loBt* for apnlication to tho csho of two 
variancoH. From a pndngngical point 
of view there BeemB mvicU in he giducd 
by tibing a two-lailed P teHt» winch is 
perfectly onviivalent and part of a 
widely sipnhcahU test. At the top of 
pagu 17 the sample eizcH ru and ?ir 
nro polontinlly dilTereatj in the middle 
of page 17 the Li lest is Huggcsled. and 
U ]s not until page 67 that we learn 
that tho author does not want to use 
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tlio Li test unless the sample sizes are 
oc|^uaL What is one supposed to do 
with two unequal samples? (Why not 
use the L\ test?) 

On pa^G 87 Freeman states the ques- 
tiouB which the Lqj Li and F tests are 
supposed to answer, but ho makes no 
statoment of tho very important fact 
that these testa assume that the differ- 
ent samples came from normal popu- 
lations whether or not the hypothesis 
tested ifl true, On pace 91 these testa 
aro then applied blindly to siispioious- 
looking data without inquiring as to 
normality. 

CONCLUSIONS FROM TESTS OF SIG- 
NIFICANCE, On page 24 we find that 
lack of statistical slgnlfioanco implies 
that '^Hardness is really affected by 
stain, whereas breaking [bonding] 
strength is not.” That is, from lack of 
statistical significance we conclude 
lack of real effect — this scorns highly 
unsound I In the actual situation, it is 
OJctremoly probable that whatever 
ohomical action ia involved in ataiiiing 
does havo some average effect on tho 
bonding strong th. While tho data 
probably do support tho conclusion 
that the effect of stain on bonding 
strength is unimportant in practice, 
it is very important to distinguish 
between this conclusion and tliat 
stated on page 24. 

Tliorc is a general tendency to dis- 
cuss tho case of two significance testa 
and n combined test in a confused or 
orronooua way. It is well known that 
if all tests arc applied at the same level 
of significance the following posaibili- 
ticB arise: (a) all tests show significant 
effects; (&) one single test and the com- 
bined test show significant effects; 
(c) one single test shows a slgnifioant 
effect and no others do- (d) no single 
test shows a significant effect but 
combined test docs; and (e) no test 
shows a significant effect. 

Case (c; arises infrequently, but, as 
the Qxampla 4+1 ==6 for x* on 1 +1 - 2 
dogreoa of freedom ahows at the 5% 
level, it can easily arise in practice. 
What conclusion to draw when it docs 
arise is a diflicult and, \Vo believe, un- 
set tied problem. (In fact, tho general 
question of drawing concluBions when 
multiple teats are applied seems to ho 
almost ignored by Piecman.) The dis- 
cviBsion at the foot of page 61 is a case 
in point, although four teats not two 
are involved, for wo are asked to con- 
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elude that if relatively insensitive tests 
for normality and for equality of vari- 
ance detect nothing, then a large F 
value must imply differenccB in the 
means (“it follows that the part of H 
which is untenable ia”). This neglects 
all possibilities of typo (c)l On page 89 
wo have a similar situation — if the Lq 
test is not significant, then tho Li and 
F teats “must both fail (i.e,, show no 
significance)/ 

Possibility (d) above is ftl^o hard to 
interpret; 3+3 = 0 illustrates its oo- 
curronce for on 1+1=2 degrees of 
freedom. On page 90 we arc tdd that 
such things cannot be, for if the Lo 
test is significant and the Li test is not 
“hence they must differ in their 
means.” 

This treatment of overlapping testa 
of significance aeems entirely unflatis- 
factory. 

One of the most eorioua examples of 
drawing false conclusiona from teats of 
significance ocourra in Freeman's dis- 
cussion of regression problems, where 
significance of regression is misinter- 
preted to mean adequacy. On page 
100 wo are told that tko '^adequacy of 
a straight lino . . . may bo tested by 
determining the probability that 
It is clear that this tests whether the 
slope of the regression line is different 
from zero and that it cannot, for ex- 
ample, indicate whether a curved re- 
groasion line is needed. On page 102, 
“If the regression lino is inadequate, 
the moan square due to regression will 
not bo significantly larger than tho re- 
sidual or chance moan square." Chance 
mean square, indeed I this mean square 
contains nil effects due to cuivi linear- 
ity of regression! Tho same comment 
still applies. On page 104, “Linear re- 
gression does not account for a suffici- 
ent part of tho total variability; it is 
not adequate for the purpose of pre- 
diction.” This conoluaion ia reached 
on a total of 10 degrees of freedom and 
without consideration of tho accuracy 
required! On pagoa 107-8 the question 
is asked “Would the regression . . . 
enable us effectively to predict warp 
breakage, or is tho residual variability 
too great?” The question ia not an- 
swered explicitly, but a regression on 
the “important uifiuence^ namely, 
relative humidity” is calculated, and 
found to be highly significant. It is 
not pointed out that the effect of re- 
gression is to reduce the mean square 
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from 1.23 to I.IS, and the standard 
error of catimato by less ilinn 3 per 
cont. Ih tills olTecti VO prediction? 

Finally ou page U7 tlicto ia a com- 
bined conclusion, that because F"3fj.8 
the rogroeflion describes the relationship 
heitueen iensiio slrengtht hardness ond 
densilv, Tlicro is no reason to belie vci 
thnt 'Hide rolationsliip/ vrliatcvcr tliat 
may moan, ia linear. 

Tnii rnoui.Bli oy normalitv. Frec- 
man*s nUitudo toward nornialily in 
small flamplcs does not BOom to bo 
clear or conaiBlont, On page 0 wo nte 
told that “Ono of tho facts fisuumcd to 
bo known of the popnlntioii . , . nor- 
mally cliatribulod” nnd Lliis i« followed 
on tno same page by ‘‘Tim technique 
ot testing the hypo thesis Umt the popu- 
lation is normal Is similar in general 
naturo to tho tost of tho hypothesis 
This Is followed by a clo- 
Bcription of tho a and hi tests of nor- 
mality. These testa axo applied lj> a 
sample of 16j with no specific indica- 
tion of the wide variations from nor- 
mality which would not bo detected 
Jn Buch a sample. Freomnn atatca only 
that ^For smaH samplca those loata 
arc Bonsitivo only to largo doparlurcti 
from normality/' 

On page 21j wo Irnvo n paired com- 
parison of 28 difTcrcncos. ono of which 
IS oxcoptiqiiahy large. Tids is clotirly a 
fertile Hold for a test of normality, 
ovQu with a aamplo as small as 28» 
Yot there is no such test, hut only a 
diacuBsion of the possiblo omission of 
tills obscTvatioii. Freeman stalcB that 
pmiasion is unsound without ancilinry 
information, and does not diucuss llio 
very practical prohlom wdicro appar- 
ently discropant obscrvatioiis aro duo 
to nonnormaliLy, 

On pftgo 25, we have a samplo of 6 
and a firm dcciaioii not to make n, test 
of normality, VVo coiichulo that Freo- 
mnn woulcl stop testing Bomowlioro 
between 15 and 5 observations. On 
page 27 wo arc told that if the Bampio 
ifl larger Uicvn GO, and if the poiuilaUon 
is as much as 10 times afi largo nB llio 
gamijlo **tho tondoncy to normality of 
tho (lisLribitbion of tlio tnoaiiB of riiii- 
clom eamploa is negligibly afTeoted by 
the nature of tho population/^ Tho 
Well-known Cjiuchy diAtribiition and 
its many rolativoB show bho incorrocl- 
noas of thiB as a mathcinalienl slnio- 
njont. Opinionfl may dilTor ob to iU ap-^ 
plication in practioo, but wo doubt ilH 
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validity. Tho Hludent may easily con- 
clude that in BainpleM of 50 nr moro 
it IB UHclcBs lo Lest normality, since it 
does not matLer. iVo would jioM, on 
tho contrary, that sriniples of more 
than GO are needed to make a test of 
nnrnmlity which is seumtivo enough 
to fjivo any eomfortnljle iiBHurnricc of 
SLillicicnt norninHly to warrant the 
UHO of Lho eomninn LestH at oven the 6 
per cent lavcl. In practice, evidence 
iilmul iiorikmlit)' oritKliick mniies from 
broad dxperienro or uthcr mim)ilcH, 

On pngOH 37-‘3H Froninan develops 
more or less ecnivenlioiiul derivalioti 
of tho normal dialrilnilion from many 
con Lribu ling offoclH. T)iere ia no indi- 
cation that tlicao efTeclH bo ad- 
ditive. (Clearly if additive uffectH make 
X nonnally dislrilmtcd. then iinilli- 
plicativo clTecta nirtko c* nojiiiorinall) 

Tins analvsih ov vaiuanoh. Tho 
introduction of the annb'siH of vari- 
r\ucu oil pagti 68 ueeina exccedlnply 
messy. Wo are nnnblo to delonnino 
wliotlicr Freeman \v^Hbc^H to treat tho 
column iKipulalion rnemiH ns fixed or 
ns n nuulom Hamrde from n normal 
population. Wo feel ihnl any luloquiUo 
treatment iniisL disnuBa and dls^ 
tiiiguisli both approaclics. 

On Jingo 03 vvo am told that ‘'Five 
indonoiufcnt call mu tea of the variance 
of Luo popuhilinn cun bu fcnnitl, of 
wlilch four are listed in the following 
tablo." Tbore is no suola fifth eHiimalo, 

On page 72 We aro told that ‘^Tho 
P test, uH used in tlio nnalyHiu nf vnri- 
niico, 1 b cBsenlially tlm ratio of vari- 
iibility iiSHOciated with n siiBjicclcd 
cauHQ to error,” Thia ih, it Bceiua to ua, 
oxccoflingly linblo to misinternretatiou 
— only if the reader really mKlcratands 
the aiialyHiK of variaiieo In advance can 
bo iiilerjirct tho word ^asHOcinicd” 
aafely. 

On tlio «amo nngo Frcoiniui teals the 
variability of lot rnoanfl. If bo bad 
wlahcd to make the test on the aHBump- 
lion that either (a) tho same nine 
rollB from each of the kmnm thveo iotw 
nro to bo loHled and roteHled, or (b) 
Lhoro are exactly nine fuHh in a M; 
Ibon it would have been jiroper to IchIp 
ngninab the mean Hquare for error. If 
bo wished to treat the ndiH uh sinn- 
ijleH of largo IoIh of rolln, it wtnild have 
been proper to tcHt ngjkiiiHt Lho mean 
nqiiare for rolls within The first 
is lilglily significant, the flocond very 
near tho 50 jier coni poiui. If lhoro nro 
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many rolls por lot the conoluBion would 
bo that thoro are dilTeroncea from roll 
to roll of etatlsticcLl eiEnificaiiCG and 
that thcflG adequately explain the 
obaervod lot-to-lot variation. Freeman^ 
hoWQVCv, lea ted aRainat a pooled mean 
squares for which wo know of no 
reason aide interpretation! 

The diacMBBlou o{ olttaBification of 
intcracLioii terms on page 86 ecoma un- 
satisfactory. It begins with the atntc- 
munl that ^'hotwcon pota” has no in- 
torest bocauHO Hho pots wore not uacd 
in any particular aoquonco.'* In their 
original paper (referred to by Free- 
man) Hampton and Gould state that, 
in tills aoricfcJ of testa, the pots wore ac- 
Icctcd to bo as different na poaslblo, 
the mean aquare found (the largest of 
all) euggGflta a dofiiiibo systematic 
effect duo perhaps to Bolcction of pots 
or to the fact that tho same two 
nrchc.s were used in all runs* Freeman 
states that "between runs” also means 
little bGcaiiBo "tho runs arc quite inde- 
pendent of each other” — yet they were 
made at clifToront times and contain 
the effects of weather aud of tho judgo^ 
niGut of the (urnneo operator as to 
when tho temperature should bo rc- 
ducccl, Tlio moan squaro for runs is 
the third largCBl in tW analyBlB. Pro^ 
cceding on tlicHo assumptions, which 
are likely to be incorrect, Freeman is 
then able, by Home pvinciplo not clear 
to UB, to clasBify together undor 
"ninong cylintlcrs" (pngo 80) terms 
with mean aquarca of *1500, 1022 and 
1 83 — l)y the size of their mean squares 
alone tiioy are of vastly differout na- 
ture. Freoman acorns to impljf that to 
internroL an interaction term it should 
bo claBsifiod under one or tho other 
main cnccls, a procedure which seems 
to us contrary to the basic principlos 
of the annlysis of varianco. 

No account is given of how tho 
analysis of varianco tcehniquo can bo 
applied to the estimation of oompo- 
nenta of variance. This wo have found 
at least as important as the signiRcanco 
test use of analysis of variance, and its 
omission we consider particularly un- 
fortiniato. Tho omission is tho more 
aurprirting in that Tippott (upon whom 
llu) author has drawn for several ox- 
fiinpIoH) is very clear on the point. 

On pivgo 108, wo avo told llml a cer- 
tain Hulisidiary variance nnalysis may 
bo useful ‘^for linear rogrosaiona calou- 
lutocl from grouped data.” V/hy only 
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from grouped data? The statifitician 
may group his data at least as intol- 
UgontTy as the man who groups it be- 
fore lotting the statistician see it. 

On pap 74 we have error pilod on 
OTtor. All the mean squares are tested 
against the moan square for error, 
wnero for the conclusions drawn both 
"^oiib” and “lot” should bo tested 
against "interaction.” Second, all the 
F critical values are incorrect — the 
degrees of freedom have been permuted 
in using tho table. The correct critical 
value Tor "interaction vs. error” is 
about 2.31 — tho interaction is sig- 
nificant. Tho "lot vs, interaction” teat 
is significant and nearly highly sig- 
nificant, while “cut vs. interaction” is 
fur from significance. The correct con- 
clusion is that there wero significant 
lot dillorGncoa and significant inter- 
action of between lot and cut, but that 
there was no indication of an average 
effect of direction of cutting, Compare 
these with Freeman’s conclusions, 

On page 6Q Froornan states that "It 
is unlikely . , . that just five machines 
would bo used and that each would bo 
used exactly once with each grid and 
each operator. If these conditions are 
not satisfied, machine effects cannot bo 
removed,” Nonorthogonal analysis of 
variance Is not easy to analyze or in- 
terpret — but it is an essential tool in 
deciphering incompletci expcTimentB. 

heohession. The treatment of rc- 
groseign is unsatisfactory in. a number 
of TCBpccts. Some of these have been- 
referred to elsewhere, in particular the 
use of a significance test as a criterion 
of "adequacy" of a regression aquation, 
Perhaps tho most soriouB confusion 
exists on the question of the choice of 
independent variable. On page 113, it 
is stated that this choice "dopends 
not on what we would like to predict, 
but on which of the two variables, X 
and y, is free from error,’* The author 
goes on to say that if X is free from 
error, and we wish to predict X from 
Yj wo should obtain the regression of 
Y on Xj and then solve this for X. 
But on page 00, ho treats a problem in 
which a moasuroment Y is accurate 
but costly and dcBtructivo, and it is 
desired to aubstituto a cheaper but 
loss acurato nondcBtructivc measure- 
ment X. To solve this prolilom he ob- 
tfiins the regrossion of Y on X. 

This is not the place for a comploto 
discussion of this problem; but it 
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should bo pointod out ilmt tho ^bnlc- 
mont on page 113 ifi wrong, and Ilmt 
the proper rogresaion wna fitted on pngo 
09- it may bo auapocted tlmt the 6Lato- 
ment on pogo 113 arose out of n mis- 
rending of a paper by Elsonhart to 
which ro/oronco is made. EiflonliArt 
was Goncerncii with tho prohlom which 
arisea when the valiica of one viirml)|o 
have been arbitrarily fixed, In this 
<scLflo> of courfloi only one regresBion lino 
is available. 

-riiB rniLOflomY op rxpkiiimkn'ta- 
•rioN, On pngQ Ercoman inclicalca 
thftt it would navQ been bettor to omit 
‘'muck soil" from the pipe oxperimont 
if the oxpcninouLcr kuc-w in aclvauco 
that it bohavod dilTorcnLly from the 
other soilsj because "its inclusion is 
uninfomativo and tho Iosb \\\ preoiaiou 
18 costly.” This concUialon ia dearly 
not generally valid, fop ilio ronl pur- 
poso of thia oxporiment will often ho 
to scri^o as a guide in choosing pipo 
rather than in eati mating tho avorngo 
ofTcot- In tho situ all on pnvlBaged horo 
It would probably bo wiso to allot not 
1, but 3 or 4 of the small number of 
pul re avail able to different mucky soils 
and to agree in advance that the 
mucky nnd iionmucky groups bo 
anolyzod soparatcly, 

On page 7, Prooman staloa that tlio 
intolligont oxnorlmonlor will oheauj 
UBO A method involving a variable 
rather than a mothod involving onto- 
gorios. Some attention must cortainly 
bo given to the rolatlvo difiicuUioB of 
obtaining equal slzod samples beforo 
an adequate atiavvor can be given. 

On page 07, wo nro told that tlio ubo 
of tho liutin oquaro "wasloa” degrees 
of freedom v/l\\d\ could olhprwitto ho 
allotted to error. This question ariacB 
not onlv for Latin Bquarea, but in 
every doBign situation whoro some 
degrees of rrcQclom liavo been alloUcd 
to somo variablo of polential impor- 
tnncD or offcob. It acems to us that no 
waste ia involved; If tlio moan equaro 
for thifl ndditionnl variable is about tho 
size of tho orror. llio average practi- 
tioner will, wieely or unwisely, pool 
those togothor with no loss of degrees 
of froodom, while if tho moan sqiiaro 
Is larpjo, it has been worthwhile by 
reduomg the size of tho error moan 
square. 

habio abbumptions. On page 44 wo 
are told that tho oatixnato of based 
on the aum of aquarca of doviaiiona 
from tho samplo moan is “best" in the 
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sense of minimum variiinco. Thia oo« 
curs in A Section diaciiBsing the up-, 
binacd nature of this esUmato (Free- 
man introduecH tlie excellent term 
“mean catimatq'’ here), wliero every 
result except this oiio nbouL minimum 
varianco applies to arbitrary cliBlri bu- 
ll oiifl, Tlicre ia no warning Hint minU 
nium variaiicu in known only for tho 
normal dislribuLion, while lor other 
diatri lilt lions, e.^.i tho double expo- 
iientinl, other oalinmloH have minimum 
vnrianco. Tho Hume dniigefoua aUtc- 
ment ia npplicil to two sniiiplcs at the 
top of nngo 47. 

At tho foot of pngo 08 wo are told 
that if vvG draw clupa teach bearing X 
and y) from a bowl, and if the cor- 
relation between X find V ia zero, then 
tl\o ordinary rcgrciwsiou anidyais Icada 
to A quantity with the F cliaLribution. 
Thia JB, of course, only known to ho 
true when llm diBlriinilion of X and Y 
ia bivarinto normal, nnd ia fnlao when, 
for oxainploj their distribiitioo ia bi- 
Ynriato iimforni. 

On page 106 we nrc told that *"11 is 
hero asaumed llint Iho variances of all 
eight dolumiis nre equivalent, within 
tho limits of elmiice variation. Tina as- 
sumption, which may be checked by 
the Li tost. rouBt ho mot for tlio F tost 
to bo valiu," IL senma to ua that any 
iutorpretntion that a Htudorit is likely 
to put on tills is wrong. For oxampio, 
ihoso misinlorpretalioiiH seem likoly: 
(a) Unlesa tho euiuplo variaucca of Lho 
eight cohimna incot tbo In test, the F 
test is invalid, (b) If the nopulAlion 
variancen of tho eight coluinuB are 
nearly enoiigli equal to allow tlio aam- 
ple to piiHS tho Li lest, tho F teat ia 
exact. The proper internrotntion, of 
Goiirsc, w'ould be: (c> Tlio F test is 
only exact wlmn tho eight column 
populnlionB are normal with the same 
vnrianco; wo may be alile to dotcct 
large doviatioiiH from equality in the 
sample; tho F lost is not imdly nffcGlod 
by lack of oqualit^*; wo will not malco 
too many scrioua mistakes if wo uso tho 
F teat, cbccking sUBpinioua eases with 
tho Li tost and wa Luring down oiir 
concluBiona when the luck of homo- 
gonoity Hcama largo. 

coNTitoii. On pngofl 131 - 32 . wo aro 
Introduced to a dofiiiitinn oi control 
which Bcums to ua widely dilTerciit 
from that employed in practice. Im- 
plicitly it scemfs to Htnlo tuat ii proceed 
Is iu control when it» output ia ran- 
dom. In Showliavt's original discuB- 
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Bioiip he made U clear that ho defined 
control economically, not statiistically. 
Control meant that it was not eco- 
nomic to try to remove further oauscB 
of variation, which would almost cer- 
tainly exist and cause non-randomnesa 
in any practical state of control. The 
control chart procedure waa developed 
empirically to help to attain this state 
— and wns to be used both before and 
after control waa reached. Yet on page 
133 wo arc told that the type of "sys- 
tematic quality control” diacusaed in 
this chapter cannot bo used until 
population homogeneity has been 
reached. On this Internal evidence, 
then, these methods are only useful for 
the, possibly uneconomic, refinement 
of a quality control program set up by 
more useful methods. 

In passing we note the equality be-^ 
tweeu sample and population values 
which page 133 promises *‘will be 
shown” later. Wo presume that an 
averaging operation has been neg- 
leoted. 

The table on page 134: offered an 
alert expositor the chance to point 
out the change in level of defoctivea 
between the 6th and 7th days. Any 
plot of p would make this obvious. 
It seems poor pedagogy to point out 
that the results are not homogoncoua, 
and not to take the data from the 7th 
day on and show how they behave, 
Noting the error of 9,8 for 7.8, six of 
the 7 vahicB of ‘*p . , . in following 
sample” on page 135 are below the 
control limits. The render should be 
told how suspicions this is. 

MINOR POINTS. In general there 
seem to bo unduly many significant 
figures. On page 13, for a sample of 15, 
we are given an estimate of with u 
‘^significant figures;” surely three could 
have been dropped without loss. But 
on page 117 — wo have a mean square 
on 2 df given to 10 ‘^significant fig- 
ures,” where 3 could be regarded as 
slightly exceasivo. This is more inter- 
esting since, in the same table, a moan 
square on 67 df is givon to tnree loss 
^‘significant figures,” This seems quite 
illogical. 

The exponent of 4 instead of 1 for 
tho denominator of the estimate of /44 
on page 32 might bo annoying- On page 
69, the last paronthesis should be 
squared, 

John W, Tukby, DcparCmenl of 
Matheinatics Princeton Univer- 
sity 


Chabwds P, Winsor, Depart- 
ment of Bioslatistics, School of 
Hygiene and Public HeaUh^ 
Johns Hopkinjs University 

ELEMENTARY STATISTICAL 
METHODS 

E LBMENTAnY Statistical Methods as 
Applied to Business and Economic 
Data (New York: Macmillaix Co., 
1943) by William Addison Nciswangcr 
is an elementary text designed espe- 
cially for use in a first-aemeatcr course. 
The theory of statistica is Ulus tr a ted 
with concroto oxamples. Formulas are 
given without proof. This is, of course, 
necessary because an economics fresh- 
man would not have enough mathe- 
matical training to follow tno deriva- 
tions of the formulas. But the author 
haa gone too far in distorting the the- 
ory of statistics. 

In regard to normal distribution, the 
author said (page 209), ^Thia normal 
distribution ia also referred to as 'the 
beli-shapod ciirvo^' ‘the curve of er- 
rors,' 'the binomial distribution.' all 
of which, while having technical dif- 
ferenoGS as to meaning, are commonly 
used interchangeably when referring 
to this distribution.” Since tho author 
realizes that these terms have technical 
difTercnccs, he should discourage rather 
than encourage their misuse. It is es- 
pecially absurd to call a normal distri- 
bution a binomial distribution. The 
author states repeatedly (page 249), 
“normal in the Gaussian sense,” Docs 
a normal distribution have any other 
sense? 

In diaousaing tho merits of the dif- 
ferent kinds of averages such aa the 
mean and tho median, the author 
failed to mention the moat important 
property of the mean, i.e., tho mean 
generally ia a more efficient statistic 
than the median. 

The author called fp. 340) the coef- 
ficient of variation “a pure number 
which describes relative variation.” 
It is true that this coefficient is inde- 
pendent of unit, but ho did not men- 
tion tho fact that the cocfiicient of vari- 
ation depends on tho origin which ia 
an unclcsirablo property of this coof- 
ficiont. A mean can l30 zero and indeed 
can bo a nogative number. 

The autlior defined (p. 346) the 
standard error of the mean aa “the 
standard deviation of a series of means 
computed from large samples, drawn 
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At random from a ainglc, homogcncoua 
univcreo." 

Firat. tlic aizo of fcho BampiGSp inrpD 
or amulli liaa nothing to do with the 
dofinitlon of tho atandard error, but 
tile sriTnplca nntist ho of the anmo aizc. 
SocoruL the mcaTUiig of “a acrica of 
means'’ ia not clear, but it wns inter- 
preted later (p. 340 ) rtB tho means of 
largo number of random annipleH." 
Tho niitnbor of tho a/impicfl ie quite 
irrolovant to tlio dormilioii of llio 
standard error of tlm moftna. Tlio 
*'Berio 3 of means'’ must bo composed 
of all poaaiblo means, tho number of 
whidi may bo large or smalU 

Tho author did not give tho oxadt 
relation botwcon tho atniulard error 
of tlic mean and tho standard devia- 
tion of tho population which is 
<rjw‘=*(r/V^ Instead, hogavo an equa- 
tion (p. 348 ) showing tlio relation of 
tlio standard error of tho mean and the 
standard dpvktion of the aamplo 
without Baying that it is only an np- 
proximate relation , ^ 

In testing the Bignificanco of tho 
[ diffcronca bo tween two sainido means, 

! tho author states tho null nypollicsis 
! OH this (p. 357 ): ‘'Our problem hero is 
to dctormiiio whotlicr both might 
! roABonably bo viowod ns having como 
' from one and tho so mo paront popula- 
i tion or univorso " bub tho standard 
I error of tho dificronco botwoen tho 
I Bamplo mcauB ia given ob 



I whoro (Tij* and aro tho variniiccs of 
! tho eamplos and not tho unbiased 
1 ostimatoB of tho population vatiaiico, 

! If tho null hypothesis is that both 

■ Bftraplca aro drawn from the Bamo pop- 
ulation, a pooled Gstimnto of tho pemu- 

■ lation vnrmnco should bo iisod. This 
I formula would bo correct if tho nuil 
1 hypotliGsis wore that tho samples nro 
1 drawn from two dilToront populations 
I with the samo moan. Throughout tho 
i discuBsioui tho author fail on to draw 
: a distinction botwaon tho two dilToront 

null liypotbcBcs. 

Tho presontation of “Annlysia of 
Functional Hoi a tion ship” ia vary awk- 
ward. Tho regression does not deal 
with tho analysis of tho fii notional ro- 
Ifttlodship botwoon two vanablos ^ 
and t/, as the author ouggoBtoch It deals 
wHh tho functional roiabionship bo- 
twcon (a and tho moans of tho arrays 
of V. 


The author Hpent 45 pages in discua- 
sing iho linear rogreoainii, Imt ho did 
not oven i^ive the deriinl'um of Ibo lino 
of regression. Iritcntiormlly or uiiin- 
ientiaiially tho lUilUor gave tUcimprefl- 
fiion that the line fitlcd by the method 
of leant squares is the lino of regression. 
Ko did not sny Umt Llio method of 
least squarcH is Duly a method of csti- 
miitiiig tlio lino of regression of the 
population. In fact, lie cannot possibly 
make such n slatcjnent buenuso Llio 
specific nopviliitHm is given at tlio one! 
rather tnnn at tho beginning of Um 
chn|)Ler on linear rogrcHsion. 

Tho populttUnn was specified os fol- 
lows (|). 030); “Tlic most important 
nssumptioiiB aro four in number: Q) 
Tho nsaumpLion of linonrity. (2) The 
asBumplion of norimdity. (3) The as- 
sumption of iiulQiicndcnl ovents. (4) 
Tlio assumption lliat Y is a function 
of X." The important nssiimpLion of 
liomoaccdasUcit^ ia not included. 

The aHBumption of liuourity is er- 
roneously explained as “ . . . straight 
lines will describe tho (unclional rchi- 
lioii between the variublcfl.” Tho as- 
sumption of liiiGarily is known to tho 
writer as tho locus of tlio means of the 
arrays of y being a straight line. 

For tho assumpl'ioii of normality, 
the author gave a bivariate noninu 
(lift tribu lion (p. (143). This i« a fiUlUciont 
assumptionj but thu nssurnptiun that 
* ia also iiormaUy dirtUibuted ia not 
noecssnry. 

Since the assumption of liomoacc- 
dAHticity is not included in the discus- 
sion, the meaning of tlio standard error 
of cslimato has never been niiulo clear, 
The residue sum of Hciunrcs divided by 
7/ —2 is the unbinHuu cHlimatc ol tho 
variniico of tho arrays of y, The author 
tried to prenent lidti fact (p. 034) iiy 

S nioUiig a formula from Mordccai 
iizokiors Methods of Correlation Annfu- 
sist 1030, where the unbiased cslimaLc 
IB HI Von as — 2) but 

EzokJcI'b Sv* is the rcsuluo sum of 
squarofl dividc<l by // — I (j). 114, 
T3zok'icl), while the author’s iS^* ia tlig 
rcsidLio sum of squares diviiled by A^. 
TberefoTu, tbo corrcclion shoulu be 
N/(N-!^) rather than (//- 1)/(A^ -2). 

This can hardly bo cuUo<t a Rood 
book, not because it is worse than some 
of the existing cloinunlary Btatistics 
books, but hocauHo it shows no im- 
provement over them. 

JFJIOME) O. It. Li, Jnstruclor in 
Mathematics. Oregon Stale Col- 
lege 
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APPLICATIONS AND PROBLEMS OF 
PRODUCTIVITY DATA 

' Charles E. Young 
Westinghouae Electric Corporation 

The gain in output per man-hour in manufacturing since 
1800 appears to have been related fairly olosely to increased 
use of power per worker. This raises the question whether the 
common assumption of a persistent rate of gain in productivity 
can bo justified apart from corresponding increases in manu- 
facturing investment per employed worker. 

Manufacturing output has corresponded roughly to the 
product of an installed-horacpower index and the length of the 
work week. A sizable part of peak wartime output apparently 
came from overtime and extra-shift use of facilitieSj and ap- 
parently Busbained high output and productivity in the early 
postwar years will require similarly intensive use of facilities, 

Real hourly wages in manufacturing since 1914 have corre- 
sponded closely to changes in productivity, and finished 
goods prices have corresponded olosaly to changes in unit labor 
cost (wage rates adjusted for productivity). 

A t least two major developments have brought the question of 
productivity increasingly to the fore in recent years. One has been 
the popular statistical pastime of projecting gross national product 
from the starting assumption of full employment; the other has been 
in connection with disputes as to the justification of wage increases. 

Without due consideration of the level of productivity, it ia, of 
course, impossible to establish the quantity of output which is equiva- 
lent to stated assumptions os to the number of workers and their hours 
of work; it ia also impossible to determine the quantity of output which 
employers, and hence customers, will receive for the funds expended in 
payrolls. 

It ia not my purpose in this paper to establish any innovations in 
technique, but simply to refresh your memories with some of the 
applications and problems of productivity data from the standpoint of 
a practicing business statistician. 
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Several aspects of the typical discussions of productivity arc worthy 
of attention. First of all, there has been a surprising lack of discrimina- 
tion in the use of terms. An eminent Washington consultant, in a 
recently-published article, used the terms “production per worker^’ and 
“production per man-hour” os if they were intorchangeablo; yet it is 
instantly apparent that variations in production per worker are the 
joint result of changes in production per man-Iioiir and of changes in 
houra worked. The variation in the length of the work week over the 
past fifteen or twenty yoai‘ 0 , or even in tlic last 6 years or G months, 
bos been so pronounced that this particular overnight sccnis inexcus- 
able and scarcely conducive to clear thought or dependable conclusions. 

Perhaps an even more outstanding characteristic of the discussions 
of productivity has been the widespread acceptance of a uniform rate of 
gain in productivity somewhere in the neighborhood of 2 per cent per 
year, A recent tabulation in JDtm's Review sliowcd the estimates of 
eight writers ranging from 2.0 per cent to 2.0 per cent per year incroosc 
in output per worker, with six of the eight ranging between 2.1 and 2.4 
per cent, These estimates apparently are based primarily on the leather 
scattered and dubious data for the period from 1809 through 1919, 
for they ignore the fact that Dr. Fahricant's figures on output per 
man-hour in manufacturing from 1919 to 1930 Bho^Y no evidence whatr 
over of an exponential trend; they appear convincingly linear. Produc- 
tion per worker, os opposed to production per man-liour, sliould show 
even less of an exponential tendency because of the redxiccd length of 
the typical work-week over the past twenty yonra. 

This common assumption of a persistent rate of gain in productivity 
□pens two questions: first, the acceptability of long-range extrapola- 
tions on an exponential basis of a trend wliich for the latest twenty 
years has appeared to bo arithmetic, and second, whether there is 
really any inherent and independent trend toward increased output 
per man-hour or per worker, or whether this increase may be a re- 
sultant of independent forces, lacking which tlio gains in productivity 
might cease. It seems to me more reasonable to consider increased 
efficiency na a result than qb an inherent attribute of workera. 

In this connection we might note the implicit asaumption in much 
of the dieciisaion of productivity that pi'oduclion per man-hour is 
primarily a function of tho mental and emotional attitude of the 
worlcer toward his job. 

This belief that productivity is nn attribute of Iho individual prob- 
ably stems from two sources. First, it is a commonplace of factory ex- 
perience that employ CO “slowdowns” can Herioiialy hinder production, 
while high moralo and general enthusiasm can appreciably increase it. 
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Theae facts, of coiirae, apply particularly to short intervals of time 
rather than to periods several years apart; they represent fluctuations 
about a general trend, not the trend itself. 

Second, in activities where skill and craftsmanship play an important 
partj we have all observed the vast differences between experts and 
beginners, A skilled painter can paint my whole house about as fast 
as I can do one room — and do a better job of it, too. A skilled carpenter 
can make my best efforts look clumsy and futile. A good assistant can 
cut my work in half, while a poor one only adds to my woes. But note 
that all of these pursuits are non-mechanical. A good painter with a 
spray-gun can far outperform a good painter with a brush; a good 
carpenter with power tools can outperform a good carpenter with 
hand tools, and a good tabulating machine operator can far outdo the 
most diligent longhand tabulator. The more skill and effort that can 
be transferred from the worker to his tools, the less imposing does in- 
dividual artistry and attitude become. In this age of mechanization the 
trend has been increasingly away from the skill and volition of the 
individual worker toward the speed, power and consistent performance 
of the machine. This trend has been especially pronounced in manu- 
facturing. 

In exploring the possible explanations of increased production per 
man-hour in manufacturing, we find numerous possibilities. On the aide 
of mechanization are the application of increased power per worker 
and improvements in machines — greater speed, precision and spe- 
cialization, with expanded use of jigs and fixtures to transfer the 
requisite skill and consistency of performance os far as possible from 
the worker to the machine. Under the heading of industrial techniques 
arc improved designs, simplification and standardization of products, 
refinements of materials, development of new processes (for example, 
extrusion, die-casting, powder metaJlurgy, electronic heat-ti'cating, 
etc.), better plant layout and flow of work, improved material-handling 
equipment, job analysis, time and motion study, quality control and 
many others, Affecting the performance of the individual employee are 
improved lighting and ventilation, higher standards of health and 
safety, job training for the development of skills, sundry security and 
recreation programs to improve morale and incentive programs to 
induce maximum application and effort. 

Out of this list it is immediately apparent that the skill and applica- 
tion to duty of individual workers must play a relatively small part in 
tile total changes in manufactuzing output per man-hour over an 
extended period, In fact, while Dr, Fabricant's figures indicate that 
manufacturing output per man-hour more than doubled between 1919 
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and 1930, it ia difficult to believe that the average skill and application 
of several million manufacturing workcra could have undergone any 
Such proportionate change in those two decades. 

It docs appear, on the otlior hand, that the much greater use of 
power per wage earner in manufacturing accounts for a very largo 


RELATION OF PRODUCTIVITY TO HORSE POWER IN MANUFM5TURM0 



^ HORSE POVVeR per EMPLOYED WAGE EARNER 

FIQUIIE i 

proportion of the inorenaed output per man-hour. Taking 1809 na 100 
in each case, Fabricant'a figure for output per man-hour in manu- 
facturing Avaa 300 in 1930, Avliilo Cenaufl data on installcfl hovHcpowcr 
and wage caruGi's in manufacturing fihowod Uoi’flepowcr per wage 
earner at 202, Using only tho terminal yoara of thia fortywyoar periorl, 
msfcalled horsepower per wage earner in manufacturing increased 
96 per cent os much as did outpvifc per man-hour. 

The figures for these and other years are shown in Figure 1. Tho 



PHODirCTIVITT 


425 

dashed line indicates a point-for-point relationship; the sharper slope 
of the data since 1919 indicates that other factors than horsepower per 
wage earner have also operated to raise productivity, but the general 
similarity is still striking. For eight different combinations of terminal 
years, the median ratio of the increase in horsepower per wage earner to 
the increase in output per man-hour ia 80 per cent. 

Ono weakness in this approach ia illustrated by the fact that the 
data between 1932 and 1943 indicate a nearly-perfect negative cor- 
relation. The answer ia that in 1932 the installed horsepower figure 
greatly overstated the horsepower actually in use, while in 1943 a 
large part of the installed horsepower was being used by successive 
shifts of workers. A full verification of the thesis would require data 
(which are not available) on horsepower actually in use per regular- 
shift wage earner. However, the consistency of the relationship in 
years which were marked by neither sharp depression nor general 
multiple-shift operation is indicative of at least a large degree of co- 
variation. 

A further assumption underlying this relationship is, of course, the 
intelligent application of power. A five-horsepower motor in the middle 
of the president's office would have little value, nor would the applica- 
tion of a 100-horse power motor to a two-horsepower job. In general, 
however, it appears that horsepower in manufacturing has been in- 
telligently applied, and that this intelligent application of power has 
contributed very substantially to the increased output per man-hour 
in manufacturing. 

As a partial verification of this thesis, installed horsepower in manu- 
facturing times the hours it is used should provide a close approxima- 
tion to manufacturing output. Here again it is necessary to resort to 
makeshift figures, using total installed horsepower instead of horse- 
power actually in use, and using weekly hours per wage earner as a 
substitute for weekly hours per horsepower. (For non-Census years, 
the installed horsepower figures were interpolated via correlation with 
Department of Commerce data on expenditures for new manufactur- 
ing equipment.) The results are shown in Figure 2, 

All the data in Figure 2 are index numbers based on 1899 as 100. 
The solid line is the product of an index of installed horsepower in 
manufacturing and an index of actual weekly hours per w^age earner in 
manufacturing. The broken line is an index of manufacturing output, 
as reported by Fabricant, from 1890 to 1939, and by the Federal Re- 
serve Board since 1939. Three areas of divergence merit special atten- 
tion. First, between 1909 and the early 1920 'b there is a persistent gap 
of about 20 points between the two lines. Second, in all the periods of 
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sharp depression— 1921, the early 1930\s and 1938— tho index of 
manufacturing output drops away from ilio product of installed liorsc- 
power and the worlc week, indicating that an ai)i\ovnia\ portion of tho 
horsepower became idle in those deprcflsion periods, Tliird, in all tlio 
peak periods— 1929, 1937 and the 1040 'h— the index of uianufacturing 
output rises abovo the product of iiislallcd horsepower and the worlc 


WQMtPowen Tiues houas r£A WAOC tinmn vs. u»»<urAoruA<No qutpvi 
• loo 



week, indicating that an, abnormal portion of the hoi-flei)o\vor wag iiHccl 
on second and third shifts. Taking the figures at face value for the 
moment, they imply that during tho peak years of war proclucUon one- 
third or more of manufacturing output was produced on extra sliifts. 

This conclusion results directly from the tho.si.s IJiat rcgular-.'^hift 
capacity can be measured by installed honsepowev and the liours per 
week it is used. The wartime spread between manufacturing output 
and the product of horsepower liiuc’8 hours workcjd jjer week provides 
a rough measure of production on shifts not ordinarily worked. The 
spread amounts to 371 points of tho peak output indox of 887 (on nn 
1899 base) reported by the Federal Reserve Board. This implies that 
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41.8 per cent of the peak output waa represented either by extra- 
shift work or by wartime distortions of the index. If we accept the view 
expressed in a later paragraph that the wartime peak in the Federal 
Reserve Board's index of manufacturing output may have been over- 
stated by as much as 16 per cent (a possibility that ia difficult either 
to prove or disprove), then the portion of peak output attributable to 
above-normal use of equipment becomes 33 per cent instead of 42 per 
cent, Some portion of even this 33 per cent is undoubtedly attributable 
to abnormally intensive use of equipment on regular shifts, as well as 
to extra shifts. 

Since such a large portion of wartime manufacturing output ap- 
parently resulted from extra shifts, it follows that the plant capacity of 
the country is not nearly adequate to support a level of activity ap- 
proaching the wartime rates on the single eight-hour shift character- 
istic of peacetime production, Considerable extra-shift work will be 
involved if the full-employment levels of activity so generally discussed 
are attained within the next year or two, as I believe they will be. 

Reverting to the relationship between horsepower per wage earner 
and manufacturing output per man-hour, it again appears that exist- 
ing horsepower are not adequate to support even prewar levels of 
productivity under postwar full-employment conditions without resort 
to the double and triple use of horsepower involved in extra shifts, 

There is little question but that a still closer relationship could be 
established if wo were able to establish for each period the number of 
horsepower actually in use and the hours of their use — that ia, get a 
measure of liorsepower-hoiirs. While in this form the project sounds 
imposing, it might be approached through careful interpretation of 
data on kilowatt-hours consumed in manufacturing, which are easily 
convertible into horsepower-hours. 

The major problems involved would be isolating the records for 
power consumed in manufacturing plants and screening out the 
amount of power consumed in lighting and other loads not varying 
directly -with productive activity. That power consumption is a prac- 
tical measure of productive activity is illustrated by the fact that 
numevouB plant managers keep a close check each morning on the 
power load as a gauge of the total activity in the plant. 

It may be of interest to note, in passing, that the Federal Reserve 
Board's index of manufacturing output in the peak war years of 1943 
and 1944 was about 16 per cent higher than a corresponding index of 
kilowatt-hours consumed in manufacturing based on Federal Power 
Commission data; the discrepancy developed after 1941, and was 
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considerably greater for tho revised figiirca for 1942 than for tlie 
figures first. reported. 

With both indexes at 100 for 1939, manufacturing output (exclud- 
ing mining) stood at 150 in 1041 and 170 in 1942, while power 
consumed in inanufacliiring “wns 147 in 1941 and 173 in 1942. The 
subsequent wartime revision of the li’cclornl Rcftcrvo Index, however, 
lifted these figures to 1B4 in 1041 and 194 in 1942, or considerably 
above the power consumption index. By 1043 the Federal Rc.sorvc 
Index showed manufacturing output at 237 per cent of the 1039 
base, or roughly 15 per cent above the power consumption index 
of 207. 

In the search for an index of industrial activity that can l)c checked 
and verified from various angles, tho available information on electric 
p ower consumed in manufacturing should be brought more pr omi nently 
into the picture. 

The question of productivity ia closely related to some of the most 
burning economic issues of the day. A concerted drive is on to increase 
the purchasing power of organized labor, and the accent on real pur- 
chasing power, in terms of goods and services, is evident in the in- 
sistenco that wage increases shall not be reflected in prico advances. 
Yet from tho post record tho evidence ia clear that advances in real 
hourly wages have been closely tied, for at least three decades, to ad- 
vances in output per man-hour. The data are shown in Figure 3. Hero 
again the dashed lino indicates a point-for-point relationship. Tho data 
are index numbers on a 1039 base; the real income data arc Bureau of 
Labor Statistics figures on average hourly earnings in all manufacturing 
divided by tho BLS cost-of-living index, while the output per man-hour 
figures are the same as were used before, from Dr. Fabricaiit, extended 
by Federal Reserve Board and BLS data after 1030. 

In general, it ia apparent that thci'o must bo some fairly close rela- 
tionship between the quantity of goods and services wliich an average 
hour’s work can buy and the quantity which an average hour’s work 
produces. 

Since the relationship among wages, pricca and productivity is so 
close ill this combination, it should not be ourpriaing to find it close in 
another. Figure 4 tells the story of the relationship between unit labor 
cost and finished gootls prices. The solid line shows llic annual average 
of unit labor cost for all manufacturing, while the broken line shows 
the annual averages of the Bureau of Labor Statistics index of finished 
goods prices. The unit labor cost figures wore derived by dividing 
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average hourly earnings in all manufacturing by the index of output 
per man-hour in all manufacturing. Both lines are on a 1939 base. 

These two illustrations point to the futility of attempting to force, 
solely through increases in money incomes, increases in real income 
that are not firmly rooted in high productivity. Such efforts consti- 


REAL HOURLY WAGES V9. OUTPUT PER MAN HOUR IN MANUFACTURING 



tuto a form of warfare between economic groups, since they can only 
succeed by depriving one group to enrich another. Further, taken in 
conjunction with the relationship between power per worker and in- 
creased productivity, they tend to reduce further gains in productivity 
by discouraging further investment in power equipment. It is invest- 
ment in plant and equipment that underlies both rising real incomes 
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and the rising productivity whose fllottdy annual incrca«e has been bo 
glibly assumed, 

In view of the basic importance of productivity in appialsing cur- 
rent and prospective economic trends, it is esflonliftl tliat more adequate 
information— and more general undemtanding of its signifiennee—be 
developed. On the information side, the pro!)lem is primarily one of 
establishing Batisfftctoi'y iinils of moiwurcment for produclion and 
comparing the production measuromeuts with the man-hour figures 
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related directly to them. It is obvious that for this purpose mnn-houi's 
are not satisfactory units to mcasuTo production) in fin-hours divided 
by themselves cannot trace clmngcs in productivity, To establish 
production unite in hotcrogoneouB iuduHtricH such as ekclrical equip- 
ment or chemicals it may bo neccHsary to go into considorablo fletail 
or resort to sampling from among hundreds or thoueands of individual 
products. The lueoauremcnt of productivity, however, can be no better 
than the meoflurejnent of production on which it is based. Let mo stress 
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again the desirability of greater attention to power use as a check on 
the I'easonableness of production data. 

As for widespread understanding of productivity — its origins, its sig- 
nificance and its limitations — any such achievement must perforce be 
gradual. Certainly there is much for professional economists and statis- 
ticians to learn before their findings can be broadly distributed 
throughout management, government and the general public. Many of 
the findings will run directly counter to ideas now popularly accepted, 
but it is a job that must he done if our democraci' and our economic- 
machine are to run on the fuel of facts — which, I take it, is why most of 
us are here today. 



INSPECTION EFFICIENCY AND SAMl’LING 
INSPECTION PEAKS 

Mahvin Lavin 
Cor fling G/nfls IKorAs 

Tlio piihliiihcd aninpling inflpoclioii plnrifl cnntniii Uio ns- 
BLimpUoii that tlic inwiicclioii opcrutinii in ulllclciit, 

that i», tho ilcmB oxainincd ni’o invuriuMy cluhitirird romctly. 

, Samo con trihii ting fiiclorB to lark of iiiBpcaliori cflicicricy aro 

noted, and an analysis of tho validity of Iho Kiianuiloca of Iho 
plane in the preeanco of iimpcction error in made. 

T he wouk of Dodge and Romig, Wald, Wolfo^vitx, Bartky, Freeman, 
and other matliematical statisticians in the coiiatruction and analy- 
sis of sampling inspection plana baa provided incluatrial quality control 
personnel with useful mctliods for attacking quality and inspection 
problems, 

The various available sninpliug inspection plans provide fcattircs 
such as maintenance of chosen risUa for wrong clcicisinna on lot (\uaUty, 
minimization of inspection or of sampling, and maintenance of a 
selected AO QLj if the hypotheses upon wdiich the inspection procedures 
arc baaed are not severely violated in practice, 'J'o obtain Llio desired 
features of an inspection plan, the user must meet sueh repreaentativo 
Gonditione as randomness of sampling and tlic replacing of defective 
units, when found, by non-defectives; he, in some insbinecs, must have 
a priori information as to the process average cpuvlity and its sUvte of 
statistical control ; he must provide some basis, economic or otherwise, 
for tho choosing of tolerable risks of wrong dccdsions as to lot quality. 

The published form of all sampling inspection plans with winch the 
author is familiar requires tho assumption that the inspection operation 
iscomplctely efficient, that is, the items examined arc in variably classified 
correctly. This requirement, it appears, is a very critical one, particu- 
larly in induBtries m which 'MsuaV' inspection is of prime importance. 
In the present state of many inspection methods, this condition is far 
from being met, and it is often apparent tliat the elUciency of tho in- 
spector in classifying individual items correctly is suflidently low to 
nullify the theoretical fcaturcB of the \Yell-Ivno\vn Sfunpling iimpoetion 
procedures, when applied under tlie assiiniplion of couii)leLe oTudency. 
Sustained efforts should certainly be 7iiaclo to remove the sources of in- 
spection error; however, roaliatjc analysis of tlio cffccUvoneBS of 
sampling inspection requires in many eases the conHideraLion of tho 
preflenee oC repeated inspection mistakcB. 
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People of long inspection experience have suggested that the follow- 
ing factors contribute to a lowered inspection efficiency (considering 
the simple case of rating an item as ''good'* or "bad/* with special em- 
phasis on visual inspection as distinct from a gaging inspection opera- 
tion) : 

(i) The average process (or lot) proportion defective influences in- 
spector efficiency. When the fraction defective is high, the risk 
of classifying a "good" item as "bad" seems also comparatively 
high, and the risk of classifying a "bad** item as "good” is 
relatively low. For a low process fraction defective, the situation 
as to the two types of errors is generally reversed. 

(ii) The rate at which the inspector is required to work clearly af- 
fects the validity of the results of the inspection operation. 
Though an optimum rate usually exists, it is not always known. 
In addition, where there is a continuous flow of product, as on 
a conveyor belt, the velocity of flow changes with different items 
of manufacture and is often independent of the number of in- 
spectors available to perform the operation. 

(iii) The nature of the product, as well as the defects for which the 
inspection is being made, is often significant. Even though the 
maximum acceptable degree for a visual defect is clearly defined 
by engineering specifications and is illustrated by an adequate 
set of samples (needless to say, this is not always the case), many 
borderline cases arise requiring subjective decisions by the in- 
spector. Moreover, some defects, by their physical nature, are 
difficult to discover. 

(iv) A large number of personal factors also contribute to diminished 
inspection reliability, for example, extent of inspector experience 
and training, working environment, imperfect inspector vision, 
inspection fatigue, the inspector's conception of the importance 
of the defects he is considering, indifference and carelessness, 
etc. 

To illustrate the effect of these factors, we may cite instances in which 
lots of ware which had been rejected by sampling inspection and sub- 
jected to a complete inspection, sometimes failed to pass a second 
sampling inspection, and occasionally after a second complete reinspec- 
tion, failed to pass a third sampling inspection! This discouraging situa- 
tion could be laid largely to low inspection efficiency, though the 
handling contributed some defects while the inspection operations were 
being performed. 

To examine more specifically how inspection error may diampt the 
anticipated features of a sampling inspection scheme, one is led to con- 
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eider the "effective" fraction defective, eay p', which is related to the 
“true" fraction defective f hy the equation 

p' = p{l- Pi) + {I - V)pi, (1) 

where pi ia tlic probability of clfisaifying n non-defectivo as defective, 
and the probability of oUissifying ft defective as nou-tlefccUvc is pi. In 
view of (1) in tlie cnumerntioii of the faeloraconlribuUiig to inapeclion 
error, wo note that pi and pj may be functionB of p. In lids disenssum 
our iutcrcat will be centered on the ease in which p\ and pj arc coiiKtant, 
that is, p' is a linear function of p, 

p' =“ Pi + (1 - pi - Pt)p, (2) 

and also the case in wluch pi and pj arc related linear functiona of p, 
say, 

P. - « + kp, 
p ^ c — bp, 

where again wc obtain p' ns a linear function of p, 

p'^a + Cl—a + h — c)p. (2') 

One would ordinarily have little confidence in fitting a more compli- 
cated relationship to an inspection opornlion. 

Our fundamental concern will be with tlie transformation of tiic 
operating characteristic curve resulting from the inlroducLion of the 
presence of inspection error. To take tlie siinplcst example, for a single 
sampling plan in which the sample size is n and the nllowalilo number of 
defectives is c, wo have the probability L(p) of accepting a lot of pro- 
portion detective p as 

Hp) =2 ( ” V’"« (p = 1 - ff) (4) 

m-o \m/ 

for efficient inspection and the usual conditions for the use of the ap- 
proximation (4). Introducing pi and pi, wo obtain 

')(Pi+[l-pi-pt]7))'"(pj-l-ll-pi-pj ]<?)"“«, (5) 

m-D \ni/ 

which defines the eftectivo operating chnracteriaLic curve, flinco 

L'(p) =1 L(p, + [i _ p, _ p,]p), (G) 

one operating charaoterietio curve may be derived from the otlior in a 
Bimple graphic, or arithmetio, matiriDr in vioAV of asBuinptionB (2) and (2') . 
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As an example of the magnitude of the effect of errors in inspection 
on the operating characteristics of a sampling plan, we consider one 
based on a single sample procedure, designed to discharge the following 
requirements: 

a = .1, for Vu = -02, 

^ = .1, for = .05,, 

where a. is aa usual defined to be the maximum, risk of rejecting lots of 
quality or better, and ^ is the maximum risk of accepting lots of 
quality p/j or worse. Talcing the lot size to be 10,000 (say), one finds for 
a sample of 235, with seven as the number of allowable defectives, these 
requirements are closely discharged. Table I compares the operating 
characteristics of this sampling plan with those of the same plan when 
constant inspection errors of the magnitude 

Pi = .02 p2 = .05 (8) 

are assumed. 


TABLE I 

OPERATING CHARACTEIUSTICS OF SINGLE SAMPLE PLAN, n-235, c 
WITH NO INSPECTION EnnOR, AND WITH PROBABILITY 
OF Ennoil, Pi = ,02. PI -.06 


V 

Lp 

V* 


Truti 

Appro ximn bo 

EfToolivo 

Appro ximaLo 

ProporLion 

Probability ol 

Fro por Lion 

EITe Clive 

DcfeuLlvo 

AucepLinis 

DofoolWo 

ProbnbiliLy of 


Lot, 


Aocopling Lot 

,000 

1,000 

.020 

,00 

.005 

.000+ 

.026 

.70 

.010 

.007+ 

.020 

.03 

.015 

.07 

.034 

.45 

.020 

,00 

.030 

.30 

.025 

.70 

.043 

.21 

.030 

.60 

.046 

.13 

.036 

.42 

.063 

.07 

.040 

.27 

.067 

.04 

.046 

.17 

.062 

.02 

.060 

.10 

,060 

.016 

.OQO 

.03 

.076 

.003 

,070 

.008 

.08& 

.001 

.080 

.001+ 

.004 

.000+ 


One direct and simple method of restoring the desired risks at the 
"acceptable” and “non-acccptable” quality levels immediately suggests 
itself. If we choose a sampling plan which maintains the chosen risks a 
and p foT the effective fraction defective corresponding to the true ac- 
ceptable and non-acceptable quality levels, we obtain the desired 
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op&rftting chavactcriBtlcB for at least the two aalicnt quality levcla. 
Since 

Pi, ~~ Ph ^ Ph ■“ Pu' (0) 

» more cliBcriminatory sampling scheme will be required; llms one of 
the penalties of the presence of inspection error is the nccrl for incrensctl 
sampling. 

To continue tho previous example, the quality reciuirenicnts (7) arc 
transformed to 

a = .1 for pii' => .039, 

= .1, for pi/ = .006. 

Table II presents the operating characteristics of the single samplo 
scheme for which t)\c sample size is 460 and the allowable number of 
detectives is 23. Tins provides approximately the proper risks (7')j with 
the constant inspection incllicicncy pi = .02, pi = .05. Tlicse operating 
oharactcvisticB shovilcl be compared with those in the second column of 
Table I. 


TAULr: u 

OPEHATINQ ClIARACTEaiSTICS OK Till'. SlNOl.E HAMI’t.K, ri.AU, 
n-lOO, «-23, WITH pi~.03, p,a.DB 


p 

Trilo 

Proi>orUon 

Dofoctlvo 

p* 

nfTcclWd 

Pruiwrlbii 

Dfifoctivo 

y.ap^iivG 

I'robnMMly of 

AcccpliiiK 

.000 

.020 

.OUB'H 

.(>06 

.026 

.DDO 

.010 

.090 

.DOS 

.016 

.004 

.07 

.020 

.030 

.00 

.026 

,W3 

.60 

.030 

.016 


,036 

.053 

.44 

,040 

.067 

.32 

.D'16 

.002 

.18 

.060 

.000 

.11 

.OGQ 

.070 

.02 

.070 

^086 

.003 

.oso 

.00-1 

.(KK)I- 


Wo have briefly noted the possibility of dcsigiung a sampling Hcheme 
whoso operating cIiaracfcoristicB in tho environment of an estimaled in- 
spection inefficiency satisfactorily rcprorlueos tho.sn which would bo 
anticipated under a plan allowing tor no mistakes. We may nosv inquire 
as to tho channel in which corrective energies could bo most profitably 
directed, if tho existing inspection incflicicncy is not to bo supinely 
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tolerated, It is easily recognized that the two types of inspection errors 
cause opposing changes in the operating characteristics of a sampling 
plan; for some value of p, say p*, they will exactly compensate, and this 
value is obtained from the relation 

P = Pi + (1 — Pi ” P2)p, (10) 

that is, 

Pi 

P*: (U) 

Pi + P2 

For a chosen sampling plan, when p <p*, we will have Lp <Lp, that is, 
the probability of accepting the lot will be reduced as a result of inspec- 
tion inefficiency; the converse will be true for p>p*. Moreover, ns p 
becomes farther removed from p*, the magnitude of the difference 
Lp—Lp will increase monotonically- For small values of p, by writing 
equation^(lO) in the form 

Pi(l - p) = PP2, (12) 

we deduce the approximate relation 

(13) 

Vi 

and this suggests how seriously a large ratio of the two probabilities of 
error will affect the operating characteristics. 

More generally, an examination of the equation 

P' = pi + (1 ’ Pi - P2)p (14) 

reveals for the most typical industrial situations in which p, pi, pa are 
sensibly small 

p' ^ p + Pi. (15) 

The principal influence is thus exerted by that class of inspection failure 
in which good product is rated as bad. But it is exactly this class of 
error Avhich is most readily controlled. With a procedure which provides 
for the inspector's rejects being confirmed by a supervisor or a special 
reject inspector, we may sharply diminish the likelihood of such mis- 
takes, providing the policy of additional inspection can be justified on 
the basis of product economics or customer relations. It may be asserted 
that this scrutiny will result in a proneness of the inspector to fall into 
mistakes of the other type, passing bad product as good, to avoid 
criticism. Howover, with pi=0, we have 

p' = P - PP2, 


(16) 
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indicating, by comparieon with (15), that the reduction in ’p\ carricB 
more weight in restoring the expected operating cliaractcrislicB than 
the reeulting increase in pa further disrupts them. 

No general discuasion will bo attempted as to the change in average 
outgoing quality limit which will result from iiiBpccHon error. The 
analysis is made cumhereome under the nsHumption that the proimbil- 
ity of error pj applies to the replacing of cliHcanled items in 8iun|)lc‘B nnd 
lota, Moreover, the AOQL may bo attained for a value of p which is 
unrealistically large. We may note, however, one simple result wjileh 
arises under tlio hypothesis that pi=*0, perhaps as a result of special 
reject checks, ami Hint all replaced items arc indeed good product. 
Under these conditions, the average outgoing quality has tho repre- 
sentation 

AOQ' = N-^[nm +(N~ n)pL,' -|- {N - a)pp,(l - L,')], (17) 

wlicrc N is the lot size and the otlior symbols rcUin their earlier defini- 
tions. This reduces to 


AOQ' = N-^iN ~ ^ v\ (18) 

1 - pi 

whose maximum is to bo compared witli that of tlio averago outgoing 
quality 

AOQ = N-KN - n)vL, (10) 

when no inspection mistakes arc made. Direct examination of (18) indi- 
cates in the industrial range of p' and pi that the extreme vahie of (18) 
is in a few instances increased to tho extent of 1% over (19), hut in 
most cases the increase is substantially less than 1%. For example, with 
our earlier sampling plon, n <= 235, c =7, for which tho A OQL is approxi- 
mately 1.9% under non-erring inspection, w'o obtain an incronsc on tlio 
order of J%, when pj is assumed ns large as .1 (providing tlio lot propor- 
tion defective remains in a limited range, say less than .20), 

Viewed broadly, then, the results of our discussion on tho effects of 
inspection failures upon sampling inspection plans suggest that it is 
largely auLcient to eliminate the rating of non-defective pvotluet as 
defective in order to have assuranco that tho guarantees of the plan are 
substantially obtained. 
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When the intoracUon of the physical quantitice and the 
unit prices of a given commodity is marked by regularities 
over time, whether in the recurrence of cyclical or seasonal 
patterns or in the persistence of secular relations, it is conven- 
ient to define the differential movement of quantity with 
respect to price by a coefficient of elasticity, of price with re- 
spect to quantity by a coofficiont of flexibility. These are 
mathematically identical with the familiar coefficient a of 
Marshall and MoorOj but in this usage they relate to desig- 
nated temporal frameworks. The examples presented in the 
present paper deal with price-quantity inlerrelationa in busi- 
ness cyclea, in specifiG cycles in phyeioal quantities, in spool fic 
cycles in unit prices, and in homogeneous sooular periods. No 
attempt is made to eliminate or hold constant the dynamic 
inHucncea that play upon the market. In each case we seek bo 
measure the differential reaponsivenesa of the quantity and 
price factors to the various impinging forces that operate 
within the temporal framework in question. If there are per- 
sistent regularities in the operation of these forces, appropri- 
ately designated ooofiiciontB of elasticity and flexibility can 
servo as useful instruments in the analysis of economic change. 

I 

r Hme and the concept of elasiiciiy. The concept of elasticity, first 
formulated by Cournot in defining the law of demand, was given 
its familiar form by Alfred Marshall, In conventional usage the term 
is applied generally to the x'esponsiveness of the demand for a given 
commodity to changes in the price of that commodity. More precisely, 
elasticity of demand is defined as the ratio of the relative change in 
quantity demanded (of a given commodity) to the corresponding rela- 
tive change in price, when the relative changes are infinitesimah The 
demand function and a derived coefficient of elasticity are assumed to 
relate to a moment of time, or to a period within which there are no 
changes in tastes, technology, income distribution, or other factors 
that might modify the functional relationship between quantity de- 
manded and unit price, 

+ I nmJndobtcdUi MciutloB.Poob for aid In tbo preparation of this paper, and to H. Irvins Forni an 
for IhaconelruellonoItbQofaQrtfl. 
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The coiicoptunl imporlnnce of lliis inilrumcnt is very great. Only 
mocle.st pvogiTSH lina Itccn inmlc, however, in the empirical cletermina- 
tion of demaml funcliona ami <lemaml elimlicilica, (ll*scrvaliona on 
commodity prices niul (pmntilies purelm.seii arc ordered in lime, nnd 
thus inevitably reflect llic play of dynaniie factors that tend to modify 
the shape and location of demand fuuclionH. Great ingemiiLy lias been 
shown in the attempt to menHuro the inflneiico <tf (Im-kc. dynamic 
factors nnd to eliminate their ulTecl.s on the reiiovded olwevvalions. Use- 
ful approximations lo the demand (!iirve.s of Ili(!ory have, indeed, been 
achieved for a limited luimlier of commodith'S, but uncertainty at- 
taches even to the, so, and BcneraUzation of the rcKiiUs is haaardows. 
These efforts will continue niirl further progres-s will bo made. It is 
probably inevitable, however, that residual irnces of dyiiamic factors 
W'ill remain in the best of Ihesc cffortH and that major temporal 
modifications of attendant conditions will complicate empirical find- 
ings on demand functions for nrost coinmotiitiea. 

The prG.<?cnt paper deals with iavesligalioiiH looking in auolber direc- 
tion. In the study of economic processea, whether our contn^ru he with 
cyclical movements or with long-term change's, the inlerrelalerl move- 
ments of unit prices nnd physical (luantities are of central importance. 
These are movements in Lho dimeaslon of time. They are alTfcctcd by the 
diversity of force."* acting upon both vaviablca, as \v<>U as by the direct 
cauac-and-cffcct relations Imtwccn these vavinblrs. We tmn do some- 
thing, in the choice of the frame of reference, to organise nnd shindard- 
ize these forces, but they cannot bo held con-stanl wliile. llic specific 
and presumably static relations betwocu price au<l <iuanlity are studied. 
The diverse impinging forces, ns limy operate over lime, aro part of the 
record available to us. The rehilionB between price nnd quantity that 
we may study arc not limelca.s, then, nor arc they isolated inLi i'aclion.s. 
To the extent, however, that there arc consistent paltcrns in these 
interactions, patterns that repent U)em8elvc.s with Rome degreo of 
regularity, they arc of clear concern to the ceonomi.st. 

In this investigation wc ahnll make urg of a moasuro of elasticity 
mathematically identical with Marsliall’s coefTHdent of elimtitiity of de- 
mand. Wc shall mensure tlio elasticity of ipmntily, with rufmonce to 
unit pvicoj in various temporal framow'orkw. The phraso “will i rofcrencD 
to unit prico" will not mean that chango.s in quanlily ar<i a fime.lion of 
changes in price, in any enuBat .sense. In umuc caHOfl, pi'rluiii.s in most 
cases, the quantities and prices of given comiuodilie.s will Im re.spondiiig 
concuiTontly to the prossuro of oiitsido forces. Wo may say that lun'o 
tlio measuvo of cln.sticity of physical qunntiticR dcfnica the iliffcrcnlial 
responsivaness of quantity to these forces. It is, os in traditional vrsago, 
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a ratio of a relative change in quantity to the corresponding relative 
change in price, but the quantity cJiange will not necessarily be at- 
tributable to the price change. In eome cases it will be in part attribut- 
able to the change in unit price and in part to the play of other forces, 
but it will not be possible to distinguish these two elements. Thus the 
related changes in quantity and price may not be thought of as reflect- 
ing movements along fixed demand curves (or fixed supply cuiwes). 

There would be little justification for this usage, and little hope of 
deriving significant reaulta, if the time periods over which related quan- 
tity and price changes are to be studied were selected haphazardly. 
Under such circumstances coefficients of elasticity would bo expected 
to change erratically, as different time units and different periods of 
time were employed. The justification must be found in the choice of 
time periods within which there is some regularity in the action of the 
impinging forces and in the related movements of commodity quantities 
and prices. We shall have more to say about the choice of temporal 
frameworks within which price-quantity and similar relations are to 
be studied. 

The quantities to be employed in studying the relations between 
commodity prices and quantities over time need not be restricted to 
quantities demanded or consumed. Various series defining changes in 
physical volumes — amounts produced, delivered, exported, ordered — 
may be used. For this reason, and for others, the results are not to be 
thought of as in any way approximating traditional demand functions 
or coefficients, Elnsliciiy is a meaningful and desirable term, for present 
purposes, biit the elasticity measured is not that of demand. Indeed, 
it is most important that the term elasiicily of demand be restricted to 
the conventional meaning. To avoid confusion, appropriate qualifying 
adjectives will be employed in the present paper to indicate the type of 
elasticity involved and the temporal framework employed in given 
instances. In addition, a symbol other than the customary will be 
used to designate measures of temporal elasticity. 

One further draft will be made upon conventional terminology, 
Henry L, Moore has used the tern flexibility of price for the ratio of a 
relative change in the price of a commodity to the corresponding rela- 
tive change in quantity.^ The coefficient of price flexibility is the recip- 
rocal of the coefficient of elasticity of demand.^ It is derived, of course, 
when price is treated as the dependent variable. We shall use flexibility 

1 “Eliisliclty of Domana i\n(l FloxiblUly of Ptlcoa." Journal af the American StatUtical ^aaociaefon, 

M ar oh 1022, pp. 8-10, _ -i i - 

1 is not RQGQBBnrily Ifuq wlion film tvfo coofEoionts uffl oinpiriciilly tlflt0rrn!iiGd, 

loBB tllQIl unity. 
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of price as the reciprocal of clo^ilicily of pliysical quantities, with quali.; 
fying ndjoctivea to intlicnto the leinpornl framework to wliich given i 
meaeuTcinenls relate. A symbol other (him v>i introdvicwl by Moore,; 
will be employed, to avoid confu-sioiv willi lii» cootRciciit. 

II 

Tewijjorat penWs for ike slwdy of -pricc-quanlUy relations. Variouj 
instruments arc available for meaauroineiit of the concurrent move- 
menlB of physical volume and unit pricca, aa these elements change 
together over time, in mutual itilcrnction or in re«p(ni.Ho to outsiilc 
forces. Our pi’eaont concern is with two. Tlic cucflicient of elnstieityh 
given by 

(lx 

(ly X 

whoro a; is a moasnro of physical quantity, y of corresponding unii 
prices. The eocflicicnt of price flexihility ia giveti hy 

; « 

(lx V 

The I'clationBhipH arc the conventional ones. 'I'lie. novel problem arise 
in tlie choice of temporal frnmoworks within which iflaled cluinge.sii 
quantity and price are marked by rcgnlarilica that gi^'c lliem economi 
BignifieanoQ. The following framea of reference give promiKc of yieldin 
aignificant patterns, 

B-usiness cycles. A refcrcnco framework defined by turning point 
(lows or highs) in general buBiiic8.s activity in tlio United State 
has been sot up hy the National Bureau of Economic llcHcavcl 
in connection with its general Btudy of business cycles.’ A con 
picte buBinesa cycle ruing Ua courac bo.t\vocn Hucco«.Bivc lows (c 
liigha). When a given scries is corrected for seasonal varialioas th 
adjusted meaaviromcnta on that series for one of these periods ri 


■ TJjcao lurninR poltiLn, for tho period aluco llio Civil W<t.r» dto bcL lotlU below. For cxpIaiiaLlon 
lliQ tlarlvfvliou of tha lowa ftiid htKh&^QcQ Ai'eaiuring ilHsineii Cgc!««, by i^rlhur F. lluruB Mitl Wenley ' 
MlbibelUNiilioxiiiinuicfiMof li^onamicKQBeareli. 1040, 
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fleet the play of forces associated with cycles in general business, 
of trend factors and random influences, and, if they be present, 
of specific cyclical factors independent of cycles in general busi- 
ness. If observations cover a number of biiainess cycles the effects 
of random factors may be in some degree eliminated by averaging. 
(Intra-cyclo trend ia not removed.) It is possible, then, to deter- 
mine whether there is a persistent pattern in the behavior of a 
given scries or in the related behavior of paired aeries within the 
reference framework provided by cyclca in general business,* 
Wi tliin this framework we may study the diJIerential responsiveness 
of tlie volume factor with reference to cyclical changes in unit 
prices (the cyclical elasticity of physical quantities) or the differ- 
ential responsiveness of unit prices with reference to cyclical 
changes in volume (the cyclical flexibility of prices). 

Specific cycles in quantities. Many physical volume series are marked 
by cycles specific to the particular series, cycles that may differ 
materially in Liming and duration from cycles in business at large. 
Hog cyclca and construction cycles are familiar exaniplfs of such 
clisLinctive rhythms; similar specific cycles are discernible in the 
records for many commodities. These cycles provide obvious 
framowoiks Avithin Avhich the movements of prices Avith referenoe 
to concurrent quantity changes may be studied. 

Specific cycles in prices. Price series have their own diafcinofcive cycles, 
for many commodities. The elasticity of quantities with reference 
to price changes may be studied in these frames of reference. In this 
case, as for general business cycles and specific cycles in quantities, 
there is no isolation of price and quantity movements. Other 
forces than those of price play upon quantities when specific price 
cycles provide frames of study. This ia an unavoidable condition, 
Avith the data aAmilable to us. But price factors are given primary 
place, in so far as this is possible, in the selection of this framework, 
just as quantity factom are given primary place in the use of 
specific cycles in quantities as frameworks for the study of price 
flexibility. 

Long cycles. If the reality of long cycles can be established, these will 
provide frames similar to the reference cycles derived from the 
records of business cycles. The elasticity of quantities and the 
floxibility of prices within these cycles could then be measured, 
and tlicir significance tested. 

Hoviogeneous secular periods. In defining each of the cyclical periods 

* MoQBiircmontB o/ tho bobnvlor of a given soriefi during & buBlnoBa oyole are Buid Co doflee artf/ar- 
encaoyclo. 
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named above wo liave sought to act off a aection of time marked by 
some regularity in the forces at play, particularly the forces affect- 
ing the two variables with whose relative changes wo aro concerned, 
Regularity may be tested, for cyclical measures of ll)ia sort, with 
reference to the degree of variation found among observations for 
different cycles. Such tests arc not possible when we deal with 
periods of nonrecurring change, but such periods nro of central 
interest to the student of economic change. There aro stages of 
economic development marked by the play of fairly peraiatent 
secular forces, these stages giving way to others during which quite 
dilFcrcnt secular influences aro operative. The years 1914-19 
marked such a secular turning point in many aspects of economic 
life in the United States. We may not set down precise criteria of 
RGcular homogeneity, but certain atoges of development may bo 
defined with reasonable accuracy. Interactions of quantities and 
prices, and their differential responsiveness to secular forces, may 
he meosured for such periods by cocfRcicntB of secular or inter- 
cycle elasticity and flexibility. The significance of such measures 
is not open to exact statistical determination, but comparisons of 
measures for different periods and consideration of these measures 
in their full economic sotting for given periods will provide bases 
for judgments as to their coonomio import and value. 

Special periods subject to the play of defined forces. The diffeiential 
responsiveness of quantities and prices to particular forces may 
be studied for specified periods, known to bo distinctive in the 
forces at work. Thus the period of NRA regulation is a sliarply 
defined section of time during which special forces wero acting - 
upon tho struoturo of protluction and the system of prices. Here, 
although regularity of pattern in tho sense of repetitiveness is not 
to bo expected, tho condition that distinctive and identifiable 
forces are operating is realized. For such a period mensuroB of elas- 
ticity and flexibility of tho type hero discussed may be highly 
serviceable. 

This list of possible reference frames for use in sLiulylng the interac- 
tions of quantities and prices and their responsivenoss to oiilside forecs 
is not exhaustive. F or certain commodities markedly subjiHjt to seasonal 
influences (such as eggs or butter), the year would be a suitable j)()i'iod 
for study. Tho essential feature is that particular forces bo dislin- 
guishod, by the judicious selection of temporal frameworks. Persistence 
of operation of these forces within a given period, in tlie case of non- 
recurring actions, or persistence of pattern in different periods, in tho 
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case of cyclical or seasonal forces, is requisite, of course, if the measure- 
ments are to have meaning. If purely random factors predominate no 
such persistence is to be expected. 

Ill 

ISlaBiiciiy and flexibility in business cycles. For purposes of analysis 
the seasonally corrected price and quantity records for a given com- 
modity, during a given business cycle, are expressed in relative terms. 
The base of the relatives for a given economic series in a given business 
cycle is the average of the original monthly (or other) figures for that 
series in that cycle. Averages of these relatives are then struck for each 
of nine stages of that cycle. Stage I is the initial trough, stage V the 
peak, and stage IX the terminal trough. Stages 11, III, and IV mark off 
successive thirds of the phase of expansion, and stages VI, VII, and 
VIII mark oil successive thirds of the phase of contraction.® 

Stage averages for the price of steel billets and the production of 
steel ingots for ten business cycles in the United States between 1900 
and 1938 are given in Table 1, They are plotted by reference cycle 
stages in Figure 1. This chart shows the rapid advance in ingot produc- 
tion and the much more moderate rise in the prices of steel billets in 
the first stage of reference expansion, the continuing sharp increase in 
production and the accelerating but less rapid advance in prices during 
the remaining stages of expansion. The movements during contraction 
are generally symmetrical with those of expansion, with quantity 
produced declining much more rapidly than prices except in the ter^ 
minal stage of the phase of contraction. 

These same materials are plotted in a coordinate framework in 
Figure 2. Here the movements of quantities are shown on the horizontal 
axis, the movomenta prices on the vertical axis. This representation 
reveals more clearly the apparent responsivenesB of the quantity factor 
to price changes, and the apparent flexibility of prices as quantities 
change, within the framework of business cycles. It is clear that no 
assumption of direct causality is justified in the study of this relation- 
ship. We may define the relative change in steel production with ref- 
erence to the corresponding relative change in steel prices between, 
say, reference cycle stages II and III. What we are measuring in so 
doing is not a change in quantity resulting from a corresponding 
change in price, but a change in quantity attributable to the influence 
of a combination of forces of which the price factor is one. Conversely, 
we may measure the differential responsiveness of unit prices i with 


* This procedure Ja dcaotlbod in dotaii in Afenaurinp Uiwincaa Cydea, op, ciC. 
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reference to correepoucling changes in pliysical qufintiliea as both vari- 
ables change in the eoinse of business cycles. In each case iJie cJiango 
in the "independent variable" is to be thought of ns a standard of 
reference rather than a primary causal inllucncc. 

With these qualifications in mind it is convenient to define the rela- 
tive responsiveness of physical quantities and of unit prices by means 
of the coeflicienta of elasticity and flexibility previously described. 
These are given in Table 2 for the several cyclical stages and phases, 
and for the full cycle.* It will be understood that these incivs\jremonts 
are based upon the average movements of steel ingot production and 
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steel billot prices over the ben reference cycles covered by the present 
observations. 

The coefliclent of elasticity of steel ingots indicatoH that over tlio 
full reference cycle tlicre is, on the average, a change of 2 . 17 pei' coni 

* The aoDlUolonlq nro <|orlvcd /rom Mjo csttiAjf >o Tnl>Io 1, Stn^o eoefndon tft nra frorri 
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. ‘MS C2.fi • 

p«nod, The cocfllotoiiU (or iho qxpaubIoh ptinao nro derived frpin rofcronco 

oyolo rclaiivoA for Bltigoa I and Yi Ihoao for tho oontrndfion phnso from Bimilar rcinlivnn for BlngcB V 
and IX, (A Biased or nhaflocoefneleni derived from tha cualomary formula and rctailng to tlio midpoint 
of a Bbrolght line joining two palra of o1>eerva Ilona on pricoh niul quaniilliMt U, of courno, Idtntlcai with a 
coefllaJonfo/ AreoitistlcHyO Pulleyolo moaBurdBare av^aragoH of llio cooflicftmtu for (ho pliABcn of oxpan- 
bIoh and oonLracLlort.'Whoii ihoBopbuBo coofflcleiiiA arc of Uioimi'no algn* g^oinolno incniui of arkUmollo 
and harrnanloavorft^oaof iho Lv{o plnuia coaflioionta will givo mutually cotvafalAiit noiii of t^liiBlirily amt 
(ioxiblUly coolHoionta for Ulio phaaoA and tho full oyclo. Wlion ihu phaao inoaHuroa nro of npiKinlla nlii'n 
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anolbor forlMlh pWBoaaTid for tho foil oy plo) may not bo oblnlncd by an avoi aging prnerRA. In Burh 
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in production for every change of 1 per cent in price, these changes 
being in the same direction. The separate coefficients for the phase of 
expansion and the phase of contraction are but slightly different. In. 
both phases the relative changes in output are more than double the 
corresponding relative changes in unit price. 

The measures for the separate interstage periods are all positive, 

Fjoiine I 

Average Movements of Steel Ingot Production and 
Prices of Steel Billets In Ten Business Cycles 
1900^1938 


130 



6(3 I L 

I II 


X 

111 


_l ! \ ! 1—1 

IV V VI VII VJll JX 
Cycle slogee 


I m . 1 . 1 1 11 1 1 1 1 1 Lu > Li 1 1 1 1 1 1 I II 1 1 n 1 1 1 [ 1.11 xj- 
0 12 24 36 

Monties 


-uu. 


A6 


indicating that the concurrent changes of production and price are in 
the same direction in all cyclical periods. There are some notable dif- 
ferences in magnitude, however. In the first period of business recovery 
(between reference cycle stages I and II) the coefficient of elasticity 
has a value of -|-22,57. Quantities respond immecliately and strongly 
to the first pressures of general business recovery. The rise in unit price 
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ia alight at thia atago. Similarly, tho first impact of rGcession betwoen 
reference cycle stages V and VI brings a mucli sharper drop in steel 
production than in steel prices (the coefficient of elasticity is +6.45). 
It is to be noted that the coefficients of elasticity for the two periods of 
contraction following stage VI are much greater than the nonfficient 
of elasticity for tho correspond in g periods of InisinoHs expansion. When 
contraction is well under way, quantity is relatively more responsive 
and billet prices aro relatively le&s responsive Ilian tliey are in corre- 


TAnr.E i 

COEFFICJENTB OF ELASTICITY OF 8TEEI, INOOT PIlOnUCTION AND 
FEEXmiLlTY OF STEEL lULLET I'BICEB IN TEN 
nUBlNEBS CYCLF.8. 1000-38 
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flponcling periods of bueinesa expansion. In all interstage periods except 
the terminal stage of recession the cooflicicnls of elasticity exceed unity 
and the coefficients of price flexibility fall below unity. Only between 
reference cyclo stages VIII and IX la the elasticity of oulinit Ic.ss tlian 
unity. The influence of recovery is reflected thus early in tlic retarded 
decline of physical output. Prices, however, continue to drop at a rate 
exceeding that prevailing during tlio first stage of contraction. Except 
for this one period, therefore, steel ingot production is chusiic, positively 
(positively beenuse the movements of production and price are in the 
flame direction), and the prices of steel billets are inflcxiljlo, po-sitivoly. 

The patterns of related price-quantity behavior represented in Fig- 
ures 1 and 2 are quite consistent over tlio period covered by tho ])resont 
records. Those for nine of tho ten cycles are of tlio typo represented 
by Figure 2, marked by price and quantity incrcasoH during gimoral 
business expansions, price and quantity declines during general buHinoss 
contractions. Only for one of tho ten cycles— that of 102d-27— is tlio 
pattern different. In this cycle wo have prices declining during the 
phase of reference expansion instead of increasing, os in tho nine other 
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cycles covered. Meafiures of conformity and variance tests indicate 
that the pattern of average behavior represented in Figure 2 is clearly 
significant. 

A quite different pattern of cyclical behavior is represented by meas- 
urementa of the price of raw cotton and the quantity of cotton exports 
(Table 3 and Figure 3). These again relate to stages of cycles in business 
at large. The general relationship is clearly inverse. Unit prices con- 
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form to the cycle, rising during the phase of general business expansion 
between reference cycle stages I and V (prices rise, in fact, with a slight 
lag, starting after stage II), and falling during business contraction 
(between reference cycle stages V and IX). These are, of course, prices 
in the United States; they reflect the cyclical pressures present in 
domestic markets. The pattern of quantity movements reverses the 
cyclical tides (except during two interstage periods), declining during 
business expansion and rising during business contraction. Here, it is 
reasonable to Eissume, we have something approaching the short-term 
market relationships of conventional theory. The volume of cotton 
exports is strongly influenced by business conditions abroad and by 
cotton prices in American markets. Foreign business cycles are not 
synchronous with United States cycles and, indeed, differ from country 
to country. In the reference frame here set up, therefore, the influence of 
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foreign Luainess conditions ia variable, if not erratic; the one pcrsiatcnt 
force affecting the quantity of exports is the cuatomnry stiinulating 
influence of falling prices upon demand, the euatomary depreasing 
influence of rising prices. Accordingly, willi avernges covering many 
domestic oyclea, the volume of cotton exports lends to be an inverse 
function of prices in the United States. This ia llic cose for the present 
set of observations, 

TABMl 8 

AVEnAOEB DEPININO TUB nBFRnBNCE GYCl.R PATTEUNB OP COTTON 
EXPOnTB AND COTTON PU1CE8 IN 8KVENTH13N 
nUBINESS CVCLEB, 1870-103&* 
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Measuroa of elaabicity and flexibility arc given in Part B of Tabic 3. 
The phase measures are nearly idcnlicnh The elasticity of foreign de- 
mand for Amorienn cotton, within the frame^vork of clomesLic buflincss 
cycles, is naeaaiircd by a cocflicicnt of ^0,00. All but one of the inter- 
stage elasticity measures arc negative; six of tho eight arc nogalivo and 
TUfTnericAlly in oxcese of unity, 

The cyclical behavior of cotton exports and raw cotton prices is 
distinctly less consistent than is that of steel production and unit price, 
Tho patterns for the eeventeen reference cycles, viewed BO])avaLoly, 
show considerable variation, Of the seventeen, six arc of the same typo 
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aa the average pattern plotted in Figure 3. They nre marked by prices 
that move with the general cyclical tide and by exports that move in- 
versely to that tide. The other eleven patterns differ widely in their 
cliaracteristi Gs. Tests of statistical significance indicate that raw cot- 
ton prices conform to the patterns of reference cycles in business, but 

Fioube 3 ' 

Pattern of Raw Cotton Exports and Raw Cotton Prices 
In Seventeen Business Cycles, 1870-1936 

Averaged by rdferonce cyck stages 

Pries 



that cotton exports do not move in a clearly significant pattern. The 
most common pattern is that corresponding to the average shown in 
Figure 3, but there is too much variation to justify the acceptance of 
this pattern aa clearly typical. 

Measures similar to those given in Table 1 have been computed for 
64 commodities.’^ Combining the observations for these individual cona- 

» Those moflsuroa, nnd tlio nnnlyllcal procedures employed, nro doeoribed In a monoBmph on Pn'cc- 
Quantity Interactions in Business Cyclea (NaLlonnl Durcfiu ol Economio Reflourch, 1040). The para- 
grapliBof Lbe loxtlmmedinlolyfoUawliigAre from this study. 

The sample of 04 comniodi ties ifl reasonably comp rolionalva. Itinoludca32rnwniateriol8, 32 munu- 
turod goods; 33 farm produota, 31 nonfarm products i 48 producer goods, 22 consumer goods (inoluding 
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moditiea wc obtain measures doscriplive of tlie nverngc bohavior of 
physical quantities and commodity prices at wholesale (luring cycles 
in general business. This nverngc pattern, ns defined by the entries in 
Table 4, Part A, is shown graphically in Figure 4. This nggregntivo 
picture, it is clear, is one of poaitivo conformity of both prices and 
quantities to business cycles, In Hub framework general cyclical forces 
shape the fluctuations of both prices nnrl (|uuiililie.s, overcoming any 
tendencies that may exist toward inverse inovcmenls. 
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Our immediato interest is in the velativo rcRponsivono.^’H of llio prico 
and quantity factors to the forces of biisinefiR cyclcfl. Over llu* full tiyolc 
(see the last entry in Part B, Table 4) there ie little difference l)cUvecii 
the two, for the sample of commodities here Bludicd. By convc^nlioUj 
we should classify the quantity movemonta as elastic (poaiLivel}Oj the 
price movementa aa inflexible (poai lively), since the coeffieient e is 
greater than unity while / is Icssi than unity. But the cliffin-oiicc^ in too 
small to be significant. 
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If we go behind the approximate equality of the price and quantity 
measures for the full cycle we find notable differences in behavior from 
phase to phase and from stage to stage of reference cycles. The phase 

FjdUIIE ^ 

Pattern of Related Price-Quantity Moveimenta In Busineas Cycled 
64 CornmodUles 

Averages by rfiferonce cycle slages 



coefficients tell an illuminating story of related quantity and price 
changes in business cycles. During periods of general business expan- 
sion physical volume increases 1.25 per cent for every 1 per cent rise 
in price. During contractions commodity prices decline 1.23 per cent 
for every 1 per cent fall in physical volume. We shall find wide differ- 
ences among commodity groups in the cbrrelated behavior of quantity 
and price, but for the aggregate of commodities here studied quantity 
is elEistio, positively, in response to the stimulations of expansion, and 
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unit pricca arc flexible, poailivcly, under llie preaHiirow of conlrnclion, 
We trace these relations more closely in the inesifivjres for interstage 
periods. Quantities are clastic, relatively, in three of the four interslago 
periods of expanaion (in perio<l II-IH alone are prices more rcaponsivo 
than quantities to cyclical pressure b),. inelastic in thn-n of the four in- 
terstage periods of contraction (in periotl V-VI alone are (pmulitios 
more rcaponsivc than prices to cyclical prewniros). All the interslago 
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measures are positive (indicating direct relations holwcon price and 
quantity changes) except that for llio Icrininol period of contraction 
(VIII-IX). At this final stage prices arc declining und quniitilics in- 
creasing,* but the incroaflc in quantity is relatively loss rapid than the 
decline in price, and the coellicient e is below unity. 

Tho coefficients for tho eight intemtage periods sliow u (liKtinct and 
auggestivo pattern of change. Following the decline in tlic elnslicity of 
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quantities after stage II, there is a progressive increase in the stage 
elasticity of physical quantities (and a corresponding progressive de- 
cline in the flexibility of unit prices) between periods II-III and V-VI 
of reference cycles. We may think of these two factors as representing 
alternative means by which markets respond to and adapt themselves 
to the pressures of rising demand during business expansion, of declin- 
ing demand during contraction. After the reversal of the second period, 

FlQVflC & 

PaMarn of Factory Employment and Hourly Earnings 
In Four Business Cycles, 1921-1938 

Averages by reference cycle stages 

Hourly earnlnya 



accommodation, is ejected in increasing degree through physical out- 
put. Prices become decreasingly flexible, relative to quantities. There 
is a sharp contrast indeed between the situation prevailing between 
stages ir and III, when pi-ioes advance 1.46 per cent for every 1 per 
cent rise in quantity, and that in the final period of reference expansion 
(IV-V) when prices advance only 0.68 per cent for every 1 per cent 
rise in quantity. These growing strictures on prices, relative to the 
forces affecting output and sales, are a notable feature of the present 
evidence bearing on the later stages of business expansion. 

In the first period of contraction (V-VI) quantities drop sharply, 
while prices decline but slightly. Thereafter the record is the opposite 
of that for expansion. There is a pronounced and progressive decline 
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in the cliwlicity of quantities (and a progressive increase in the flexi- 
bility of unit prices). Quantity falls at a declining rate, relatively to 
prieea; prices decline at accelerating rates, relativeiy to quantities. 
Betvtocn stages Y and VI prices decline 0.43 per cent for evcjy 1 per 
cent fall in quantities; between stages VII and VIII average unit prices 
fall 1.46 per cent for every 1 per cent fall in quanlilies. As general con- 
traction spreads, ond pcrvarles the economy^ rcsiHlnnceH to continuing 
reductions in physical quantity aro stronger, relatively, than the re- 
sistances to continuing price declines. For the sumjdc of comincxiitios 
hero rcproHcnled price is disUnetly the more responsive factor, in all 
except tlio flist period of business contraction. 

We deni, finally, in the rcforcnco cycle framework, with the volume 
of factory employment and average hourly earnings of factory workeis. 
For these series wo have oliservalions covering four reference cycles 
between 1621 and 1638.* Rcrercncc cycle relatives, averaged by cyclical 
stages, are given in Table 6 together with derived measures of the elas- 
ticity of factory employment and the flexibility of hourly earnings. The 
joint behavior pattern is plotted in Figure 6. 

Employment is, of course, relatively more responsive to cyclical 
pressures than arc hourly earnings. For tho full cycle the elasticity of 
cDiploymont is defined by a coelflcient of -)-3.32. For every change of 
1 per cent in earnings there is a concurrent change, in tho same direc- 
tion, of 3,32 per cent in the number of workers employed. Tho expan- 
sion and contraction phases differ materially, however. The elasticity 
of employment averages -f-1.80 during periods of business expansion, 
-}-6.l2 during contractions. In both phases the volume of employment 
is more responsive than earnings to tho forces of business cycles, but 
during contraction the relative change in employment is sharply ac- 
centuated. The comparative inflexibility of average hourly earnings in 
contrnction accounts for tho difference, since the amplitude of employ- 
ment movements is the same in the two phases. 

The pattern of interstage changes is revealing. Wo note the relative 
elasticity of employment, the relative stability of earnings as general 
business expansion gets under way. Tlic employment fncLor remains 
elastic, and hourly earnings relatively inflexible, through stage lY. 
The pressures of rising demand for labor are met, during most of the 
expansion plioso, by sharp advances in tho number omi)loyed, by 

« Monfiurcmonlfl doaorlpilvo of tho joint oyfllioAl babnvlor oT omploymonl itntl hourly onrnIneH in 
thoflQ four oydofl may not bo Kenoralizcd without nddlllonAl ovldonco., Tho period covered I& abort, nnij 
it Ifl known ilit^tapooiitl elrcumainncoii Innuonecd iho rclallona In duoflllon durlnR Milo period. Wo may 
note, however, thnt cuBlomary etatlalloal loate Indionlo that tlio ovorngo oyollenl pattern of employ* 
msnt ehnneea Ib BlgQldoiint; hourly «nrninga ahow hiHli uonformHy lor Iho pliquB of oxpjiiulon nnd for 
the full oyoloj. but thero is no oloar evidonco of olgrilHoanoe. 
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email advancea in hourly earnings. But in the terminal period of expan- 
sion (between stages IV and V) the flexibility of earnings exceeds unity, 
while the elasticity of employment is less than unity. In the first stage 
of contraction the coefficients are negative, reflecting the persistence of 
advances in hourly earnings, although volume of employment has 
started to drop. The resistance of earnings to downward pressures is 
manifest in a flexibility measure close to zero for interstage period 
VI-VII. Thereafter, during the two remaining periods of business con- 
traction, the coefficients of flexibility are positive (i.e., hourly earnings 
decline ns employment falls), but they remain well below unity. Hourly 
earnings are far less responsive to the forces of business contraction 
than to the forces of expansion. 


IV 

Measures of elasticity and flexibility relating to movements in the 
framework of biisinoss cycles have specialized meaning and uses. The 
relatives on which they rest do not, in moat cases, reflect the full cyclical 
swings of the two factors, for tlie imposition of a standard reference 
frame will dampen or eliminate price or quantity fluctuations not syn- 
chronized with cycles in general business. To supplement the reference 
cycle record the fluctuations of commodity prices must be studied 
within a frame provided by specific cycles in the corresponding physical 
quantity series, and the fluctuations of physical quantities must be 
sluclied within a frame provided by specific cycles in prices. The three 
sets of records are needed to define cyclical market behavior. 

&j)ccijic cycles as frames of reference : Fleodbility of prices during specific 
cijcles in quaniities. Between 1865 and 1937 seventeen specific cycles 
in the physical volume of hog receipts at Chicago may be identified. 
In the present analysis of this series, and in the related study of hog 
prices, the reference frame is provided by the cyclical turning points 
(i.e., the lows and highs) in the series of hog receipts itself. Phases of 
expansion and contraction and cyclical stages (from I to IX) are 
identified with the series of hog receipts, not with cycles in business at 
large. For some commodities, of course, specific cycles may coincide 
with or closely approach general reference cycles. Specific cycles in 
hog receipts do not conform to reference cycles.^^ 

Stage moasuromenta for hog prices and hog receipts, within the 
specific cycle frameworkdor hog receipts, are given in Table 6 and are 
plotted in Figure 6. These are averages for seventeen specific cycles, 

Tho Jndoi of conformity la — 10, on a flonlo runa from — 100 to +100. Itia not Blgniflcantly 

difTerentfromO, ivMoU would reprefient no conformity, direct or invorw. 
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Conformity and variance tests indicate that the pattern of price 
cliangea, witliin this framework, is KiKnilicnnt. The general picture is 
of an inverae rclnlioiiHliip, willi jiricoH falling ns receipts increase and 
rising oh receipts, diminish. In fitting the price gcricH into the (luaiitity 
framework we arc giving tlie quantity scries an independent aliUuH. We 
arc, in effect, setting up the hypothoHis that price is a function of 
quantity. 

taule 6 

AvnaAOEs nEi'iNiNo THE rATTEnH or iioo aiicuiPTa in seventeen 

SPECIFIC CYCLES AND THE PATTEnN OF IIOO PniCES IN 
THE qUAHTITV’ FKAMEWOUK. JMIl-1037* 


A. Qingo Averngen 


(Cyclo rolftUvoa, quAnlUy frninfiwnrk) 
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13. CooQlolonU of HckibllUy of PrlcMi In Quanllly Vramowork 







BUjto Measures 
InterstoRO Period 




I- 


llt- 

IV- 

V- 

vi- 

VII- 

VIII- 

n 

111 

IV 

V 

VI 

va 

VI a 

IX 

Floilbillly -0.85 

-0.00 

0 

0 

-0.47 

-2.08 

-0.18 

-0.37 


FhuM MoAfluroa 

KipnnaEon ConUAoUon 


Full Cyolo MonBure 


PiQsiblUty -0.40 -0.05 


-0.60 


* Tho qunnilty aorlea doflnoa hog rooolpla nl ClileagOp by nutnbor, Pricoa nro for haavy lioga at 
CltlcoRO, In 100 pound u.QlLa. 

Stage and phase meosurog of the floxibility of hog prices, in rosponsc 
to cyclical changes in hog receipta, arc given in Part B of Talkie G. The 
coefficient for the full cycle is —0.50; tho geparato phaao meagiiroa for 

Tbia InvolvoB llio assumplion llml, witbin Lho frnmowork of Bpecido cycles In quitnlillea, cnu«i\l 
Tolallona run from cbnnRCB In liog roccipls to cIinngcB In prlcos, IX lho qunntily ooricn confoi-mcd clnscly 
to roferonca cyoloa tho injluonco upon prices of apod Ha vnrjnUoiis In qunnliliee would bo iiKliBLinguinli- 
abla from Ihoinflucnco of cyolicnl forces nllftrgo. Bui wlion tlio Bpocifio qunnlliy cycles nro nppnrcnlly 
unrohtod to rofcronca oyolea, ns in lho prcaonl enno, llio nasuinptlon ilinl price clmuRcs within tlio 
qiiftntlly /rainoworlc roneot tho inlluenco of qunntily clinnKOfl in more lonnblo. Mulunl inlcritcUon of 
pricoa nnd qunnlltlaa is not ruled out nml, il in undcralood, Ihoiiilluonco of ollior forces Is iiovcr rlcnrty 
ollininnUd, Ifowovor, Ilia procesa of AVcruKiiiRObsarvnLlonscovQrliig many tiunullty cycles flivr«upj)or- 
luiiily for llio uftaolting nnd cnnccllnllonof foroos not pcrflintonlly uporntliiK In llinlnparKlefrnmnwork. 

Tho hypallicBls llml pricoa nro liidopcndont, with qiitmllly nuotunllons plftylim n dopciuloiil rolo, 
onn bo (ostod by studying lho movumonls of Iiok rorcipta within n framework provided by speclfio 
oycloa In hog pricoa, (Tliia in done, for ftnollinr coinmodily, In Ibo example next following.) Rinco thoro 
ia slBnin43nnl aonfornilty of quivnliliofl wllhin Ilia price framowork tlicro ia no clear basis fur rclcctiug 
elUior hypolboals. This coiiolusion 1b conslalonl wilb Lho aasunipLIon that Ihoro Is mutual interaction 
of hog prjMB and hog receipts within lho proaonl cojiloil of aborL- and mcdlum-lerni market rola- 
lions. 
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expansion and contraction do not differ materially from this. In gen- 
eral, for every change of 1 per cent in the volume of hog receipts, dur- 
ing specific cycles in such receipts, there is an inverse change of about 
one-half of 1 per cent in prices. The interstage measurements indicate 
a fairly persistent pattern of price response to quantity changes, but 
one notable feature is to be remarked. The responsiveness of prices to 
increases in hog receipts ia relatively strong (although the coefificients 
remain below unity) between interstage periods I and III. Receipts 

riouae 6 

Pattern of Hog Receipts and Hog Prices 
In Seventeen Specific Cycles In Hog RecelptSj 1865-1937 


Averages by specific cycle stagesj quontUy framework 



continue to increase between stages III and V but prices do not de- 
cline. Whether this apparent drop in price flexibility represents acci- 
dents of sampling or a persistent economic characteristic of hog markets 
is a matter for investigation.^^ In the contraction phase of specific 
cycles in hog receipts, prices are most flexible during the first two peri- 
ods (between stages V and VII). When quantities decrease, ns when 
they increase, hog prices tend to move inversely, the tendency being 
strongest during the first stages of decline and advance. Thereafter, 
prices become less responsive to continued movements of quantities. 

Elaslicity of quanlitics during specific cycles in prices. Specific cycles in 


» Rocorda of price noxibllUy in rcBponao to ohangoe i n bog alaugUlor, oovering 14 apooifio oydea in 
tho olaughtor rcoordB, rovcal a similar sharp doolino in flexibility afLor slago III of tha exparuion plaeo. 
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prices may be used os a framework witliin which the Ijcliavior of pliysi- 
cal volume series may be slucliccl, just os quantity cycles proviiio a 
framework for the study of prices. A.s an example we slutly the pattern 
of lead ore shipments within a frame provided liy specific cycles in the 
pi'icea of lead ore. Measurements derived hy averiiginR data for eleven 
specific cycles in lead prices, between 1890 and 1938, are given in Table 
7 and are plotted in Figure 7. Coeflicieuls of llio elasticity of load sliip- 
mente, with rcferonco to lca<l prices, are given in Part 11 of Table 7, 

tamj: 7 

AVEIlAQEa DEFININQ TItE PATTEHN OP LEAD ORE PRIOICB IN ELEVEN 
SPECIFIC CYCLES AND THE PATTERN OP LEAD ORE SHIP- 
MEETS IN THE PIUCB FRAMEWOUK, I8Ba-103B* 


A. 8Ukd AmBKCA 
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Phn^e MoABuroii 





Eipanalon 

CouirAotlon 

Full Cycle MoJieure 

BlAAtlolly 

+1,20 

+1.02 


+1.U 



* Fjifio data rolnto lo Lba Now York markoi. Tho quanilly Bcrl&B moAduro shipmojilB In ilto Joplin 
DIairiol. 


Wo should first note that tho framework provided by Rpccific cyclca 
ia lead prices docs not differ greatly from the general framework of ref- 
erence cycles, for lead prices conform fairly well to general Inisincss 
cycles. Since the two frameworks are so nearly synchronous wo arc 
not able to disentangle the influence of price changes upon lead sliip- 
ments from the influence of general cyclical forces. Accordingly, al- 
though tlioro is n temptation to interpret the relations shown in Figure 
7 as those characteristic of a conventional supply function, it wotild be 
unsafe to do so. Tho consistent rise in load flhipments as lead prices riso 
and tlio consistent decline in shipments as prices fall may Im in part a 
reflection of a causal relationship running from prices to shipments. 

II Th4 Jnd^x oODformlly for ihfi full oyola !■ 
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It may also reflect the pressure of common forces, related to cycles in 
business at largo, impinging upon both shipments and prices.’* 

The response of lead ore shipments to price changes is mcEiaured by 
a coefficient of full cycle elasticity of +1-11' The phase coefficient for 
expansion is somewhat higher than contraction, but both 

Floii.fic 7 

Pattern of Prices and Shipments of Lead Ore 
In Eleven Specific Cycles In Lead Ore Prices^ 1096- 1930 

Averages by specific cycle stages, price frAmework 

Price 



exceed unity. The stage coefficients indicate high elasticity of quantities 
in the first period of expansion and in the first period of contraction, 
with sharp declines in elasticity in the intermediate stages of expansion 
and contraction. 

V 

Elasticity and flexibility during homogeneous secular periods, We pass 
to relationships between secular movements of economic series. Here 
wo do not seek recurring patterns, as we do in studying cyclical phe- 

AUlioupfh wo OAnnot Bopnrnlo tho two aota ol InfluonccB In iKia oneo, wo Bhould note Ihntloixd 
flhlpmqnU con/om moro olofloly to apooiflo cyolca in loud pricoa than they do to oyalcs in goncrul 
bualnesa. The two conformity indoioa aro +100 nnd -1-04, rcepootivoly, tho former baing highly eigmO- 
oont, Lho latter algniricanb. The variance test rconforcca thia oWdonco, Thcro la an Indlo&Uon hero that 
the rolallons shown in Figuro 7 roproaont reaponaea of quantitlea to indopondent prioo olianBoa, although 
Lhoao movoniontA nrp pot iaolfttod from oyolloal movomontB lu buBincBS at largo. 
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nomcna, but rcpfularity that is mnnifi-at in a perniiiLeat inlcr-cycle re- 
lationship. In Table 8 are given cycle averages for ngricullurnl jirodiic- 
iiou in the United Slates for the seven businc.fs cycles occurring be- 
tween 1911 and 1038, and ral’^w of the jmeeH received by farmers to 
prices paid by farinora for goolls used in farm pro<lucliO[L and family 
maintonnncG, averaged for the same seven cycles. TIk'ho averages are 

TAUI.B & 

VOLUME 01' AOIllCOLTUUAt. rUMOlICTION ANt) UATIO 01' I'llIOEH 


llECBlVEr) IlY l-'AnMIcnH TO rniCEH 1*AI» HV t'AIl.MEIlK* 

AVEilAaEa IlY llEFEUKNCE CVai.EB. 10 ll-,ia 

tlcfnrcncQ Cycle 
Terminal DnlCA 
(nnitUDl) 

AftriciiHurAl 

Froduellout 

JInllo of Trie ell Rcc^jlvcd 
liy Farm ere lo IVicea 

Fftltl by Frtrmerisi 


(Cycle nvernffe) 
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60.7 

10G.4 

1010-21 
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OB.O 

]021-2'1 

Dl.B 

82.2 
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03,0 

BB.3 

1027-32 

OD.Q 

7B.fi 

1032-36 

00.0 

70,0 


* Diilft from tho UiiUc<t Slfttoa Duronu of AgHoulluml Kconomlca. 
I RolftlivcB on Uto bMo lOOlV'SO. 
t IlulQllvofl on llio Urbq Auguni lOOO-July 1DU» 


plotted, on double logarithmic scale, in Figure 8. The averag rolac- 
Uonship between the price ratios and the production series is clefined 
by the straight line fitted to the observations plotted in Figure 8, 
The equation to the line is log F==4:,8051 — 1.4995 log X, where log 
Y and log X are, rcspcotivoly, the logarithms of the price ratios and the 
production indoxca. 

The measure of immediate interest to us is the coefficient of log X 
in the above equation, This defines the inter-cycle flexibility of agri- 
cultural prices (“real” prices, in the sense that the ratio of prices re- 
ceived to prices paid defines avemge unit purchasing j^ower of farm 
products).^® We interpret the coefficient, which hna a value of —1,50, 
in this manner; Inter-cyclo relations between farm outjnit and fann 
prices were such, over the course of the seven cycles occurring between 
1011 and 1938, that for every incrense of 1 per cent in the volume of 
agricultural production there was a decline of 1.50 per cent in tli(^ real 
unit price of farm products. Real farm prices, that in, were flexibh^, 
inversely, in response to changes in farm output, 

rfx V I 
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Thia relationship prevailed, with notable persistence, over the period 
of the present records. There were temporary departures from it but 
it is clear from the graphic record that between 1911 and 1938 rising 
output was accompanied, secularly, by still more sharply declining real 


FiogRi B 

Volume of Agricultural production and 'Real' Prices 
Received by Ftirmere over a Period of Seven Buslnees CycleB 
1911-1938 

Averages by ret^r^nce cycles 
Logarllhm of relQllve farm price 



prices for farm products. The story for recent years is, of course, dif- 
ferent, and the record prior to 1911 was marked by other relationships. 
But for about a quarter century a persistent negative relationship 
prevailed between farm output and unit puicliaaiiig power, and set its 
mark upon the economic and social conditions of our time. 

A final example involves the comparison of inter-cycle movements 
of secular changes) in the volume of manufacturing employment 
in the United States and output per wage earner in manufacturing 
plants (Table 9). The data are presented graphically in Figure 9, 
which is drawn on double logarithmic scale. In thia case we are not 
dealing with unit pricee and physical quantities, but the relations in- 
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volved lend tliomsclves to definition by coeffiniento of clnalicity and 
flexibility of the typo employed in preceding oxamplca. 

Tbo secuiar relations between volume of employment in mnmifac- 
tuving indiistrioB and output per wngo earner underwent n marked 
change at about tlie middle of the imriwi here covered. Tho nverngeji of 
employment and pi'o<luclivily arc positively reliile<l for the fimt five 
of the business eyeftw occurring since the turn of the century. The ccpia- 
liou of rclnlionship is log —1.344 H’l.OflfiS log X, where log Y 


TAniX 0 

MANOPACTUniNO EMPIXYMENT AND OUTPUT PER WAGE EAllNEn 
IN THE UNITED STATES* 

AVERAOES BY REFERENCE CYCLES, 1000-38 
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188.0 
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* DrU from Solomoa FabrifrAOti EjnjAoyment in Mnnu/adurinQ, ISDO'-IOSO (KrUodrI BureAu of 
F^odnomlo Roeoaroli, 1042). 

t JloUUvoAOntliQbaMlOOO. 


and log X are, rospectivoly, logarithms of the indexo.s of employment 
and per capita output. For the six cycles between 1914-10 ami 1032-38 
(the 1914-19 cycle, which marks a stage of apparent transition, is 
included in both seta of calculations) the relationship is negative. The 
equation is log Y =2.7700—0.2400 log X. 

The inter-cyclo elasticity of employment, with respect to changes 
in per capita pioductivity in mnnufacUu'ing industries, was +1.09 for 
the cycles from 1000-04 to 1014-19, —0,25 for the cycles from 1014- 
19 to 1932-38, That is, during tho first of theso periods there was a 
secular increase of 1.09 per cent in volume of manufacturing employ- 
ment for every advance of 1 per cent in per capita productivity ; aflcv 
1914-10 there was a secular decline of 0.25 per cent in employment for 
every advance of 1 per cent In per capita productivity, Tliis is a.notablo 
reversal indeed. Advancing productivity was accompanied by in- 
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creasing employment opportunities in manufacturing during the first 
two decades of this century. During the second two decades produc- 
tivity continued to advance, but employment declined. It is time, of 
course, that the persistent depression of the '30’s leaves a marked 

Fioure 9 

Manufacturing Employment and Output per Wage Earner 

over a Period of Ten Business CycleSj 1900^1938 

: 

Averages by reference cycles 

Logarithm of relallve erpptoymant 



irapresa on the cycle averages, bxit the reversal of earlier relationships 
Bcema to antedate the recession that began in 1929.^® 


** Such n bnro doaorlpllvo Btatomont its fa provided by u coofliolDnfc of employment clftatlcfLy with 
roapootf to ono rolrtlccl vftrlnblo docs not, of courao, provide tin DxplanDtion of tho revoraal wo have noted. 
ClimigCB In tliQ diroolioii nnd volume of invcalraont, tho iiiorctisinB importnneo of servlco industriOB, 
altoralioriH In Interna lionn.1 oeonomio rotations all influenced, directly or Indlraotlyi tho volume of em- 
ployment In inanufncturiiiK in tho United Stotos. Uoyondsucli Bpeoifio oircumatancoa, some pert of the 
oznlannllpn of tlio abrupt ahifL in earlier londonoioB, cind of tho lalluro of manufaolurijiB employmont 
to advnncQ aa Industrial ofllclcnoy Inoroaaod, Is to be sought In tho working of the wage-coat-prlco 
mechanisms by which wo adapt thouao of roaourcoa to chnnslng condltlonaof production and to Bhilts 
In demand. 
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Summar]/. In Ihc study of demand and price relations ompliasis liaa 
been placed, tradilionolly, on the qucslion: Wlial is the elasticity of 
demand (for a given commodity) with reforeiiee to changes in unit 
prices when no change occurs in any factor other than price tlml might 
affect the character of dcniond? In the iinwnl paper wc have been con- 
cerned ^vilh such qucHtions iW tbcHc: Is tpianlily (of a given comnunlily) 
clastic or inelastic with reforeiice to inovmneuls of unit priites within 
business cycles? Is quantity elastic or inelastic with refenmee to the 
trcrifl of prices within relatively homogeneous scculor pcriotls? Similar 
questions might relate to the elasticity of quantities with reference to 
seasonal movements of prices, movemcnls of jiriccs within long cycles, 
hour-to-hour movements of prices, or year-to-year movcinonls of 
prices. In dealing with these questions wo tlolibenilcly introduce the 
factor of time, making no attempt to eliminate or liold constant llio 
various forces other than tliaso of volume and ])rice tlmt piny upon the 
market. Wc seek to measure the dilTercnlinl responsivciieHS of the quan- 
tity and price factors to the various impinging forces that operate 
within a given temporal framework. In each case the meaning of the 
coefRcicnt of quantity clusliclty (or of the correlative measure of |)ricc 
floxihility) will bo determined by the framework within which the 
price-quantity interactions arc studied. The severftl cocfTieient.M for a 
given commodity may vary widely in value from framework to frame- 
work. (Thus the comvunption of a given commodity may be imdiwtic 
within a seasonal framework, clastic within a framework of business 
cycles, inelastic with respect to secular changes in unit prices.) 

The examples given in the present paper have related, in ll)o main, 
to quantities and prices, but measurements of tho typo suggested may 
bo derived for any pair of series whose interaction in a temporal franre- 
work is of economic significance. The unit selling prices of manufac- 
tured goods nnd the labor cost of such goods, per unit, may constitute 
such a pair. The elasticity of physical output with reference to changes 
in labor costa per unit, nnd the flexibility of labor costs with icfcrcncc 
to changes in output, may be of interest. Tho relative rcHponRivcnc.ss 
(to cyclical forces, o.g,) of the prices of a given commodity at difforcut 
distributive stages may be defined by cocfTicients of floxil)iUty (price 
flexibility at one stage being measured with reforonco to price eliangcs 
at another stage). 

Coeflicients of tho typo cited are of limited significance unless they 
define persistent rcgularitieB in economic processes, There may bo 
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pcraiatence of correlated rhythms of prices and quantities in their 
cyclical or seasonal movements; there may be persistence of trend rela- 
tions during an extended period. When the existence of continuing 
uniformities of behavior can be established, appropriately designated 
cocfficionts of elasticity and flexibility can serve a highly useful pur- 
pose in the study of economic processes. 



PRESENTING SEASONAL VAUIATION TO TIIPI 
BUSINESS EXECUTIVE 


AkAN B. Donnaiiui; 

C/tftmber oj ComnxcTCti Uichiiwnd, I'l’rj^inm 

In prc.Himlinft Ihu rcmiUA of llicir nnnlyNitti liUfiinnAH nlAlia- 
licinne Imvo foiled to reoeli (liufiill undcrAlniidinK of il)o over- 
ago htiRincfls csccuUvc. Ev«u with Rucit a relulivcly aimplo 
conrepL ii!) RciuKitinl vorinlioDi tlio (radilicniol forms of prescu- 
totion inoy be greolly improved ond clnrified. 

S TATiaTiCAL nnalysiH is o. mysterious siiltject to the ftvorngc! husi- 
ncRa oxeculivfi. To tho extent llial resiiUs of such Analysis arc 
mysterious, they are inaffocUve. To Die sumo extent, Die iiusinnsa 
Blaiistician liiui failed in liis job. 

Afl a rcsponsiblo fitnfT nieinbcr, llio slalislieiun ahoiilil enjoy llio full 
trust of his associates. But trust must be (liHlinffiii.‘*li(!fl from credulity, 
wliicli is defined as “belief on sligiit or uncerluin eviduneo," If Ibe husi- 
nees executive docs not understand tlic sLulislical ix'suUs presented, 
they definitely represent Mwcorfain evidence to liiin, no nialler what Ids 
faith in the Btalistician, 

An excellent example may bo found in one of tlio simjileflt of all 
statistical operations; adjustment for Bcasonul variation. This is n 
subject wiDi wiiich Die business executive i.s inliinately acquainted, 
and yet lie is often mystified by the manner in wJiich it is presented by 
statisticians, 


TliADITIONAL FORMS OP PJIEBRNTATION 

A brief example will show why the Btalislicion has failed in his 
presentation of this relatively simple subject. Sales of a hypotlielicnl 
department store arc shown in Table 1. Traditional mcliiodfl of pre- 
senting these data, including the adjuslcil dollar total and index num- 
bers on a fixed base, arc shown in Table 2. Neither method will ho 
clear to tho average business executive. 

While ho may have some skclcliy grasp of the concept, tho ndjuslcd 
dollar figures will make little senso to the departmont store inanagor. 
He knows very well that his December volume is greatly in excess of 
his September volume. Ho must plan his stock and personnel in precise 
. accord with this diffcronco. To show these at the same general level 
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is to violate his most basic standards of belief. The index data are 
even more abstract and difficult to reconcile with his everyday knowl- 
edge of sales volume in dollars and cents. 

If any statistician doubts that the average executive is confused by 
this type of presentation, he may carry out a simple experiment 
with any of the gi’oup at hand. Upon seeing such a report, the odds 
are very great that the excutive will continue his old habit of compar- 
ing a given month with the same month of the preceding year. This is 
his own tried and true method of eliminating seasonal variation and 
ha will not discard it lightly. He naturally arrives at the same result ns 
with unadjusted data. The whole process of adjustment has been worse 
tlmn useless by adding confusion, but no accuracy, to the usual simple 
procedure. 

When ho compares a given month with the same month of a preced- 
ing year, the executive realizes that his result is a mixture of unusual 
conditions that may have prevailed in both periods. While his primary 
concern is with the current period, this simple method gives him a 
compound result of the two. It is the statistician ivho should separate 
these influences for individual analysis, but this he has failed to do in 
understandable terms, 


TABLE 1. BASIC DATA 

ECONOMY DEPARTMENT STORE SALES 
In Tliouaandfi oJ DoUara 


Moiilh 

Total Bnlee 

Bcnaonal 

Index 

1046 

lOlfl 

Jnn. 

761 


00 

Fob. 

m 


05 

Mar. 

060 


100 

Apr. 

1,107 


106 

Mny 

1,203 


no 

Juno 

1,200 


106 

July 

1,054 


00 

Auff. 

060 


85 

Bopt, 

853 


80 

Oob, 

067 


100 

Novi 

081 


no 

Doa. 

1|12(1 


ISO 

Yoiir 

12,000 

13,264 

100 
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TADEE 2, TIlAmTlOSAE l’OUM8 0»' I’RV'AEXTATlON 

ECONOMY DEPAnTME.ST STOni: 8AI.1M 
AdJ. (or li<>MK>niil V>rin<i>>ii 


Monlli 

Adjiuited Kal&.'t tii ThouAniitU of Dollnia 

Itidei: 1035 .30^100 

lDi5 


1045 

1040 

.. 

Jan. 

R.l'l 

1,102 

ino 

184 

Fob. 

BOB 

l,lU 

150 

185 

Mat. 


1,105 

15H 

184 

Apr. 

l.OM 

1,000 

I7fl 

183 

May 

I.Ml 

1,103 

182 

184 

June 

I, lit 

1,121 

102 

IH7 

July 

1,171 

1,122 

105 

187 

Aur. 

1,125 

1,107 

187 

181 

Bonl. 

l.DftO 

1,005 

178 

1H2 

Oct. 

057 

1,007 

150 

183 

Nov. 

802 

1,004 

140 

1H2 

Deo, 

m 

1,101 

144 

m 

Ytar 

1,005 

1,105 

1 U17 

184 


aUaOEBTBU FOIIM OF FiUoBBNTATION 

Ono solution to tlio proMcm will be found in Table 3, iiMing lliu Humc 
bypothelical data na before. Let im examine this preaenliilion i\h it 
would be explained to the exoculivo for whom it ia (leHiKned. 

Column 1, Actual dollar nalcs for 1046. This onora no dlfTicuUy. 

Column 2, Dollar flalcs for 1046 aa tlioy would have boon U diHlribulod m 
tbo UHUal fioaoonnl pattern. This ie cnfiily explained, 

Column 3, Actual dollar oaIga for 1040, which offer no dillicuUy. 

Column Ar Porcenlago ebaugo in actual dollar anlcB, Ibo UAunI form of 
analyfllA in buBinesfl. 

Column 6. Current year compared with i)rece(liiig year, in porconlago 
formi with unusual InduoncQS ironed out of tliolnltcr, and with floasonal in'* 
Quonco QxcUided ae well, 

The final column ia simply the seasonally adiuHted index of sales, 
with the preceding as the base year, in percentage rather than index 
form. There is no difference except in manner of presentation. The 
traditional form of presentation is mysterious. The form shown is 
simple, the mechanism is laid bare, and the meaning is clear. 

Our executive can readily iiiiderfitand, indeed he luis a very keen 
appreciation of the fact, that some inontlis in Iho preceding year 
were above or below that expected from Urn total volume of Halos for 
the year. The suggoated form of proseiiLalion ahows the exact extent of 
that deviation in simple fashion. 
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TABIiE 3. SUGGESTED FORM OF PRESENTATION 

ECONOMY DEPARTMENT STORE BALES 
In ThouBanda of Dollars 


Month 

1D46 

1040 

Actual 

Per Cent Change 

AoLunl 

Normal 

Actual 

Normal 

Jnn. 


000 


32.1 

10,2 

Fob. 

B53 

060 

1,066 

23,7 

11,1 

Mar, 

DfiO 


1,106 

10.3 

10.6 

Apr, 

1,107 

1,060 

1,164 

4,2 

0,0 

Mny 




.0 

10. a 

Juna 


1,060 

1,177 

- 2.0 

12.1 

July 

1,054 


1,010 

- 4.2 

12.2 

Aug, 

056 

860 

041 

- 1,0 

10,7 

SopL. 

853 


876 


0.6 

Ock. 

067 

1,000 

1,007 


0,7 

Nov. 

oai 

1,100 

1,203 


0.4 

Doo. 

1,126 

1,300 

1,431 



Ycnr 

12,000 

12,000 

13,264 

10.6 

10.6 


The executive ia dealing with familiar units in a familiar form. 
There are no abstract index numbers, no terms such as adjuded Jor 
seasonal variation with a connotation of mystery, 

Finally, ho can continue his usual practice of comparing similar 
periods in different years. This ia a process that he clearly under- 
stands and readily applies. But there is the vast difference that he can 
now see in quantitative terms exactly what is involved in this com- 
parison: unusual conditioas in the preceding as well as in the current 
period, 


SUMMARY 

To present results in a way that will be readily understood and usedj 
the business statistician must reorient his thinking in terms of the 
user. He must avoid abstract numbers and technical jargon. He must 
take full advantage of familiar forms of analysis in business, such as the 
comparison of similar periods in different years. 

Statisticians may well afford to give more thought to methods of 
presentation. What has been attempted here, with a relatively simple 
concept, should be extended to the more elaborate techniques. More 
lucid reporting is a real prerequisite to widespread adoption of sta- 
tistical research in bu.sinesB, a matter of interest to the entire statistical 
profession. 










SOME ATPI/IC/VriONS OF MULTIVARIATE ANALYSIS 
TO ECONOMIC DATA^ 

CKnilAIlD Tinthkii 
/0U‘a iSVaftf CoiUget Am&o^ /oira 

T nifl esfiay propoBCB to iiitnKUico tiui economic BtatiHtician to Homo 
of tho newor inclhocls of muUivttrintc tinalyjslH.* T)io cinplinfiiH will 
bo on molhotls of csliirintion nnd not on loHla of byiiolbcHOH, 'IVsls of 
BiBuificftnco will be iiitlicnlcd ivliore llicy luivc been wlnbliHlicxI. 

E 9 lvmfvUoi\ by menun of mnltivaTiato wuilysis jirewinlH ('.(frUun gen- 
ornlizfttioiis of Uio melliotlH of multiiilo reRrewinn, ns for inslunco pie- 
Bontctl in Ezekiel’s' book. Tbese nimlogies will be emphasized Inlor in 
tlio course of tho (llscnssion of Iho various procedure.^. Wo will deni 
only with the following methods: 

(1) DiRcriminnnt analysis; Here wo propo.so to detennino linear 
funotiona or “indexes” computed from vnriou.s mensiirablo clmrncloris- 
tica of certain data. Tho daln have been classified into two gronpa, 
Discriminftut analysis tries to establish linear functions of tlio clmrac' 
teriaticB which aro euch that they distingidsh most successfully be- 
tween these groiij)H. This method was invoiiLcd by It. A. Fisher. A lo.st 
of Bignlficanco utilizes carlior work of Ifarnid Ilolclliiig. 

(2) Principal components: Wo try to nnower tho following fiucstion: 
Is It possible to analyze a set of varlablea into a more ftmdninoiilal sot 
of components {“factors”) possibly fowor in number? Winch i)orlion 
of tho total variance can bo accounted foe by each component? Tho 
boat motbod in tins field is due to Ilavold Hotelling. 

(3) Canonical correlation: Aasumo wo have two sots of variables. 
How can wo dotonninc linear combinations (“indoxes”) of llio variables 
in each sot in such a fashion that the corrclnliun between the indexes 
booomos a maximum? This method is duo to Harold Hotelling. 

(4) Weighted regression : Assume that we have a set of variables all 
of which are subject to disturbances (“errors”). How can avc find a 
■weighted linear regression function which 'will give us the “best” csti- 
matcB of the weighted regression coeflicicuts? Thi.s method, evidently 
closely related to classical multiple regression aualyaia, is in its present 
form duo to Tjiilling Koopmens, It can also bo used to answer a (pies- 

> Tlio nuilior la luonlly obliged Ui hU ooUeoRUPs, Prol. W* O. Caabrftn, Noidlity d' llrowtUcft 
find A. M. Mooil for lialp find crllkimn ivUti ihiti pnpar. llo iRiilao very muHi Indrblod to Vr<»f. ll. lio* 
lollin/t (Columbin) ntid Uto following nicinliorB of lliq ComIcr Coininla)*lon (ClilriiKn)j J. MftrHt:bnk, 
T, KoopmnnB, U. Kloln nnd h. Ilurwkv. Joiirniil paper No. J-lJ)7flof Ibo Iowa AftrIcuUiiml Kiporl- 
monl Qlnlion, Amoa, IowAj Proloot No> 730. 

f A aummary of aomo of tlio moUiocla la glvon In: B. H, 'Wilka; iSfafuffc«, Prlnccloni 

J043, pp. 262 iJ. 

* MvBcQklqU Afftiliodi q/.CofrelatioTv Aiialymi 2nd od,, Now YorlCf IWl. 
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tion provioualy raised by Ragnar Frisch: How many linear relation' 
ehipg exist probably between the variablea (multicoHinearity)? 

In what follows we propose to discuss these methods briefly and with 
a uniform notation. We will try to avoid lengthy mathematical deduc- 
tions and presentation of numerical methods. These can easily be ob- 
tained in the literature which will be quoted below. No effort has been 
mado to give a complete survey of the literature. 

Some examples previously given by other authors will be summarized 
and new examples will also be presented. These examples are supposed 
to indicate the wide range of problems to which the methods can be 
applied. It should be remembered that these examples are only tento,- 
tive applications of the various methods and should be regarded merely 
as illustrations. It is to bo hoped that they will stimulate more exten- 
sive applications in the economic field. 

The data which we use in our examples are time series. But we have 
neglected almost entirely this particularity of the data and the difficul- 
ties connected with it.^ This introduces possibly some biases into the 
tests of significance because of the serial correlations® probably existing 
in the data, The problem of degrees of freedom in economic time series 
has been treated by H, T, Davis.® No use has been made of these and 
similar methods. Presence of serial correlation makes the estimates 
inefficient. But the loss of efficiency is not very considerable if the serial 
correlation is not too large, It should be remembered, however, that 
the tests of significance, where they are given, may be infiiienced by ex- 
isting serial correlation in the variables. 

Another obvious shortcoming of the methods presented below Is the 
fact that they all assume essentially linear relationships existing in the 
population corresponding to the sample. It is to be hoped that this dif- 
ficulty can bo overcome later and that analogous methods will be de- 
veloped to deal with nonlinear cases. We may, for instance, use squares, 
cross products and higher powers etc. of the variables. 

Notaiion. Throughout this paper wo will carry on our argument 
in terms of the sample, but always with the end in view to establish es- 
timates for the relationships existing in the population corresponding 
to the sample. 

Let Xu{i = 1, 2, ' • *, p, ^ = 1, 2, • ■ 2V) be a set of random variables. 

Tho observations in this sample correspond to a normally distributed 

‘ ScQ Q. Tliilncr: ‘‘Tlio Aiinlyaia of Eoonomia Time Series," Journal of the American Statistical 
Association^ Vol. 3fi, lOdO, pp, D3 ff, 

^ n. L. Aiidcrfit>n; “Distribution of Llio Bcrinl Coriclntion Coeffieiont," Ann ah of Mathamatical 
SlalislicBt Vol, 13, 1042, pp. 1 ff, 

" II, T, Davis; Aimfyaia of Economic Time Series, DlooTnliigton, Ind., 1041, pp. 176 IT. 
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muUivariftlc population. Wo nsflumo Uiftt cdch of Iho vnrlnblea 
■ ,X„ ha« been observed alA^ points fea 1, 2, • ■ • ,N, 

Denote by 

(1) (i “ 1,2, . ..,p) 

llie sam{)lc moRii« of tho p varmbicw. TJieii: 

(2) -Xi (i - 1. 2, ■ ' • , t - ‘ , N) 

arc ihc clcviatvonH fronv the meauH, Tho. mim of H<iuan‘H un^l products 
arc: 

N 

(3) Sii = XitXi, (i, j -= 1, 2, ■ > > , p); 

i-i 

and the sample vnriniicoa and covnrinnccs: 

(4) an « iSio/(Ar - 1) (t, i “ 1, 2, • • • , p). 

TJic sample eorrelaliou cooiricient l)ct\vcon X,- and X, is: 

(5) r„ = a.7/\/a7.a7/ O'. “ 1, 2, • • ■ , p). 

Finally the standardized variables, deviations from the sam|)le nioans 
expressed in terms of their standard deviation \/an ar<‘,; 

(C) zo = Xit/\/'^i O’ =■ 1, 2, • • • , p, t “ 1, 2, • • ■ , A^). 

S. Jiiscriviinaiil Analysis. The first method diKcussed here is the 
motiiod of discriininaiit funclions introduced into statistioH by 11. A. 
Fisher.’ 

The problem to bo solved is the following: Assume wc have a set of 
measurements of a number of variables wJiich are classified into two 
groups. Which linear combination of the various mea-suromonts will 
best discriminate between tlic two groups? 

Assume tlmt wo have N normally distributed observations on p vnri- 
ablcB Xi which wo denote by X,(. ( 2 = 1 , 2, • • • , 7 >, 1, 2, • ■ • U). 

Classify these into two groups for i= 1, 2, • • • , iVi and l=Ni+l, N\ 
+2, • • • , iV'i+Wi=iV. We define the means iu each Kvoup; 

Hi N 

(7) =i:Xv,/M,, ir= z Xn/N,. 

l-^l 1 

* R. A. I'^Bhor; ^Tlio Uag of MuUii>lo MooBuromoiiU In Toxonomlo Problqinn,' ^nnn/a 0 / livoema, 
Vol. 7, 1030, pp, 170 IT. Bqq nlao: "Tho BCnllBUoal UtllliALion of Mulliplo MoMuromouln,* ifiKf., Vol. S, 
IO3B, pp, 376 Sloftafrcal Methodi for H^uarch 8II1 cd., London 1041, flaollon 40.2, pp. 270 fit, 
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Let the differences of the means be : 

(8) di = ^** - :^* (i = 1, 2, . . . , p). 

We want to find the linear function of the differences of the means: 

(^) Z ~ kidi -\- k2di + . . • kpdp 

which discriminates most successfully between the two sets of varia- 
bles; this is to say whose square is a maximum relative to its variance. 
Maximizing the square of (9) under the condition that its variance is 
constant we get e.g. the following set of equations for the ki\ 

Snki 'j- Siikz + ' ' * + Sipkp = di 
, Snki + > 322^2 + ’ * ■ + Sipkp = di 


Sipki + Sipki + ■ ■ ' + Sppkp = dp 

The solutions kt are proportional to the estimates of the coefficients 
of the linear function which in the population corresponding to the 
sample discriminates best between the two groups in the sense defined 
above. The similarity of the system of equations (10) and the normal 
equations in multiple regression analysis should be noted. 

A test of significance has been indicated by R. A. Fisher which 
makes use of Hotelling^s generalized Student distribution.® This dis- 
tribution was already derived in 1931. Define a quantity analogous to 
the multiple correlation coefficient: 

(11) = NiNiikidi + V ■ -f kpdp)/N, 


Then the variance ratio 


( 12 ) 


{N - p - 1)R^ 


has Snedecor’s F distribution for ni = p and 7i2 = iV— p — 1 degrees of 
freedom. In this fashion we can test the hypothesis that the empirical 
discriminant function may have arisen out of pure chance, if in reality 
there is no difference at all between the variates in the two groups in 
the population. This test is also related to some work of the Indian 
school of statistics.® 


* II, llotallinfi: '*Tlio Gonornlisalion of GLudonU natio,” Annals of Matfiematicol Btatiaticsi Vol. 2. 
1031, pp. 300 fT, 

■ fico, e.g,, P, C. MRlialn-iiobla: ^On GonaraUzad Distance in BlaliaLlca,'* Proceeding of the National 
Inelitule of Science of India, Vol. 12, 1030, pp. 40 fl. H. C. Dosq and S. N. Boy: “The DlaUibubion of 
the StudenllEed D‘-BtaLiBliQ,’' jSanA:A|/a, Vol, 4, 1036, pp. ID (I. 



AMBniCAN STATlftTICAL ASSOCIATION 


47 B 

Example 1 

The method hna been applied in a most iiilcioating way by Mr. David 
Durand to financial data, He utilized it c.g. to discriininnlo between 
good and bad loans.*® 

Lot bo the down payment, Xj the price, Xi the moiilhly income 
(all in dollars) ntul Xt the lenKlli of the iroiilrnet in nuiiilhs. Then a 
linear function has been dclcM'hiincd which in n snniplo of 48>l good and 
486 bad loons, discriminnUss best between good and bod louiia: 

(13) Z =Xi- 0.174X, -I- 0.12-LY, - 0.45X«. 

This method may also be applied in order to classify various eco- 
nomic phenomena, h'or instance, n group of prices cidleil sciwiti vc ])riceB 
was frequently used in an attempt to niilicipiitc more Reiuiral price 
movements. The question if a given price should bo included into this 
group could be decided by finding a set of relevant mnasnroinenlH for 
each of a number of Bonsitivo and non-sonsilivo commodities and Ihon 
computing the linear combination of Iho mcaaurcmonlfl wbich dis- 
crimiDatca most sueccssfully between Aonsillvc niul nuti'Scnsitivo prices. 
This discriminant function can then bo used in order to cla.s,sify a given 
piico into ono or tho other of tho two groups, 

A Bunilar problem is tho class! fieation of pricoa Into prices of con- 
Bumova' goods and produocra’ goods which wo propose to illustrato by 
an oxainplo. 

Example !8 

Wo have tried to apply tho mclhods of discriminant analysis to tho 
follo^Ving problem: Is it possible to distinguish between the prices of 
producers' goods and tho prices of consuinem’ goods on the basis of 
certain mcaauroments connected with tlioir bclmvior during llio busi- 
naas cyoie? Wo are going to uso some dato collected earlier in n previous 
book of tho author.** Wo "ivill uso monthly English wholesale prices, 
taken from tlic period 18C0-I913. The seasonal and trend liavo been 
eliminated fvoin these series by n system of moving averages. 

Wo denote by tho median length of the cycle in months. Tliis is 
the median of all cycles in tho period, measured from minimum to mini- 
mum. 

Ya is tho median pcicontago of the durntiou of cyclically rising pricos 
^ relative to tlio total duration of tlio cycle. 

£/cir>«r|fi in Consumer Imtaltmtnl Ffnnricino, FlnnnrlAl neaenreU PrournWj 
InCouauroor TiMliUlmenl Finikuolnji No, S NAlionAlUuraity of Kcononilu Rtiaonrc^ii Now Yorki 
lOila PP. 125 a. 

« Q. TlnlfteTi PrtflflJ ^K 1^4 Trado Cf/ula, Vlonni, loafi, TaljJo 2, pp, UOff. 
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Xb is tho median cyclical amplitude expressed as percentage of the 
trend, 

Xi is the mean monthly rate of change in the cycle (percentage of 
trend per month). 

The fact that the various measurements are given in different units 
is irrelevant, since the discriminant function is invariant for linear 
transformations. Our result would not bo affected if e,g. Xi was given 
in years instead of months, 

Wg will try to construct a kind of "index” which will best discrimi- 
nate between consumers’ goods and producers’ goods on the basis of 
the measures of cyclical behavior indicated above. If we can do this, 
we would have a method which in a sense would measure most effi- 
ciently the "cyclical distance” between prices of various commodities. 

The linear discriminant function will be in our case: 

(14) Z - kiXi + A 3 X 2 + fcaXa + hXi. 


TABLE I 

CYCLICAL MEABUHEMENTS 


Prico 

X, 

X. 

X, 

Xt 

Z 



ConBuinors* Gooda 



nice 

72 

60 

8 

0.6 

0,186 

Tea 

05,5 

48 

16 

1,0 

0.224 

Sugar 

54 

67 

14 

1.0 

0,200 

Flour 

67 

60 

16 

0.0 

0.228 

Coffee 

44 

57 

14 

0.3 

0.183 

Poleloea 

41 

52 

18 

1,0 

0.207 

BuUcr 

84.5 

50 

4 

0.6 

0.008 

ChcCBQ 

34,6 

40 

8,5 

1.0 

0 . 12 a 

DcGf 

24 

54 

3 

1.2 

0,070 

Averngo 







48,011 

62.007 

11.060 

0.022 

0,170017 



Producers' Goods 



Onsoline 

67 

67 

12.5 

0.9 

0,104 

Load 

100 

64 

17 

0,5 

0,203 

Pig Iron 

100 

32 

10.6 

0.7 

0.283 

Copper 

00.5 

06 

20.6 

0.0 

0,315 

Zina 

70 

51 

18 

0.0 

0,206 

Tin 

78.5 

63 

18 

1.2 

0.260 

Bubber 

48 

60 

21 

1.6 

0,239 

Qulokellvor 

165 

44 

20.6 

1.4 

0.401 

Copper Bliocte 

B4 

04 

13 

0.8 

0.243 

Iron Darfl 

105 

35 

17 

1.8 

0.2DS 

Average 







00.30 

60.50 

17.4b 

1.07 

0.270083 

Qcnaral Average 






70.663 

61.620 

14.305 

1.000 

0.227871 

DJfTcrcnoc 







41.080 

-2 . 107 

0,344 

0.148 

0.100021 


H, Hotelling i “Bpaoea of BtutlqUoa ond thoir Mold bq lion,” Scianca, Vol, 47, 1028, pp. 140 ff. 
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This diacrimmant {vinclion should hccomo a maxhnv^m whilo ita 
varianco is constant. 

Wo have chosen 19 pricc-s, Tho vnriouN inea-HurcmcniH for the data 
aro indicated in Table 1, 

Tlio matrix of the sums of squarcu and products ooinpuled from tho 
data given above is presented in Table 2. 

TAlll.K 2 

KlIMH OF NOUAIU>l AND PtlOntTCtd 



At X, 

Xt 


Xy, 

18,382,460 -l.360.lHW 

l.ai, 1.410 

21.303 

X\ 

1,276.340 

-46.023 

-IB. 704 

Xi 


406.146 

16.349 

Xi 



3.400 

Only tiro elements above the diagonal arc given since 

t)io matrix ia 


Bj'mmctrieal. 

Tho system of equations to dolcrtniiio onr estimates fcf is taken from 
Table 2 and tho rfj from tho Inst line of the previous table: 

18,382.450*1 - l,350.9C0fc, -h 1,833.410*, + 21.303*i => 41.C89 

- 1,350.900*1 + 1,276.349*1 - 45.023*, ~ 18.791*4 » - 2.107 

1,833.410*1 - 45.023*1 + 495.146*, + 10.345*4 « 6.344 

21.393*1 - 18.704*1 + 16.346*, -I- 3.400*, => 0.148. 

Tho solutions aro indicated in the following linear cliscriminant funC' 
tions: 

(16) Z = O.OOlOOSXj + 0.000277 JCi + 0.000825 JT, + O.OO2II6X4. 

Tho meaning of tho function (10) is ns follows: If Z is larg(!r than nt 
tho general mean (0.227871), a commodity nlionld bo cln,ssifio(l as a 
producers' good, in tho opposito case ns a consumers’ good. Tho nverago 
Z for producers' goods is 0.279983 and for consumoi's’ goods 0.170017. 
Only one conBumors’ good (flour) and one producers’ good (gasoline) 
are misolassified, 

The values of Z for various commodities and also for the averages 
are indicated in tho iast column of Table 1. It is inlorosting to nolo Hint 
in this function (10) tho largest weight has beon given to X, {ampli- 
tude). This seems to indicate that tlio cyclical amplitude is poH.sibly 
more important than otlior chariicloristics in (lisUnguLslung oonHumois’ 
and producers’ goods, 

We compute from tho last lino of Table 1 as 7i:“ = (90)(0.100021)/ 
19 = 0.620678, Tho following is tho variance ratio: /‘'=3.802. This is 
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clearly significant. We require at the 6 per cent level of significance fox 
4 and 14 degrees of freedom an F of only 3.11. But at the 1 per cent level 
an F of 5.03 is required. The null hypothesis that our discriminant func- 
tion could have arisen by pure chance is refuted by the test. (This teat 
could also have been made by Hotelling*a methods without first com- 
puting the discriminant function.) Hence it ia likely that in the popula- 
tion some difference probably exists in the cyclical behavior of the two 
groups. We would conclude bhat there ia an effective linear combination 
of the cyclical measures indicated above which distinguishes success- 
fully between consumers' and producers' goods on the basis of the data 
used. It is interesting to note that if another consumers' good — namely 
popper, is included into the analysis we do not achieve significant re- 
sults. 

Our result ia possibly of some economic importance. It should be in- 
terpreted in the light of the obvious limitations of our methods in deal- 
ing with this problem: The characteristics indicated in Table 1 are 
probably not really normally distributed in spite of the fact that the 
median in large samples tends under certain conditions to be normally 
distributed. It is also possible that a non-linear combination of the 
characteristics would be more adequate in our case. 

If our results were more trustworthy and also based upon a larger 
’ sample covering a longer period we coiild draw more reliable conclu- 
sions. We may still tentatively say that our analysis seems to sup- 
port to a certain degi’ee the contentions of the majority of business 
cycle theorists. 

3, Principal Components. The method presented here was first de- 
vised by Hotelling^® to deal with a problem appearing in factor analysis 
in psychology:^'* How can we analyze a group of variables into a set of 
independent i.e, orthogonal components, called “factors?" 

Girshick^** has shown in an important article that the same method 
can also be applied to the solution of other problems: We have a set 
of variates, each of which consists of the sum of a Bystematic component 
and an error. How can we find a linear function of the variates which 
is least subject to the “errors"? Girahick also showed that the principal 
components method leads to maximum likelihood estimates if the vari- 
ates are normally distributed. 

II. IIotollinK! “AnnlyslH of ii Complox of BtaLiatlon-l Vnrloblea into Principal Compononta,'’ Jour- 
»dJ of micationf\l rmholoou. Vol, 24. 1033, pp. 417 fl., 408 IT, Seo also S. 9. Wilks; MnIhBmnfical 
tSfafl'dfica, op, cit., pp. 252 fl. , 

J' K. J. Ilol^ingcr nnd II, II. llnnnan: Foefor Analysis, CkicaEo, 1041. 

!■ M, A. Qlrflluok: “Principal Compononta," Journal oflhe Ameirican Sialistical Atsocxatxon, Vol. 31, 
1030, pp. AID £r. 
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Aflaumo that wo want to roplaco a set of Htanctardi^cd variabloa 
^ by a moro fundamcnlai act of voriablca Ui • • » Up. Lot ob 
clotue: 


Z\ ™ kiixii + fciiWj -f- ■ < • '|- A'li^w,* 

(173 

Zp ^ -j- * < ■ "t' /kppttjf 

Those ui ' ‘ ■ Mp nro the )irindi)al Wo want ihc to 

reprodiiCQ Dio original corrolatunm bolwt'on Dm varialiloH z». 

Tho expression: 

(18) Si - ku^ + 4 h (i: - 1, 2, ■ - ■ , p) 

is evidently tho coiitribulioii of the t-Di priiiciiml compononl Ut to tlio 
variances of all staudarclizcd variablen Zi. Maxiini'/iug ( 18 ) uiidor tho 
condition that tho corrolnlions liolwc^cn the originul vuriablcM ought to 
bo reproduced leads to the Hystoui of linear ciiualitiUH for the coeffieieuts 
kif: 

kii + + - ' ' ripfcpr == 

(10) 

Upku + Tipk^i 4- kpi =a ^^fep^ 


This system of linear oquatioue in again similar to tlm norniul oqua- 
tiona in multiple rcgreaBion analyaiB, It can only have a non- trivial 
solution if tho determinant is equal to zero. 


( 20 ) 


(1— XO Tu ’ ■ ‘ Tip 


fip r2p X|) 


0, 


It can be shown that tho largcal root of (20) is ussociated wiDi Die first 
principal component which accounts for most of tho variance. 

Next assume tlmt wo have the vnrialiloa Z{ coiisiKting of two parts; 
The "true^^ value or maihcmatical cxpccUvtion and a random error. Wo 
want to find a linear function; U‘=kizrhk 7 Zi+ * • • d-A'pSjj. This ought 
to be choBon in such a fashion that the variance of tho orroiH is a mini- 
mum and that the variance of u is one. Girflluek'* lias nhown tins Icadn 
to the previous method. Wo must ehonao as X Ihn iargost root of tho 
dotorminantal equation (20). If wo drop tho scoond siibsoript wo get 
exactly the Bamo solutions as before. This second interpretation may bo 
moro useful than tho original ono in economic data. 

loa. efr, pp, 622 fT. 
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Girahick^’ has also shown that tho method of principal components 
results from the maximum likelihood approach if the original variates 
Xit follow a normal multivariate distribution. Hence it follows that it 
provides estimates of the principal components in the population cor- 
responding to the sample which have certain optimum properties asso- 
ciated with maximum likelihood solutions. The results of this method 
need not, however, be meaningful in economic terms. 

The distribution of the latent roots of the determinantal equation 
(20) has been established by various authors.^® 

Use has been made recently by M, J. Hagood^® and E, H. Bernert 
of the method of principal components in the field of sampling of eco- 
nomic data. 

The most important class of problems to which it could be applied 
are perhaps those connected with statistical questions arising from the 
transition from micro-economic to macro-economic analysia.^"^ These 
questions have been discussed from the point of view of economic 
theory,®* but never verified statistically by the use of valid methods. 

The practical importance of a solution of this problem lies in the 
following Many questions of economic policy require a knowledge of 
the broad economic relationships which are discussed in economic 
theory under the name of general equilibrium. This is true for instance 
of problems of full employment, taxation, subsidies, etc., which ought 
to be discussed in the most general terms possible. It is obviously im- 
possible to verify statistically a true general equilibrium because of the 
great number of variables involved. It would be necessary to include 
all prices of all commodities, all quantities of all commodities produced 
and consumed, all interest rates, etc. It is obvious that such a procedure 
would literally involve thousands and possibly millions of vaimbles. 

Hence it seems to be necessary to substitute certain indexes for 
groups of these variables. We may want for instance to represent all 
wholesale prices by an index of wholesale prices, all quantities pro- 
duced by an index of production etc. Which particular indexes ^vill 

” Loc. cit., pp, 627 ff, 

M. A, Qirahiok; “On fcho SampllnH TKeory of tho Hoots of Dolorminnntal EqualioiiB,'’ Annala oj 
Mathematical Statislics, Vol. 10, 1030, pp. 203 ff. H. A. FiahorJ “Tho SfimplinB Distribution of Bomo 
StfttifiUoa Obloincd from Non-Linour Equollons,'’ Annab of Eugenia, Vol, 0, 1030, pp. 23ft IT, P, L, 
Hflu; "On Llio Distribution of Tloota of Ccrlnin Doterminnnlal Equntlona,” pp. 250 It. S. B. Wilks! 
Op. cit,, pp, 201 ft, (unpubllHhod rcBulls by A. M. Mood). 

M. J, lTRf;aod find 12. II. Ilcrnort: "Componont Indoxos ns a DdbIs for StroLifying a Gamplo, ” 
Jeurnal of tho American Slalislical Aasociation, Vol. 40, 104 B, pp, 330 fl. 

” n, Frlaolir ‘'PropQgn.lion Problems nnd Inipulao ProbloniB in Dynnmio Economks," Economic 
Essays in Honor of Oustav Casael, I>ondon, 1033, pp. 171 11. M. Kalaoki: “A MaorodynBinlo Theory of 
Dusincea CyoLca," Bconometrica, Vol. 3, 1036, pp. 327 IT. 

Bee, e.g., U. Lnngo: Brice FUzibility and Employment, Dloomlngton, Indiana, 1044, pp. 103 U. 

” G. Tintnori "Multiplo IlogroBBlon for Byflloma of Equotiona," Economelrica, Vol. 14, 1940, pp. 
6 1I.| oap, pp. 0-0. 
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bo chosen dciicnda of course ujjon the nnlure of tlic economic problem 
considered. But it is of intorcHt lo csliiblisli llwf aMifiliail ^•«l^dily of 
tbosc Indexes in the followiiiK soiw-c: lluw jicrfent is the ropro.fcnlulion 
of all the vnrbtis jmiees, for iiislutice, l)y some general price index? 
Wliich pGi'contage of the vtiriiuice of vtiriouH ((unnlilioK produced in 
the economy in nccoiiiilcd for bj' a ccrtuiii pruduclion index? We be- 
lieve tliat quesUuna of lids naluro can be nnswered Uuilalively by the 
method of princijuil components. 

Tlicso problcm-s tire cvitlcntly connected willi Ihu general problem 
of index nunibers.” They have very far-reucliing eigiiiUcancc for the 
choice between seveial poffsihlc nmcro-economic modolK and llieir em- 
pirical validity, if we strive for econometric npplicalionH of Ihaso mod- 
els. 

The very cfBcicnt cumimtalioiiul mcUuKls develojmtl by Uolelliug** 
bavo been utiiiml in the following examples; 

Example S 

The first oxaiupla deftla with an attempt lo detcrmiuci the principal 
components of a set of prodiiclioii indexes. This examplo is Homewlmb 
rotated to an cavlior essay of 13. (J. llhodos,’* 

Denote by Xi an index for the inoduction of inniuifactnrod diirablo 
goods, Xt of non-durnhlo manufactured goods, Jf j of mincralK mul 
of agricultural products. All indexes arc oompultid with Iho base 
1035-30 “100. The period covered is 1010-30, \Vo use annual figures. 
The itidcxcs Xi, Xj, X$ arc taken from the publications of the Federal 
llcaorvo Bowd and X^ from the year-book of Agriculturnl statistics of 
the Deportment of Agriculture. Tho correlation matrix is given in the 
following table; 

TAni.B a 

coanKUA'iioN matrix 



Xi 

Xi 

Xt 

Xi 

X, 

1,000000 

0,405011 

0.872830 

0. 481240 

X, 


1.000000 

0.708270 

0.700H07 

X, 

Xt 



1.000000 

0.718358 

l.OOOOOO 


Thesn four varialdes can bo analyxed iuto various comiioiieuts or 
faetora. 


8flo, o.K.j Q. voiilTnliorlor: Sinn (}«r JncJffrKiMtfnTuubIriKon, 1027. R. FrUeh: “Aiinunl Survey 

of Ecotiomlo Thooryi Tho Problem of Iniloi Numbora/ Ktfortoir driVfi, Vol. i, lOUfl, pp. I ft. 

*iTi, TloioUlnii: 'BlrnpUnacl Cnloulnllon of Frinolpal Coinpunoniii* Vul, l| 1030, 

pp. 27 ft. 

•» B. 0. lihodos: “Tha CoiuqtnioUon of an Inilex of HuairiQAa Activity," Jourrtaf of Rovnl SMi»- 
iical SocieiUt YoL 100, 1037, pp. 18 ff. 
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We want to find the principal component which is such that it con- 
tributes most to the variances of the standardized variables • Z 4 , 
The system of linear equations which yields the coefficients of the 
first and largest principal component is: 

1.000000/cn + 0.496941A:2 i + 0.8728367c3i + 0.481240?C4i = Xfcn 
0.495941fcii + 1.000000/C21 + 0.768279/cai + 0.709S07fc4i = Xfei 

( 21 ) 

0,872863/cu + 0.768279/c2i + l.OOOOOO/cgi + 0.712368fc4i = XAjgi 
0.481240 /cil + 0.709807/cn + 0.7123587c3i + l.OOOOOOftdi = X/c^i 


This system of equations can only have non-tiiviol solutions if its de- 
terminant becomes zero. The determinaiital equation becomes: 


( 22 ) 


1.000000 --X 
0.495941 
0.872836 
0.481240 


0.495941 

1.000000-X 

0.768279 

0.709807 


0.872836 
0,768279 

1. 000000 -X 
0,712358 


0.481240 

0,709807 

0.712358 

1.000000-X 



From this we have X = 3.033424. The contribution of the first principal 
component to the variance of the standardized variables are the squares 
of: A:n = 0.817391, 7c2i = 0,888102, fcai =0.951934, 7b4i = 0.818776. Hence 
it follows that the first principal component “explains” about 67 per 
cent of the variance of Zi, about 79 per cent of the variance of Sa, about 
91 per cent of the variance of Za and about 67 per cent of the variance of 

^ 4 . 

The same results can also be used to exomplify the other approach. 
We assume now that each variable Zi consists of a systematic part,, 
the mathematical expectation, and a random component. The func- 
tion u which minimizes the error variances (while its own variance ia 
one) is: 

(23) u = 0.269462^1 + 0.292772;22 + 0.31381 B 2?3 + 0.269918z:4. 

The coefficients in (23) are proportional to the previous ones. It is in- 
teresting to note that minerals have the greatest weight. 

The total variance of the four standardized variables is evidently 4. 
ITcnco, since X = 3.033424 it appears that the first principal component 
“explains” about 76 per cent of the total variance of the standardized 
variates 21 • • • Z 4 , 

The economic interpretation of these results would appear to be as 
follows: There existed in all probability during the period considered 
in' the American economy a phenomenon like “production, in general.” 
This general “factor” would account for more than f of the total vari- 



484 


A3k«Enit^AN* BTATffiriCAI. ABSOClATlON 


ancc of tlic individual proclurlion indc^xrH. A tuoro detailocl analysis 
Bhovdd of couvB<^. Ik* carried out to cottfitni lliia iv^nii out onty with ro^ 
fipect to the broad catcRorica (jf pi odin^ticm ukciI here but also apply it to 
the production of individual comnuKliiU'ii. 

This result, wliilo not urioxpeettHl, m by no metin« Irivinl. It would bo 
pos/iblc, for inHliuiee, t<j iina^me <in oeoiioniy wUem the iuduslritil 
poclor nud iho nKnciiltuial variuv liavi* vi^ry little rclal injisliiiK Then 
\vc \voul<l huYCi two loiportunt rurtf>ri<, Hay» indusliiid produethuL and 
agneuRuml pmdurlion. Tlio first iianu'd woiilil probably account for 
most of tlin varianee in X\, and Xi and llio M'('ond for nutht of tho 
variancG of ^^4. This is obviously not Iho easi* in our exanijdo. The 
factor '‘production in Kcnorar' which we have indicated in (2;i) ac' 
counts fur most of tho vuriuneo of A4 as well as for most (jf the varianco 
of all other variablcH. 

ICxiimpk /f 

A second example %Ybich Avill not bn presented in sueli great detail 
deals with prices. Denote by X^ an index of wlmh'sale farm iirices, by 
X(j an index of wholesale fond pricni^, liy X7 an indc-x of all oiber Nvliole- 
BalopriecH. TIioko are taken from the Ihimui of Dabfa' SfutislicH indexes 
for the pevitul 1019-1030. 'rhe base year of the iudexi-v^ is 1020. 'fhe 
indexes arc given annually. Wo Avant again to find flie first principal 
component AVhich accounts for most of Iho variances t)f the stuudurdized 
vai'ialca. 

An analyfiiB of Uio data reveals that tUe ccmlvihulinns {\( the first 
principal component to tho variance rif each standurdizeil variable 
^ 6 , 26 ) 3t the square of the corrcHjKindiug coefficieul: 080807, 

0.090100 and = 0,957021, It aj)])earH that Iho first ])rincipni 
component accountB for about 07 per cent of tUo variuu<*e of for 
about 98 per cent of the varianco of Zonnd about 02 per cent of tlio vari- 
anco of 27 , 

Tho function -a which miuimizo.s the vnrmncc of tho random (UTors 
(whilo its own variance is one) i.s : 

(24) u 0,343603 ^6 + 0.344845 2^ + 0,333508 07. 

Tho coeflicicnts in (24) are again proportional to the indicaLed 
abovo. 

It is rcmarlcablc to note that here the weights given to i\u\ various 
varinblos are approximately the aamo, Tlus greab'st root of tiui deter- 
minantal equation (20) is here X =>2.871300, Since tlio total vimauoe of 
the standardized variables is 3, tho prineiiml componciit can bo said 
to account for more than 95 per cent of tho total variance. 
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It ia of some interest to correlate our ^‘index^ (24) 'with the All Com- 
modities Wholesale Price Index computed by the Bureau of Labor 
Statistics. The resulting correlation coefficient is 0.991 and highly sig- 
nificant for 19 degrees of freedom. 

Hence we would conclude that on the basis of the evidence presented 
it seems that a “generaP* price index (24) could very well explain most 
of the variability of the price indexes of groups of commodities. It ap- 
pears that the residual variability is really almost negligible. This result 
should, however, be checked by an analysis of the prices of individual 
goods rather than of broad price categories like those used in our own 
procedure. 

Again this result is what we should expect. But it is by no means as 
obvious as it seems. We could again for instance imagine an economy 
in which the industrial and the agricultural sectors have very little 
connection. Then we would have to distinguish two factors instead of 
one, say industrial prices and agricultural prices. The first factor would 
account for most of the variance of Xf and the second for most of the 
variances of and Xq. This ia obviously not the case in the American 
economy. The index indicated in (24) which represents general price 
movements accounts never for less than 90 per cent of the variance of 
any among our variables. 

4* Canonical Correlations, In economic statistics we desire sometimes 
to find the relationship between sets of variables. The method of canoni- 
cal correlations, introduced into statistics by Hotelling,^* provides 
means for accomplishing this. We replace each of the two sets of vari- 
ates by a linear combination of the variates contained in each set, the 
canonical variate. Then we endeavor to maximize the correlation be- 
tween these two canonical variates, the canonical correlation. 

Assume we have p variables X,- and JV observations on each variable. 
The variables are divided into two groups: i — 1, 2, - • • , p' and 
i = p' + l, p'+2, • ■ • , p. 

We want to find two linear functions: 

(2B) U - hXi + k2X2 + - • + 

and 

(26) V = kpt^iXpf^i kp>-^2Xp•J^.2 + ’ • ’ + kpXp. 

which have maximum correlation with each other. The variances of 
U and V are supposed to be equal to one. The canonical correlation 
coefficient between U and V becomes: 

“ II. Hotelling: ■Relutlons between Two Sola of VarlablcB,* Bxomttrika, Vol. 20, 1936, pp. 321 ff. 
Bee also: 8. 8. Wilke: ilfaf/iematicoZ SfatislVcB, op. etC,, pp. 257 0. 
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and IhiH is to lie mtulo, a maximum under lluj ccmdifioriH that the two 
variances Eire eciuttl to one. 

Maximizing (27) under coiulitionn that llie variiuircH of [/ itnd y are 
one -U'e are led to a .system of linear criuutioiiH. 'I'liew linear ernialiona 
show ngain a certain Himilarity to ilie noniird l•(|lmtinnH in (laasiciil 
multiple leRroKsiim analysia. With (h(f help of varloiiK IransformiLlions 
which have been Rivmi explicitly by llotelling and need not bo repealed 
lioro, we are fiiuilly led to a delonninaiilnl o<|ualiun: 
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(27) 


(28) 


/ii — X’ /ij ” • ' /i,,- j 

w 0. 

/e’l /(i’ll ■ ■ ■ fp'f,' — X’ j 


Tho /„ nro certain functi()n,s of the vmhmeeH and (?fi-vniianei!.s a,,. 
Equation (28) dolenniiicH X’, tho K(|nare of the innxiinnm cuarmicnl 
correlation cocfTicicnt. Wc lake, the larRcst root of (he ileUTiiiiiinntal 
equation (28). I he joint distribiitioii of tin! roots of this ci|nalion has 
been found by various an thorn,” under the liypolhraiK that their jjopu- 
lation vnkio la zero. Standaril orrora have Ixsm <lerive<l eariler iiy 
Hotelling. Insorlirg the valuo of X into the syKlem of linear (iciuations 
wo find fc| • ■ • k,,. These provide cKliinaLcs of the. eniioiiieiii vnriatc.sin 
tho population corresponding to our sample. Tlicw. canonical varinldoa 

are euch that U is most successful in predicting V and V tho hc.st nre- 
dictor of JJ. 


It should perhaps bo emphasized that these mclhncls do not neens- 
sari y yield results which can be readily iiilorpretcd in icnna of eco- 
nomic theory. Ihis problem will bo disenssed in greater detail in llio 
last section of this paper. 

Hotelling” applied canonical correlation firet to some pyechologicnl 
data taken from T. L. Kclloy. But ho indicated the po.ssibillty of apply- 
ing tins method to certain economic problems o.g. tlio clfeot of crops 
of agncultiiral products on their prices, etc.” 

Tho two most sucecBeful alteiniils to apply thcsi! nudhods to eco- 
nomic data havo boon made by P. V. Wangh.« Ilo Htudiml (1) Llie rela- 
tion between consumption and pdeoa of various types of mc-aii and (2) 




« Cfi., |J, 822 , p, 370 f. 

'• p. V, WAtwIi! •R«Brcwlon. D.lw^.n B.U of VarUblw,- R«n<.»Mlrfc.. Vol. 10. 1013, pp, 200 fl. 
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the relation ^bet^veen characteristics of wheat and characteristics of 
flour. 

Example 5 

We indicate the first analysis as follows: Let Xi be steer prices and 
X2 hog prices, beef consumption and X4 pork consumption. Then 
the two canonical variates are; 17=1,71117 Xi+ 1.54037 Xi for the 
prices and y = 5. 25679 Xa+15.46684 X4 for the consumption, These 
canonical variates are chosen in such a fashion as to maximize the 
(canonical) correlation between U and V. This correlation turns out 
to be —0.84666. U is the most successful linear combination of the 
prices to predict Y and V is the best linear combination of the con- 
sumption data for predicting C/. 

Example 6 

In the other example given by Waugh, lot the wheat characteristics 
be as follows: Xi kernel texture, X2test weight, Xa damaged kernels, 
Xi foreign materials, Xb crude protein content. The flour characteris- 
tics are as follows: Xb wheat per bbl. of flour, X7 ash in flour, Xa crude 
protein in flour, X® gluten quality index. The canonical variate formed 
from the wheat characteristics is: 17=0.03902 Xi +0.23817 Xz 
— 0,03172 Xg — 1.18545 X4 + 0.77654 Xb. The canonical variate formed 
from the flour characteristics is as folloxys: V = —0,11971 Xo — 13,12015 
X7+ 1.12464 Xa+0, 05903 X®, The (canonical) correlation between 
U and V is 0.909388. This is the highest possible correlation between 
any linear combination of wheat and flour characteristics. 17 may be 
used to predict V and V is most successful in predicting 17. 

Example 7 

In the following example we will try to determine the relationship 
between certain price indexes and some production indexes by the 
method of canonical correlation. The data are the following: 

Xi is the index of production of manufactured durable goods, Xz of 
nondurable goods. X3 is the production index of minerals and X4 the 
index for agricultural products. All these indexes are given annually for 
the base 1935^1939 = 100, They have been taken from the publications 
of the Federal Reserve Board except for X4 which comes from the De- 
partment of Agriculture. These production indexes form the first group. 

The ycai'ly price indexes, all given for the base 1926 = 100 are taken 
from the publications of the Bureau of Labor Statistics, All are whole- 
sale prices, Xb denotes farm prices, Xa food prices and X7 other prices. 
The period covered by all these indexes is 1919-1939. They are annual 
data given for 21 years. 
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The matrix of the correlation coefficients is rcprtfficnted in the follow- 
ing table: 


TAUI.B 1 


COIIUEI.ATION MATlIIX 



X, 

A'l 

Xi 

Xt 

Ai 

Xt 

Xt 

Xt 

1,00«)00 

0.40MU1 


0.4tU2IU 


-n.-»272?iO 

-U.2[Hv10O 

Xi 

Xt 

Xi 

Xt 

Xt 

Xt 


l.OOOOOO 

0.768270 

1.000000 

0,70Wi07 
0.7 123, VH 
l.OOOOOO 

-“0.011427.1 

0.20101(1 

1 .OOoOOO 

0.42^i/.76 

- o,tnma 
o.anrrKJH 
O.OH72M5 

1 -OOOOOU 

OJIfiOBO 

0.rj78li2 

O.UH301 

1.000000 


Wc want to find two linear fnnetiona (ranoninil variates) : 


(29) U — A‘ii| -}• k^Xi d- kiXt H- kiXt 

(^9) y = kiXt + kiXt + A:,X7. 


riie variances of these two functions U and V shendd ho one and their 
correlation a maximum. 

Ueing the iteration methods tlcvoiopod by Ilolelling*' and the com- 
putation sel\cmc8 of WauRh” we get the following resnllK: 

(31) V = 1.004089zi - 0.3710202, - 0.5870502, - 0.0200()1 b, 

(32) y = I.OOOOOO 2 , — 0.01142-12, - 0.21648527. 


Thcflo results arc given in terms of the standardixed variables c,. 

^ The (canonical) correlation coefficient between these two liintar func- 
tions of the quantities iiroduccd (C/) and the prices (?) is 0.8881 . U and 
y arc chosen in such a manner that they liavo tlie liiglic.st po.KHiI)lo cor- 
relation with each otiicr. 

Tills can also bo expressed in the following way; Our U i.s the linear 
combination of tlio various production indexes which is most successful 
m predicting the general price "index” V. And at the same, lime V is the 
linear combination of price indexes which is best in order to predict 
the general production "index” U. 

Needless to aay our results are to be interpreted willi a certain 
amount of cauUoii. Aftor all, wo are dealing lioro only Avilh pnnlutjliion 
and price inclcxcs for rather hrond categories and not with the produc- 
tion and price data for individual cominoditicH. Wo can neverlhelcHs 
reach somo tentative conchisionH. Our method (Iocs not inqily that 
Ships economically meaningful ("Hlruotiirnr') relalion- 

The first index U (31) allows that in trying to oatimato the mutual 

Op, cii,t pp, 342 {[, 

« Op. cit.f pp, 301 a. 
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interdependence between production and prices the largest weight 
has to be gi^jen to the production of durable goods. This agrees with 
the ideas of many students of the business cycle. The weight given to 
production of minerals is also quite important but negative. Agricul- 
tural products seem to play only a very insignificant part. It is espe- 
cially the weighted difference between the movements of the production 
of durable goods and the production of minerals which appears to be 
decisive, This points in the direction of certain business cycle theories, 
especially those stressing the different behavior of various producers^ 
and consumers^ goods in the cycle. 

Highest weight in V (32) is given to farm prices and some weight 
also to the index representing all other prices. But this weight is nega- 
tive. It is probably due to the fact that many miscellaneous prices are 
contained in this category that the influence is here considerably 
smaller. Food prices seem not to play a very important part in the 
determination of V, It is interesting to note that it is the difference 
between farm prices and prices of other commodities which appears to 
be decisive. This again seems to point in the direction of certain busi- 
ness cycle theories, 

5. Weighted Regression, Ordinary multiple regression tries to esti- 
mate the relationship between a “dependent'^ variable and a set of 'in- 
dependent” variables in such a way, as to make the prediction of the de- 
pendent variable most successful. The sum of squares of the deviations 
from a linear combination of the fixed values of the independent varia- 
bles becomes as small as possible (method of least squares). This as- 
sumes that we want to predict the dependent variable most success- 
fully for fixed values of the "predictors,” i.e. the independent variables.®^ 

This method evidently breaks clown if we are not interested in pre- 
diction but only in the establishment of "structural” relationships ex- 
isting in the population, and if we also assume that all variables are sub- 
ject to disturbances. For theoretical purposes and also for purposes of 
economic policy this is most important, as Haavelmo has shown. 

Assume we adopt the following stochastic scheme: Not only the de- 
pendent variable but all variables in the system contemplated arc sub- 
ject to error (Frisch).^® We do not want to predict one of the variables 
for fixed values of the others, but want to estimate the structural rela- 
tionships themselves, i.e, the regression coefficients of the weighted 
regression equation. 


» n. Hotelling: •Tho Solcotion of Variatoa for TJbq In Prediction with Somo Comments on tho 
Gonoral Problem of Nuisance PnramDtera," of Mathematical SlalUtica, Vol. 11, 1040, pp. 271 fl. 

»'T. Haavelmo; “The StatinlioQl Implieationa of a Syatem of SinniUanenua Equationa."' Ecojio* 
metrica, Vol. 11. 1043. pp. 1 H. “Tho Probability Approach In EcoDomeLrloa.'’ i6id., Vol. 12, 1044, Sup- 


plcmoDb, 

n. FriBob; Con/lueriC9 AnalpsU hi/ 


Meana of Cortpieic fleordjaion flyatoma, Oalo, 1034. 
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The cslimation of alrucloral rcInlioiiHhiph** in mewl imporlanl in con- 
nection with problcmH aiiKing in ccoiumhic policy. This will l)c illus- 
trated later CH|)eci»lly with the help of l-Auinples 10 and 11. ^Yo will, 
however, inillcalo here Kome of llie ou-sliiiKliiig fetilnrcH of this idea 
■with lliG help of another illu.Hlr.’iliuii, 

Conuidev live market for a commodity, «wy, wheat. It in known from 
cconojnic theory tliut tlic price of wheat nml the rpumUty of wheat 
flold on tlie market arc dclennuHid by ihe (leinaiKl fnnr.lum ami the sup- 
ply function of wheat. If we correlaU! tpianllty ainl ]>riee tlie result need 
not nccc-ssarily reproKent cither tlie demand funelinn or the HUjvply 
function. This i.s inelevant, liowevcr, an long us we tuwinna (hat the 
fundamontal conditions (taslc.s, leelinohigy, ole.) remain tlio Haino and 
we want only to make predicliona. The clawiical regressuni of the price 
on tho quantity will for iiisliineo under thm; eoiuliliniis give the best 
prediction for the ivricc. And the cla-ssicnl rogn-ssioa of the cpiaiilily on 
tlie prico will bo the most BUecesHful predictor for the <|uantity of wlioat 
Bold and bought on the inarlcet u.s long a.s Ihcru i.s no eliungc in the fun- 
damental underlying cunditioim. 

But tho eilutttion is entirely dilTercnt if, for iiifilunee, llio govern- 
ment docidea to fix the price of wheat. Then it becomes most Important 
to know the elasticity of dcmtuid. But this elasticity cannot bo estab- 
lished Iroin any of the two classical r(!gre.sKion equations, I'Seejit In very 
exceptional caacs." llonco wo need a method whieli will yiehl estimates 
of the important economic structural coeiricionts, like e.g. eln.slieitica, 
thcmBcIvcs, Wciglilcd regression is designed for tliis particular purpose 
rather ihau for tlio prediction of values of one particular variable like 
classical multiple regression. 

The problem of dlBlinguisliing tiro varioius cconomicnily menningfid 
relationBhips, e.g., demand funclionH and supply functions, is also very 
important. Tins problem of idcnlificalion will be discvissed in more de- 
tail in eonnoction with Example 10 below. 

Tho method of weighted regression was developed by Koopnmns” 
on the basis of earlier work of many authora, among whom Ilod(?s” and 
van ’Uvon^“ are most important. 


»♦ A.'V^’nld: LlooiiU Wocli VurinbtonivroHubJociLto Krror/ Annals of 

rnaffent jSfnfiiifiCiii Vol. 1 1, pp. 2H4 ff, 

*f 13. J. WorkliiR: "Wlitil Do bintinUcnl I)ijiHAnd CurvflU JHluuv,** QuurUrly /oitrna( of KcuiiorniM, 
Vol. il, 1027, pp. 212 IT. 

H T, KoopiiiniiH' Linaaf licffraMaiun Atial]fnii iii Economic 7'irtm Stricn, IlAArlortii 10J17, 

** V^C. UbodoA: '0^ TjlnisBnnil Vinner ul ClonoBt Vii,“ Mn^fniirie, nor, 7, Viil, Di 10^7, 

pp. 967 

*» M, J, van Uvoti! *A(iJ^al^1cnl. o( N rolntl (in n-dimoimlnnnl (^imr.a) lo Uiobc-al linenr (n—l)- 
(Jlinenalonal fipaco,* ^on in Akodtm^t mu Welensfhaptni AmsUtdam Proittdinffs of Ihs Section 
of Vol, 23, lyao, pp. 143 ff„ 307 tf. 
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In the most general form we can pose the problem in the following 
way: Assume that we have a meaningful (identified)^^ linear relation- 
ship between the p economic variables Mi: . ' 

(33) fco + k\Mi + /c23f2 ‘ = v) 

where ko^ Zsi, ■ - - , Icp are “structuraP^ coefficients and t/; is a random 
term. It results from variables not included in our system. But actually 
we don^t observe the **true” variables Mi - ’ - Mp but the empirical 
variables Xu (( = 1, 2, • ^ , N), We have N observations on each 
variable. Let us assume that the systematic part is the mathematical 
expectation of Xi and the yn are the random disturbances. 

Xit ~ Mu + Vu 

(34) (i = 1, 2, . ^ , N). 

Xpt = Mpt + ypt 

We assume that the “disturbances'* or errors yu are independent of 
each other and normally distributed. They arise as errors hi measure- 
ment, from lack of representativeness of the empirical variables Xu, 
from frictional causes, etc. It has been proposed to call the yu dis- 
turbances in the variables and the la disturbances in the equation. 

There are two possibilities in dealing with this situation represented 
by (33). We can either neglect the disturbances yu or the random term 
w. This random term results from variables not included in the analysis 
and similar causes. The first approach is implicit in Haavelmo's/^ 
Wald*s^^ and Marschak's'^^ work. The second assumption underlies the 
fundamental scheme of Frisch^® and the weighted regression analysis 
developed by Koopmans.'^® Wo are going to deal only with the second 
case, Our equation (33) becomes: 

(35) fco -|- kiMu d" feM2i “H * ■ ■ H- kpMpi = 0 (f = 1, 2y • • • , W). 

We can only neglect w if all or at least most of the important variables 
have been included in our system. 

L, R. IHcin; ■Pitfnlla In tbo Gbi^tlBLlcal Dotermination of the Investmont BolicdulOj" Econc- 
mcirica, Vol. lU 1043, pp. 240 IT. 

Op. eff, ScG niso: T, KoopmftiiB: "BtullsLlcal Enlimation of SimuUtineoufl Econoinio Relatlona," 
/ourjjfli of {ho AinerUnn Statistical AaaMiQtiont Vol. 40, 1015, pp. 448 II. 

II, n. Mfinn ftnd A, Wnid: “On tlio Stnllalioal TrgnLmcnt of Linear Stoohnallo DJS’oTonce Equa- 
UoPB,'' -Rcortomcfricn, Vol. 11, 1043, pp, 173 IT. 

J. Mnraohak and W. H. Andrews: “RAndom SimaUancoua Eciuatlons and the Theory of Prodao 
tlon,” iTconooicin'ca, Vol. 13 1044, pp, 143 H, 

Op, ci7. ScG also: R. Stono: The Analyses of Market Demand, London, Nntionol IfistRute of ISco- 
nomlo and Social Rcacaroli, 1046. 

« Op. fill. Soo nlao: G. Tintnor: **An Application of Iho Variate DiCferenoa Method bo Multiple 
RoEreasloD,’* EconometricQ, Vol. 12, L044, pp. 07 ff- 
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It should be emphaBized that it would be most desirable to combine 
the two methods, i.e, take the disturbances Vu into account as well ns 
the random term w. Unfortunately it seems that there arc great prin- 
cipal difficulties present. 

Assume that we have estimates of the variances of the disturbances 
y,( in the poindation corresponding to our sample. These estimates Fj 
may be based upon the Varinto Diflfcrcnco Mchliod,^'' upon deviation.^ 
from time regression funetiotjs, c.g. polynomials and Fourier series, or 
may be given a priori. Wo could also use the molhotl of principal com- 
ponents ns indicated above. The contribution of tlio first component 
may be considered as the systematic part and everything else lus tlio 
random error. We assume that the eslimatc.s Fj aro accurate enough to 
enable us to treat them as constants. Then, assuming normality and 
independence of the disturbances yit we apply the method of maximum 
likelihood which leads under our n.s8umptions to the method of least 
BquaroB. 

Denote the deviations of the Xu and of the Mu from their respectivo 
moans by Xo and The weighted sum of squares to be minimized un- 
der the condition (35) is then: 


(30) 


AT 

Q ^ ^ 

r-i 


(Xu - Wii)^ 

Vi 


+• 


(Xpi - mpi)^ 


It Bliould bo noted that tho ’Nveighta avo the reciprocals of tho error vari- 
ances Vi 

It appears that the constant fto is determined by tho condition that 
the optimum solution has to pass through tho nioana of all variabloa: 

(37) fco + -h ^ 2 X 2 -J- ■ - . + kpXj, — 0, 

The best solutions for the romaiiiing regression coefheients fcj ■ - • , ft;, 
aro given by: 

Ofi\ki 4“ ^12^2 “h ' < ■ -b dipfcp = }\VJci 

(38) 

dipfci 'b <i2T»f^2 + ■ • ■ "b n^pfej, = Wpkp. 


Tliis is a homogonooiis linear sysioin hi the unkiioivns fti • ■ ■ kp. It is 
again very similar to the normal equations occurring iu clii^moal nuilii- 
plc j'egiTssion aunlyais. It can only have a non-trivial solution if ila de- 
terminant becomes zero: 


Q, Tinlnor: Tht Vatialo i)iffer^nce Jl/c(Aorf, Dloomingloiit Ind., 1010. 
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flu — XFi flu • • • Olp 

(39) =0. 


I ^2p ‘ * * ^pp ^ p I 

The smallest latent root of the detorminantal equation. (39) can be 
shown to bo the minimum of Q divided by (iV — 1). 

By finding the smallest root Xi of the deterininantal equation and in- 
fiorting it into the previous ayatem (38) we determine the weighted re- 
gression coeflicicjits Aij ‘ • j ftp. 

In equation (35) we can evidently choose one of tho fci ' ■ • fcp by an 
arbitrary condition. Hence putting c.g. fci = — 1 we will chango it into; 

(40) k 2 m 2 i + k^m^i + • • ■ + = nii (t = 1, 2, ■ ■ * , N). 

TJig rogresaion coefficients kz' • > ■ j kp* are now given by the system of 
equations : 

(a22 — 'SiV2)k2^ + a^zky* + * ■ ' + a^pkp^ — an 

(41) 

a2pk2^ d* ^ (o-pp XiVp)fcp^ = o-ip. 

The ^2' * ■ ■ kp arc our estimates of the weighted regression cocfficiGnts 
in tlie population corresponding to our sample. 

We can use tho detorminantal equation (30) for a test for collinear- 
ity: Let Xj; Xa^ , . . be the smallestt next smallest . , . etc. roots of ccpia- 
tion (60), Wo form the test functions: 

(42) Ai = (W - l)Xi 

(43) A 2 - (W ^ l)(Xi -f- X 2 ). 

Then it has been shown by that the test functions Ai and Aj are 
for large samples distributed like 'viih W—p and 2(W— p+1) degrees 
of freedom respectively. If As is smaHer than the computed for a 
given level of significance (e.g. 6 xicr cent or 1 per Gent)^ we may con- 
clude that there are probably at least 2 independent relationships be- 
tween our 7J variables in the population corresponding to the sample, 
Hence we have probably collinenrity in tho sonso of Frisch and it is 
appropi'iato to fit not one but at least two linear rGlntionshij)s of tJie 
typo (35), By computing other test functions wc can actually estimate 
llio number of independent linear rolalionslnps winch probably exist 
in tlie i)opuUiiion corresponding to our sample. 

a V. Ti. n«u? *On tho Problam of llotik and ilio T.imlllni? DiHLrUiulion of Finhcr'fl Tcf»t runoUnn," 
dnnfll* of Evgcnicat Vol. 11, 1041, pii. 30 IT. fico alfto: Q. Tmlnort 'A Noto on Rank, MulUcoIlIncnrlLy 
and Mulllplo Uourodaionfl,” Anna/o «/ 5fatifla'ca, Vol. 10, lOlC, pp. 304 fl. 
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We can also apply a test of significance for the individual kt' given 
by KoopmanB which is only approximate. 

Denote by Cj^tho element of tlio inverse of the imitrix used to com- 
pute the ki' ill (41). Tins inverse may be computed by the methods 
given by H. A. hishor." TJicn the standard error of the coefficient ft/ 
which we denote by s; is given approximately by: 

(44) s.» * co(F, + + • • • -f k/W,)/{N - p). 

The ratio fcZ/sj is approximately distrihu ted like Students' (wilhW— p 
degrees of freedom. The I computed in tliis fa.shion may also bo used 
to establish fiducial or confidence limits for the weighted regression co- 
eflicienta. TJic covariance of ft,' and fty' may be computed by similar 
methods. Tlic distribution of tho variances and covariances has re- 
cently been established for some special cases.*” 

Example 8 

Tile method was applied by Koopmans*' to tho ship freight market, 
for tho period 1880-1911, 

Let ifi bo the freight index (1900=^100), Xt transport (hilliona of 
ton-mllcs), Xi toimago (millions of tons), Xi coal price (sliillings per 
ton), All variables aro expressed in percentages of tho trend and the 
weighted regression equation is: i»i = 0.00mj-b0.29»nj-l-0.46m<. 

Example 9 

In order to compute these weighted regression ooefiicicnts Koopmans 
had to assume somewliat arbitrarily a set of weights, j.o., tho oiTor 
variances Vt, Tho author*^ has endeavored to estimate tlicso weights by 
the Variate Differenco Method in a study of agricultural production in 
the U. S., 1920-1041. 

Lot Xi be the logarithm of tho volume of agricultural production, Xj 
the logarithm of oraploymontin agriculture, Xa the logarithm of operat- 
ing capital and Xa time. Tho weighted regression equation appears then 
as: wii = 2.7736 7pz-l-0.9020 ma+0,0087 m,. Tho first two coefficients 
of this “Douglas type” production function are elasticities with respect 
to labor and operating capital, while the third coefficient represonts 
an exponential trend. It*appear.s, for instance, that an increase of agri- 
ouHural oinploymont by 1 per cent will msult in an incjcaso of agricul- 
tural production by about 2.8 pci‘ cent, etc, 

n. A- FUlior: a((iti»l|£ol AWAod* /or Reatareh WorArri, Hlh od., Now York, 1011, pp. lUO D, 

•• T. W. Aiulemon ftnti M. A. QInihlok; ‘SoDip FixlonalgnH of tlio Wialinrt DIatrlbuUoii,'' AnnoU 
fl/ ATofAfmatKd VoL 15, I0i4, pp. 345 

•» Op- €<t.. pp, 116 ff. 

w a. Tiutn«T5 “An AppUdtvtlon of t-bo VatIaIo Dlfletoneo Method to MuUlplo lod, ct<i 
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Example 10 

The author®^ has also applied the mctihod of weighted regression in 
an attempt to find a demand and a supply function for agricultural 
products in the United States. 

Denote by Xi prices received by farmers for agricultural products; 
by X 2 national income, by agricultural production, by Xi lime 
(origin between 1931 and 1932) and by X^ prices paid by farmers. Tho 
data wore given annually for the 24 years 1920-43, 

An analysis of the data by weighted regression necessitates the caLi- 
matioii of the error variances, These have again boon established by the 
Variate DifTeroneo Method. 

An investigation of tho problem with the help of the method ex- 
plained above shows that there are probably ivyo relationships between 
tlie 5 variables, Otlier tests show that thei’o is probably one I'olation- 
Bhip between the variables Xi, X 2 , X 3 and Xi and one botwcon the 
variables Xi, Xa, X^ and Xe. The first is evidently the demand function 
and the second the supply function. It sliould be noted that the inclu- 
sion of X 2 (national income) in tho first set and of X 5 (prices paid by 
farmers) in tho second sot serves to make the relationships economically 
meaningful. In this way wo identify the first weighted regression equa- 
tion Qs tho demand function and tho second as the supply function. 

Denoting deviations from the means by mi wo have for the demand 
function: 

(46) t?is = “ 0.097wi -f- 0.4297W2 0.313win 

and the supply function : 

(46) m 3 - 1.721mi + O.SOlmi - S.Gllms. 

It appears from statistical tests that the results for the equation (45) 
are more reliable than for (46), as wo should expect. Agricultural supply 
depends largely on the weather and other factors not included in the 
analysis. 

We can compute ela.sticitiGS from these equations which are based 
upon the means of the variables over tho period. The price elasticity 
of demand established from the first equation is —0.123. This ia to 
say, other things equal an increase of 1 per cent in the prices of agzf cul- 
tural products results in a decrease of about 0,1 per ceiil in the quantity 
demanded, The income elasticity of demand is 0,307. Fiducial or con- 
fidence limits can also bo established Jor tlicso claBticitieB. They appear 
for the price elasticity of demand as —0,062 and —0.105 at tho 5 per 


" G, TjnLnor: "MuKIplQ RcftroBsioii for of EqunllonH,” loc^ c\L 



490 


AMliJIlICAN STATISTICAL ASSOCIATION 


cent level, A test of Bignificance allows tlmt it is highly probable that the 
income elasticity of demand is definitely greater than the price elastic- 
ity, The importance of these tentative results for economic policy are 
obvious. 

Example 11 

We propose to illustrate the motlKul of wcigliicd rcKrcssion further 
by nn example. We will eiickntvor U) hi ii i»n)tKiction function for lUo 
whole Ainez‘ieari economy in the pcrh^l 192 l-i 5)41-, using yearly data 
for these 21 years. This is mainly an effort to continue tlio work of Mr. 
Paul Douglafl and hia collaboratorH,*'^ 

Xi denotes the logarithm of labor in the U, S. bolli industrial and 
agricullunil labor in milium workers. is the logarithm of total stock 
of fixed capital in the economy nicasurcd in billions of 1934 $. ia tJio 
logarithm of total private not output also in billions of 1034 §, Xi ia 
time measured from 1031 as origin. Xi ia taken from atatiatical data 
published by tho Depart men t of Agriciiliuro imd iho Bureau of Labor 
StatisticB. Tile other data have been taken with kind porminsion from 
an unpubliHhed essay by Mr. L. 11. 

The menna of the data are given in Ta)>lc 5 below : 


table 5 


VR^lnblo Symbol 

lofl; labor Xt 

niqcl cnpUnl A'l 

lo(( produedon Xt 


Mdan 

l.QtU 72 a 

2,061152 

1.708702 


Wo hiiVG indicated above that various methods are available for 
eBtimating the variances of tlic randon elements Vt, Wo cun iitUiao 
the Variate DiilerGnco ]\letlKKl for this puroii.se if the following condi- 
tions arc fulfilled: Each variable consiHts of the malhcinatical expecta- 
tion or Ryaiomatio part Mu which is a smooth function of timOj plus 
tlio random or error part yus Then wc can eliminate or at least grcally 
reduce the systematic component by taking diffcrcnccfl. If differcjice 
Bcrics of a Iiigli enough order are computed we will eventually have 
eliminated the systematic part entirely or at least sufficiently. Hence 
this dilTercnco series and all liighcr clifferciico series will consist of tho 
random part alozio, or at least substantially of tho random component 
I/O- 

In order to form an idea in which dilTorenco scries Huh ib tiio case wo 
compute by appropriate formulae the varianccy of tho successive cHf- 
feronco sericB. 


P. n. DouaUa: Thearv of Waott, Now York. 1034. Boo nlM II. T. DfkviiiJ Theoru of RconQmetrics^ 
Ind., 1041, pp. 163 if. And Uta aicrAlura on p. 150. 

^ I/. IV. Kloln; l?conomic ffiiciiiolvonfl Vm (60 jS., 
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Wc need estimates of the error variances of Xi, X2, Xs. The followng 
table gives the variances of various difference series of the variables: 


-W T W...W 

TABLE 6 

VARIANCES OF DIFFERENCE BETlIES 


Ordor 

o[ 

Xi ioB Inbor 

Xi log capUiil 

Xi log product 

DKIorancQ 

1 

0,00020407 

0.00001807 

0.00082478 

2 

0.00032103 

D . 000002 60 

0.00025463 

3 

0.00010136 

0.00000112 

0 . 0002048 B 

4 

0.00000250 

o.ooooooao 

0.00018100 

5 

0,00007767 

0.00000086 

0.00010422 


Tests®^ indicate that the second difference of Xi, the third difference of 
X2 and the second difference of Za give under our assumptions reasona- 
bly accurate estimates of the error variances of the variables in 

question. The error variances are for the reader's convenience repre- 
sented in the following table : 


Vflriftblo 
loB Idbor 
log oApItnl 
loB product 


TABLE 7 


Kniion vahiances 

Symbol 

Xm 

X9 


Error Variftneo 
0.00012L03 
O.C000001I2 
0,00020453 


These error variances are asBumed to bo estimated with enough ac- 
curacy BO that we can treat them aa constants. This assumption is prob- 
ably not fully justified in our case. 

The roaulting weighted rogimsion equation will only leprosent tho 
production function if, apart from an exponential trend, this production 
function was stable or at least reasonably stable over tho period con- 
sidered, while there were fluctuations in the other relationship involved 
in production, especially the supply of productive services, the demand 
for the product. This assumption seems to be approximately justified 
because of the fluctuations of those quantities during tho business cycle. 
We want to lit the weighted regression functions: 

(47) fciWi + k2Vi2 "h fcaWs + kiWri = 0 

taking into account the fundamental aBsumptions of our method. Tho 
linear equations for tho coefiicients are derived from the variance-co- 
variance matrix of ilio variables: 

TAni.E 8 

vatuance covariance matrix 


Xi 

Xi 

Xi 

x» 

0.00003136 

0.00000046 

0.00I87D86 

0.00616600 


0.00030006 

0.00046006 

0.0000750Q 



0.00602860 

0,26020000 




88.60000000 


M 0. Tintnor; TAa Varu^e Difference Method, op, cU., pp. 87 ^ 
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Tho delerminantal eciuation (29) beccimcH; 

0.00003 13 6-0 .000 12 103X O.OQOtXKMO O.onc^rOaS 0,00(5 1 6C0O 

0.00000046 O.OO03O9O 6 -0,000001 12K O.OOOirjOOS 0.0(1007600 

0.00187085 o.oainoofi 0.0050:1860 -0.00020*1 MX 0.260200O 

0.00616600 0.00007600 O.S^HWOOOO 38.60000000 

The two smallest roots of this equation uro; Xi==0..')'182 unci N 3 = 22.:i04. 
The lirnt can hcj iiseil to form the lost funcilion: Ai = 2f) (0.,')182) 
= ] 0. 9040. Tills is for Ifli'KO Hnniples clislrihiiled like x* witli 17 (lc'gr(;f;.s of 
freedom. The x’ pcrinitled at tho 5 per cent level is 27.587 and at the 1 
per cent level; 33.409. Hence Aj is not sigiiiru-ant. 

Next wc compute Aa = 20(0..5482+22.304) =‘158.044. This is again 
distributed like x® with 30 degrees of freedom. For tho 5 per cent level of 
eignificanco we got a pennissihlo x* of 60.714 and for the 1 per cent level 
67.804. One empirical A’ Is Bignificant. Ilcnco wc conclude that it i,s un- 
likely that there is more than one linear relationship hctweoii tlic 4 
vnimbloa Xi, X,, Xi and Xi In tho population corresponding to our 
sample. Wo do not seem to have inulticollincarity, 

Insevling tlio smallest root Xi =0.5482 into the dctorminantal equa- 
tion (48) wo get n matrix for the cominitntion of the regression coofTi- 
cie(it.s of our weighted regression: 

The cciimtions to lie .solved are in our ctustc 

O,OOO806OO7ci' + O.OOOOOOlBfci' + 0.00515500fc*' = 0.00187086 
(40) 0.00000046fti' + 0.0003084W + 0.00007600/ci" = 0.00046005 
0.00515500Ai' -h 0.06007600A:j' -f SS.SOOOOOOit' = 0.25020000 
The solution is given in the following weighted rogrc.saion equation : 

(60) m3 = 2.128800mi d- 0.338C05jnj -k O.OOBGSOWi. 

This production function gives estimates of the elasticities of produc- 
tion with respect to labor and fixed capital and also a time trend as they 
presumably exist in a hypothetical population. For instance, other 
things equal, an increase of 1 per cent in tho total fixed capital will in- 
crease tho toinl product by more than ^ per cent. An inerca.se in the total 
labor force by 1 por cent will increase the product by more than 2 ))cr 
cent. The last term represents an exponential trend. It has to be inter- 
preted in this way: Production increased about 3 por cent each year 
during tlio period. Tins last estimate agrees with earlier oslimates of 
Carl Snyder" and others. 

C. Bnydor: Captloli'im the Creator, New York, 1040, 
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Tho weighted regression equation (50) given above sliould be com- 
pared with tho regression cq^uation which has been derived by classical 
methods; 

(61) - 1.970986a;i + 0.332328n:2 + 0 . 005710 xa . 

This, however, is designed to predict most successluUy if a:i, X 2 and 
Xi arc given. 

Using tho goomctric means whose logarithms appear in Table 6, we 
can also compute the marginal productivities of capital and labor. 
From the weighted regression coefficients wo get for tho marginal 
productivity per worker 82,270.63 and for the marginal productivity 
of the stock of fixed capital der pollar: $0,292. This is to say: If condi- 
tions are on the average tlie same as in tho period considered, we con- 
clude that other things equal tho addition of one worker will result 
in an increase in tho national product by about $2,000, The addition 
of one more dollar to the stock of fixed capital will bring about, ceteris 
paribus, an increase in the net national product of almost $.30. Both 
lliGBO estimates appear somewhat high, but maybo not excessively so in 
the light of some previous investigations in the field of agricultural 
production functions.®® These results arc, however, not strictly com- 
parnlde to our production function which has been derived for the whole 
economy, 

Al! these results should be intorpretod in the light of tlicir statistical 
variability ns described by their approximate standard errors. The ma- 
trix inverse to tlie one used in computing our weighted regression equa- 
tion (5) is given in the following table: 

TABLE 0 

INVEllBE MATRIX 



Xi 

Xi 

Xi 

Xi 

1,167.303 

41.734 

-0.221 

Xi 


4,700.3C6 

-7,113 

Xi 



0.038 


Using these data and the previous results we compute the approxi- 
mate standard errors of the weighted regression Coefficients. The stand- 
ard error of tho coeffleiGnt of lui in the weighted regression equation 
(2.12880G) turns out to be 0.174; the one of the coefficient of m 2 
(0.338606) appears as 0.361; and the one of tlio coefficient of tHa 
(0,005680) is 0.0009904. Using the £-test, wc sec that the corrcBponding 
vuluos of t are: 12.235, 0,965 and 5.714. The t required for 17 degrees of 

** G, Tinlntjr rind O. II. Ilrownlpti: '‘IVodualiou Fuiiollons Dari veil from Ffttm Ilocordn.'’ Journal of 
Farm AVonotni'ci, Vol. 20, IDdd. pp. GOft fV, 
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freedom at the 6 per cent level of fiij^nificnncc is 2.1 11 and the one for 
the 1 per cent level is 2.808, It turns out that the cocfncir-jiis of 7ni and 
m.i are highly significant, but not the one of i/ij, lienee it wouhl niipctir 
that we can perhaps with some accuracy determine the elasticity of 
production with respect to labor, Imt not the one with renpect to the 
stock of fixed business capital. A possible explanation of iliis is, that 
the effects of an incrcu.se in fixed capital may not appear in the same 
year but in subsequent years. The time trend enu also be, dt'lermiiiLMl 
with reasonable accuracy. All these results are only of nn approximate 
nature. 

Finally u’o want to give fiducial or confidence IhnilH for nur esliinale 
of the elasticity of production with respect to labor. Using a confidennc 
coeffioient of DO per cent, we get for the limits) of the elaKticity: 2.G33 
and 1.625, This has to be interpreted in the following ^vay: Tlic chances 
are 00 in 100 that an increnso in tlic total labor force l>y 1 per coni will 
increase tho product by not more than about 2.0 per cent and not less 
than about 1.6 per cent. These arc pretty wide limil.s and omjjhaalzc 
the tentative nature of our conclusions. 

TJio same typo of analysis can also be npplied to the marginal 
productivity of labor. Using a confidence coefficient of 09 ])er eoiiL wo 
get for these limits: 2,819,5‘1 and 1,740.13. CeteriH paribim, under con- 
ditions approximately tho same as the onen prevailing in the pitriod 
cojisidorcd, We can make this statement; The chances are 00 in 100 that 
an iirci’oaso of llio labor force by one worker will result in an iricreaHO of 
the total national product by not more than about $2800 and not less 
than about §1700. Tlie latter figure ia probably nearer to tlic true value. 

Wo want to stress finally that the results f(}r the production funellon 
of tho whole United Slatc.s should not ho taken loo seriously. Our data 
are perhaps not quite adequate for the determination of such a func- 
tion. Tho economic meaning of a production function reproHonting all 
enterprises is also somewhat doubtful. It would be more dcsirablo to try 
to fit production functions of tho Douglas typo to specific industries. We 
believe, bowover, that tlie metliods indicated above should be tried 
in the statiatienl analysis of such a problem. 



REPRODUCTION RATES ADJUSTED FOR AGE, 
PARITY, FECUNDITY, AND MARRIAGE 

P. K, WlIETiPTON 

Sicripps Foundation for Research in Population Prohlema 

The reproduotion rates computed in the past have boon 
ngc-ad justed, i.o. baaed on age specific birth rates. Dccauso 
order of birth and parity of mother were ignored, these rates 
have had an upivord bias in some years and a downward bias 
in otherB. The omiasion of nn allowance for marriaBo and fe- 
cundity hna had a similar ofTceb. The reasons for ihcao biaaaa 
are analyzed; a method for utilizing nge-pnrity specific rates 
and allowing for apinsberhood and Bterility is described; and 
the different types of rates are shown for selected years. 

T he gross or not reproduction rates and intrinsic rates of natural 
incrooso computed in the past have been adjusted for age. They 
show what would occur if the age specific birth and death rates of 
females in the various age cohorts of an actual population during the 
l)ase ])eriocl were to apply to a hypothetical cohort of females during 
its lifetime.^ These age-adjusted rates have been extremely useful to 
demographers, and have been considered higlilj'* accurate measures of 
t]ie fortility of tlio base period. As far as the writer can ascertain, how- 
ever, no one has analyzed adequately the validity of certain phases of 
the methodology. Is it IhcorcLically possible for the age specific birtli 
rates of any actual population during any base period to remain in effect 
throughout the life time of a liypothetical cohort? When applying the 
birth rate of the women of a given age in an actual population to the 
women of that age in the hypothetical cohort, is it correct to ignore the 
previous birth rates of the actual women? What is the effect of disre- 
garding the iucidcnGC of sterility and spinsterhood? In short, should re- 
production rates bo based on birth rates Avliich are specific for parity, 
marriage, and fecundity, as well aa age? And if so, how much would 
they be changed? These arc the questions which will be discussed here. 

1. CAN A IlYPOTHETICAIi COHORT HAVE THE AGE SPECIFIC 
niRTIl RATES OF AN ACTUAL POPULATION? 

Heretofore the computation of a gross or net reproduction rate or an 
intrinsic rale of natural inerca^se has required tho use of age specific 
birth rates. Convention ally, the average annual numbers of live birllis 
to white (or colored) women during the base period are classified by 

1 In n fow ciiKcB roprodtiction taIcr Iiclvo boon ooinpulctl for mnloH nnil Uio lolnl papuliilion. Sqgi 
for o^ftmplo, Myora, Robert. J.i Tho Vulitlily und BiRnlficnnco of MrIq Not UoproduoLlon RrIga. 
J oiirnnl of tho Arneriean SMiaticat A«flocia/ion, Vol. 30, Nq. 2 14, Juno 1041, pp, 276-2 B2, 
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D-yoar age groups (1&-19, 20-24, etc.) of mother as of lime of lurtli, 
corrected for unclcrrcgi.stralion, and divided by the numbers of while 
(or colored) women in the corre'^ponding ago groiip.s iiL the middle of the 
base period. It is assumwl that a liyiioLlietieal cohort of white (or 
colored) women living through the childbearing p(‘riod will have (1) 
at ages 16 through 19 five lime.s the average annual birth rate which 
wliitc (or colored) women aged 16-19 had in the base period, (2) at 
ages 20 through 24 five Miik'.s tlio average annual birth rate which 
white (or colored) women aged 20 -24 had in tlu! ba.KC pisriotl, etc. The 
total mimbor of Inrlhs to the hypoDictical cohort is computed, and 
multiplied by the purcenlago of infanls that arc girls to obtain Iho 
number of female births.* 

The births by age of mother used in computing Iho ago Bpoeific birth 
rates just described iiichide births of Bcveral orders. In 1942, for ex- 
ample, births of the first to sixth onlera were registered lus occurring 
to women aged 15-10, and births of the first to 22nd orders to women 
aged 40-44, Up to tho present, however, there appanmtly has been no 
reference to order of birth in the methodology of computing a grass or 
net reproduction rate or an intriiiHirj rale of natural increase. One ex- 
planation of the omiasion could he that within each age grouj) tins rate 
for fii-flt births, the rate for second liirths, and the rale ^r births of each 
other Older are asBurned implicitly to apply to the hypolhelical eoliort, 
just oa the sum of Uicse rates (tho ago speeific rate based on liirlhs 
mgardloas of order) is ossumed to apply to it. Another explanation 
could be tliat within an ago group compensating changes arc assumed 
to occur in rates by birth orriev. For example, it could he assumed that 
at ages 20-24 tho first birth rate.s of the liypothelical cohort would he 
10 por cent lower than thase of the actual cohorts, but the rales for other 
birth ordem would bo sufTicienUy higher so that tho total number of 
births at these agc.s Avould not bo affected. But because tho methodology 
omphasizos the assumption tliat the ago specific rates (for all birtli 
ordois combined) of an actual population apply unchanged to a tlico- 
retical cohort — not that there bo cumpensaling changes — it is logical to 
bolievothat the Gist as.sumption mentioned has been made implicitly, 
namely that tho age specific rates by order of birth of an actual popula- 
tion apply to a hypothetical cohort living through tho chililbearing 
period. 

Is tliis implicit assumption Uitiordically possible for any given 

I ipQoino blrlli rnloa by Blnglo yonvn of npto Innlorut of rnloa by A-yrnr ngQ Kroupn liUiUlpllcd 

fly flvo (fooffiTot cliangoefi^iiiinoaiHly LbogroMor not roprnttuc^iroTi ri\lo, nor llio InlriUBfo rule of nntnrnl 
Incronao, unloea the dlalrlbnllon of womon nnd/or of blrllia by nijc of motber witliln Mid J5-ycr\r aro 
Rroupii Ib voty nbnormfil, Blmllarly, nulnic aka ePAcIflo pBrcaiUAROA of Infnnti that aro sirla tiM lUllo 
ftolontho Pnalr^iutli. 
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year? The answer may be obtained from an inspection of the rates for 
first births, second births, and births of other orders per 1,000 native ^ 
white women by 5-year age groups for each year from lOlO to 1044 in 
the United States. Adding the age specific rates for all births regardless 
of order and multiplying by five are essential steps in computing the 
gross reproduction rate, and give the number of births of all orders per 
1,000 women living through the childbearing period in the hypothetical 
cohort.^ The aamo proccduro applied to fii’st birth rates givoa the fiz’st 
births per 1,000 women living to ago 60 in the hypothetical cohort. If 
the cohort had the 1940 age specific first birtli rates, 1,000 women 
would have 820 first births. (See Tabic 1.) With the 1944 rates there 
would be 868 first births per 1,000 women, and with the 1941 rates 
916 first births. Such fertility is possible in theory or practice. But for 
1,000 women to have 1,084 first births, the result obtained for 1942, is 
impossible botli pi-actically and theoretically, even for a hypothetical 
cohort.^ And for 1,000 women to have 997 first births (the result ob- 
tained for 1943), is equally impossible in view of what is known about 
the incidence of sterility. Second and higher order births present no 
such problem in the years for which data are available, because the age 
specific rates for these birth orders are substantially smaller in the 
aggregate than ilioso for first births, 

TAliLE t 

FIRST DIRTIIS PER 1.000 NATIVE WHITE WOMEN BY 6*YEAR AQE PERIODB, 
UNITED STATES, 1040 TO 1044 


Control Firat Birlli Rnloa'^ 
Aro 


Period 

1040 

1041 

1042 

1043 

1044 

16-101 

36.00 

37.88 

42.41 

42,47 

30.70 

20-24 

06,88 

75.01 

00.40 




40.87 

45.00 

66,38 

48.24 

30.31 

30-34 

10.41 

18.03 

21.17 

10.83 

17,10 

35-30 

4.B2 

6.34 

0,37 

0.74 

0.08 

40-44 

.81 

.88 

.06 

1. 00 

1.23 

46-40 t 

.00 

.06 

.05 

.00 

.00 

Tolfil 

103,04 

193.18 

21G,B2 

109.46 

173.08 

TolnlXe 

810.70 

016.00 

1,084.10 

007.40 

808.40 


* TIicgq rnlcfi aro (idJiisLcd for mcomplolo rcRiHlrnlion in nGcordanca with dnla or Lho Division of 
Win] SlftliHiicflbnHcdtin llio lest period Docomber 1, 1030 lo April 1, 1040. 

\ Innludcs llio few birlliH to women yoimRcr Uinii 16, 

\ InoIndcH tbo fow bivOm to women 46 or older. 

I In oompullTiK n Ktosa rcprodnolion rale It m afiflumed Lhnlif the women who dlij beforo llioond of 
tliQ olilldbcorinR period liiul lived Lhoy would huvo tlio nnine ORO apoclfie bii th rnle» ns Llioao who llvo 
lo lhaondof ihn period. 

^ In Lilia coniroollop (1 ehoulci bo rcmombcrocl llml muIUpIe live births nro rccor^lcd n-nd lr\buJn(c.d 
na birlhn of two or more orders. Thus If Lwlna nro borno nt n Hrat presnunoy, order of birLh Is noted kb 
firaton the birth oerliflcato for one baby nnd naaecondonthnlfor Llia other. 
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'riie conclusion may ho Hinted in Rcneral tcriiiH iw follows: If ihc 
various cohorts coinposiji{' un iicliial po|mlalioii liivvo u Huflieirnlly 
largo number of first birllis in ii cerluiii yi'iir (or years), it is invalid to 
assume in conipviting reprcKluelion rates* that a liypiitlielieul cohort 
will have during its reproduelive lifi* liiiu' (lie ago specific rales for 
(lint births of the vavious cohorts during that year (or years). Fiirlhcr- 
more, the fact Uiivl flic foregoing nssuiiiplion yields imposKilih* results 
for certain yciUH douhts iin the tieeurucy of (ho resuUs for otluT 
yearn. ForltinaLcly the .situation eiin he iiiipruved in one of three ways, 
(a) The .second assiuiiption listed above cun be made, niiiiiely, llial. Iho 
age specific rate-s for first birtlis will be sninller for the hypolhetical 
cohort than for the nelual popuhilioii, hut the.se, declined will be exactly 
balanced os far as mimhem of liiiihs urc ctmeerned by larger uge specific 
rates for birllm of higher orders. Obvioiisty this is ohjectionablc for 
several rca-sons. (h) The hose period can be lenglhened in the hope that 
the poeiiliariti(!.s of individual yeai’s will cnneci out. This is undesirable 
beoau.se it is important to inemiure year to year cluinge.s as well as the 
average siliiation during several years, (c) Jlirlh ral.es cun be coinpulcd 
for the actual poinihition which can he applied eorrecfly lo a hypo- 
llictical oohorl. TJiis suggeslion Heoms most promising, hence il will 
be analyzed in detail. 

The first revimon in jn'occdure that is nccdetl in order to iinprovi* llie. 
accuracy of reproduction rales for any year Is 1 he inclusion of an adjust- 
ment for order of birth of child and parity of women.* From a 
theoretical standpoint the. use of birth ratc.s which arc specific for birth 
order and parity us well as age is a decided imiiroveinent, and sbould 
have hnon advocated long ago by dmiiographei's. Tlic delay proluibly is 
duo in part lo a tendency lo accept as adccjuatc in fertility analy.si.s the 
procedures developed and u.sod earlier in morliilily analysis. Unfor- 
tunately tliren fundamental differences have hocn overlooked in this 
carry-over,’ Fimt, although a cat proverhially has nine lives, each 
woman (no matter how "catty” she, may be) has only one; sbe must 
die, but she can die only once. In contrast, llic fecundity and fertility 
of women vary widol3^ Some cannot have a child; many have two or 
three; a very few have 20 or more. Because of tins difforonce, ago specific 
birth rates are much le.ss adequate in preparing n reproduction table 
than arc ago .specific death rates in preparing a lif<i table. To raise; the 

I Tor till) inko o/ brovily llio plirn^o ^reproducHon rnlcii" will Ijo Itprrnflrr In rpferriiiK lo llio 
throe nvlcR-^Rrnfiii reproduce loll rntcft^ nel roprodurljon rnlcw, Inlrlnhic rnU'H of nitlurBl ihprcuio— 
ne a Krnup. 

‘ Pjtriey nn Udatl !n lhl« pnpor monnji t1i« nuiiihpt of clilMren Imrii nllvo. A *oro pnrily \vi>mun liriR 
noL boriio ft ohlld nllvo, n firnl Ditrily woman liiui hnd onolivo liirih, olc. 

’ The oLhor two iHltarcncofl rolnlo in alerilily ond npinnlcrliood, niul nro ilUoufifled in ncollonu 3 
end 4, 
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former to tlie level of the latter requires (among other thinge) recog- 
nition of the relation between parity of woman and birth order of child, 
rirat births can occur only to zero parity ivomen, second births can 
occur only to first parity women, etc. In short, only the women of 
n parity can be exposed to the risk of bearing a child of n+1 order. 

From a practical standpoint the use of age specific birth rates by 
order of birth and parity of women® for the United States was impos- 
sible a few years ago because there wore so few statistics regarding tlio 
distribution, of women by parity. Fortunately, the parity question was 
reinstated in the 1940 census, and tabulations by parity were made 
on n sample basis for this census and that of 1910, Tables are now avail- 
able which show the number of women classified by color, nativity, age, 
and number of cl}ildren ever born for the United States and certain 
subdivisions. 

If the age-parity specific birth rates of an actual population are ap- 
plied to a hypothetical cohort, it is impossible for a gross reproduction 
rate to show that 1,000 women have more than 1,000 first births. The 
explanation is simple. First births at each ago of mother in tlie base 
year are related to zero parity women of that age, and the resulting 
rates arc applied to the zero parity women in the hypothetical cohort. 
At the beginning of the childbearing period all of the women in the 
cohort are of zero parity. As thosG zero parity women have a first 
birth at any subsequent ago they are ti'ansf erred to the first parity 
group, If the age specific zero parity first birth rates arc sufficiently 
higli, all the women in a hypothetical cohort are transferred from 
zero to first parity before reaching the oldest childbearing age, in 
which case tlie upper limit of 1,000 first births per 1,000 women in the 
cohort is ronelicd, but not passed. In no year for whicli data are avail- 
able, however, has this limit been approached closely. Even with tlie 
age specific zero parity birth rates of 1042, the highest on record, 1,000 
women living to age 50 would have only 875 first birtlis. Similar reason- 
ing shows that the number of second births in the hypothetical cohort 
cannot exceed the niunbo]' of firat parity womeHj or the number of 
third births exceed the number of second parity women, etc., when the 
base rates are age-parity specific. Actually, the theoretical upper limits 
are not approached closely. 

2. ALLOWING FOR THE RELATION BETWEEN THE FERTILITY OP A 

COHORT AT A GIVEN AGE AND ITS FEUTILITY AT YOUNGER AGES 

The use of age-parity wpecifie birth rates in computing reproduction 
rates avoids impossible assumptions for years like 1942 because it pro- 


* Such rnlcB will bo roforrod io horojirLor ao aEo-rnrlly npocl Ho rates. 
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vicloB for the relation bntwoen (a) l^rlli pcTformnneo at a given ago 
and (b) bu-lh performance at younger ngea. A« waa pointed out above, 
transferring women from zero parity lo first parity v.-lien Ibey have a 
fiiflt birth and using Ijirth rates by parity make it imi)OS-Hiblc to assign 
more than one first birth to any woman. This in ch-sirnMo for o))Vious 
rcasona. Loss obvious, but imporlnnt luiverlhelcs.H, is llu“ fact limt hc- 
cnu.se agC'parity specific l)irlb rates for a given year gm*. prop('r weight 
to the fertility in prior years of oaeli ago coliort in Hit; aetiiai iiopula- 
tiou, they mea.sur« more aecairntely limn age .spec i lie, rtiles the birth 
performance of tlie population in tin; year in tpieHlion, For example, 
during the dcprcs.sion yenm of the 1930’s there wns a tendency for 
marriage and the slarling of a family lo lu; delayed, wliieli ralHcii tho 
proportion of women who were childless to iv relatively high figure, 
eapecially at tlio younger childliearing nge.H. In conlrtwt, pro.si)c;rity and 
war luvs encouraged marriage, and Ihe starling of a family hetween 
1940 and 1045, and reduced lo a relalivoly low figure the proportion of 
tho younger women who arc childle.SH. It a comparison of Ihc fortilily of 
tho younger childlc,s.s women in 1040 and 1045 is based on (a) ago 
specific fimt birlh rates and (b) age-parity specific first birth rates, tlic 
rcJntii'O poallion of 1046 is more favorable on Die Jailer basis Dmn on 
tho former. In lliia case, of couise, Uic coniiiarison more favorable lo 
1946 is correol liecause it reflccla tho diffcrenceH in the rcluLivo num- 
ber of zero parity women In tlio two base yeara. For tho same reason 
a comparison between tho roprodiiction rates for 1040 and 1046 is 
moi’o accurate if computed from age-parity specific birth rates than 
from age apccific rates. It is possible in theory for blui bios mentioned 
to bo equalized exactly by biases in the opposite direction for'othcr 
ages or oElier birth ordem. That exact cqualizaliou will happen in 
praclico, however, is unlikely. 

Basing reproduction rates on age-parity specific birtJi rates has tlio 
additional advantage of allowing for the fact that tho computed birth 
performance prior to a given age of w'omen in a hj'pothctical cohort will 
differ in most cases from tho actual Ijirth performance prior to tho same 
ago of the women in the actual population Avhosc rales are being ap- 
plied to tliG coliort. This is important because, as explained aliovc, 
fertility at a given age is affected by fertility at younger ages. For 
example, acvcntli or higher order births conslitulcd more Ihiin Imlf 
of the births in 1010 to native while women aged 40 -44, and almost all 
of thorn occurred to mothers who Iwid liorno at IciusL six cliildron beforo 
1940.“ In computing a conventional 1040 reproduotion rale it is ns- 
flumed that tho women in tho hypothetical cohort will have at ages 

* The fow ovaopLiona nro ihd women vho hud muUlple blrllu or tw’o coiinTi(imcnt«« or both, in 10-10. 
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40-44: tliG 1940 age specific birth rates at these ages. But whereas the 
proportion of the women aged 40-44 that had borne six or more 
children was 13 per cent for the actual 1940 population it would be 
only 0 per cent for the hypothetical cohort. In consequence the num- 
ber of seventh or higher order births to 1,000 women in the hypo- 
thetical cohort at ages 40-44 is substantially lower, and correspond- 
ingly more accurate, when computed from age-parity spceific rates 
than when compulerl from ago specific rates. It might bo thought that 
the smaller number of seventh or higher order births yielded by parity 
specific rates at ages 40-44 would bo offset by a larger number of first 
to sixth births, because of the larger proportion of zero to five parity 
women in the hypothetical cohort than in the 1940 population. Such 
is not the case. Instead, the total number of births per 1,000 women 
aged 40-44 is 14.9 for the actual population but only 10.7 for the hypo- 
thetical cohort. Obviously the reproduction rates based on ago specific 
birth rates are biased accordingly. As before, such biases could happen 
to be exactly compensating, but the odds are heavily against it. 

8, ALLOWING FOR THU EFFECT OF BTETllLITY 

The basic age specific birth rates used in computing conventional 
reproduction rates are obtained by relating births to the fecund plus 
the sterile persons in the total population (or in the race, nativity, sex, 
or other group in question) rather than to the fecund persons only,^° 
Failure to exclude sterile persons may bo due in part to the tendency 
suggested earlier to carry over to fertility analysis the procedures 
used previously in mortality analysis. Relating birtlia, like deaths to 
all persons is objectionable in theory, however, because it ignores the 
fact tliat \Wierca.g each pGi-son must die sooner or later, some persons 
in the so-caUed reproductive age groups cannot become parents. Speak- 
ing in terms of women, no women of any nge can avoid exposure to the 
risk of dying at that age. In contrast, some women of an ago within 
the childbearing period cannot, for pliysiological reasons, be exposed 
to the risk of having a child at that age. Deaths of women of a given 
age should be related to all women of that age, for all of them arc at 
Halt, Similarly, n order births at a given age should be related to the 
women who can have such a birth, namely, the fecund n — l parity 
women of that age, and not these women plus the n — l parity women 
of the same age who are sterile. In cliacussing this problem a distinction 

Fooundivnd filorllo i\ro lined In (iccorilftnco v/iih tho dodnlllona ndoplcd by Uio Population AbhodIr- 
tlon of America j namely : n tocimd person Ima llio phys'ioloRiccil ability to parlicipalo in roprudueClon 
at tlio or Cimo In question; a jitorila person Ineks <h|q nhiliCy, 

Tbiil nnnlynlB clcaln 'vvilb ono method of idlowiiift for HLorillly. IT uro fipoc^IlD rntca for the onfiol of 
NiQrilily wero nvatlablo, Uio annlysle nnd conolualonB would bo Bomowhat difTorDut. 
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will be made between full time or coinplolc sterility — the lack of the 
ability to participate in rcprotluclioii at any linie—mid part lijiic or 
partial atcrility — the lack of the ability at one lirne but not at another. 
The reogona for this distinelioa will become evident during the di-scuB- 
Bion, 

From a practical standpoint Ihoro are two o.xplnnalionH for not allow- 
ing heretofore for the effect of complete Hterility in com])iiting re]no- 
duction rates. The first is the lack of information about tlio number of 
sterile pereon-s in the population, and will be coiiHidcrcfl later, 'i’lie 
second is tliot a rcproiluclion rate computed from age KpeoiQe birth 
rates is not nffeclcd by an allowance for sterilily. For example, the 
not reproduction rate for native white women in lf)'f2 bused on ago 
specific birth rates willi no allowance for sterility i.s IIQ, (See Talde 2, 

TAIII.E 3 

THE NET nEPUODUCTION HATE FOU NATIVE WUITE WOMEN IN IBIS 
COMPUTED FllOM AOE SPECino nillTII lUTEB, WITH AND WITH- 
OUT AN ADJUSTMENT FOll BTEElElTV 
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vaIucb from a Ilfo Inblo for 10^2 oompulcd by Qcrlppa Kounditilon for Ucjiofircli in PopulfiUon 
PrObUma. 

[ Sqq fooLnolca of Tnblo 1. Tbo fl^uroD In ihcoo columTin ato probAbilllkh rnllior Ibnn coolrnl rnlPHi 
for iboy arc oblnlnc^dby relallnf^ (n) lha oiunbcr of birlbn occurrlns durinn Uio ako Inlervul x (u x-1-1 
U) (b ) Oio number of vromon of ouol ar« x, 

\ Any porcdnCAgB wbich does not glva & rate of ovor 1,000 in Column B could bo uaod for illu^lrnlivo 
purpQBCb. 


Col. F.) If it is assumed that 10 per cent of the women arc completely 
sterile, fecund women will constitute 00 per cent of all women of ouch 
ago in tlio hypothetical cohort. {3eo Cols. A and D.) Bui for the sumo 
reason, fecund women will consLilulc 00 per cent of all women of each 
ago in the actual population, hence tho ago specific bivtli rates for 
fecund women in. tho actual population (Col. E) will be 111.1 per cent 
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of those for all women (Col. B). In consequence the number of births 
to the women in the hypothetical cohort (Col. AXCoh B, or Col. 
DXCol. E) is the same in cither case, as is the net reproduction rate. , 
Treating each single year of age separately does not affect the com- 
parison. 

If a reproduction rate is based on age-parity specific rates, however, 
an allowance for complete sterility changes the results. This may be 
illustrated by using the fertility and mortality data for native white 
women in 1942 and assuming that cither none or 10 per cent of the 
women are completely sterile, as before, but computing the not re- 
prodiiciion rates from age-parity specific birth rates. Because these 
rates must be used by single years of age a table including all birth 
orders at all ages would require a large amount of space. In conse- 
quence, the results are shown in detail only for first births at ages 
15 through 24, (See Table 3.) If no allowance is made for sterility, a 
hypothetical cohort of 100,000 women will have 67,774 first births by 
exact age 25, and 82,400 by age 50. But if it is assumed tliat 10 per 
cent of the women arc completely sterile, 100,000 women in the hypo- 
thetical cohort will have 57,073 first births by exact age 25, and 79,200 
by age 50. Births of other orders will be reduced in similar degree, 

The reason why an allowance for complete sterility does not affect a 
reproduction rate based on age specific birth rates but does affect one 
based on age-parity specific rates may be explained briefly. In the former 
case it was pointed out that the relative allowance is exactly the same 
at each age in the actual population and the hypothetical cohort, and 
is exactly offset by higher birth rates. In the latter case the relative 
allowance at each ago is exactly the same for all women in the actual 
population and in the hypothetical cohort but not for the zero farUy 
women, For example, the assumption that 10 per cent of the women are 
completely sterile at each age results in a group of such women amount- 
ing at age 20 to 12.1 per cent of the zero parity women in the 1942 
population and to 12.6 per cent of the zero parity women in tlie 
hypothetical cohort. At older ages the percentages are less similar, 
being 19,4 and 25.3 respectively at age 25, and 42.2 and 62.7 at age 40- 
Sucli dilToronccs occin* only udien (a) the zero parity women of a given 
age in an actual population have had at younger ages (and prior to 
the base year) nge specific birth rates which differ from those of (b) 
tlio zero parity women of younger ages in the actual population during 
tlie given base year (whicli are also those of the hypothetical cohort 
prior to the given ago). Since it is extremely improbable that the rates 
in (a) and (b) will bo identical, or that tho differences will be exactly 
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TAllIX 3 

PART OP THE COMPOTA'ITON W TJIE NET HKniODCCTinN RATE 
FOR NATIVE WIIITB wr>MEN IN 1012 FUiPM AOEI'AIinY 
BPECJFIC IIIIITH RA'l IrH 
With anti Without nn Acljuftlmclit for Ktenlily ni»il 
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*\m Vfvluoa from Q life tnblo compulcU by Hiirlppa FouitdixliotiforUoaoivTcIi lit VopuUtloii Problemiil 
f Alntfd 10 Column IJ aquith Cuiumti A, Aloaoli nub»equoiitnitii (bo flKuro /or Column R laobialnad 
by multiplying the number of alniilQ niul over mnrrlod loro purity women of the preceding orq by ihoir 
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compBnsating, it is equally improbable that an allowance for complete 
aterility will not change a reproduction rate based on age-parity Bpecific 
birth rates. 

Among the women who are sterile during part of the childbearing 
period and fecund during the remainder of the period, the fecund 
period precedes the sterile period in almost all cases, hence the discus- 
sion of partial sterility will bo based on this group. For reasons ex- 
plained in connection with full time aterility, an allowance for part 
time sterility has no elTecl on a reproduction rate computed from ago 
specific birth rates. Whether it has an effect if the baso rates are age- 
parity specific depends on the type of allowance. Part time aterility 
undoubtedly increases with age because of the longer period during 
which there may be exposure to the factors causing fecund women to 
become sterile, e.g., gonorrheal infection and tumors of tlie geiieratiyc 
organs. It so happens, however, that if the onset of aterility depends 
entirely on age, an allowance for part time sterility has no elTect on 
reproduction rates computed from cither age specific or age-parity 
specific birth rates. Excluding the partially sterile women reduces each 
age and parity group in the same proportion in the actual population 
as in the hypothetical cohort, In consequence the increases in tlie age 
specific or age-parity specific birth rates computed for the actual popu- 
lation exactly offset the decreases in the number of fecund women in 
the hypothetical cohort. 

An allowance for a relation between bearing a child and becoming 
sterile would liavc no effect on reproduction rates based on ago specific 
birth rates, but would be almost certain to affect reproduction rates 
based on age-parity specific birth rates. The reason is that (as was 
pointed out earlier) the parity distribution at a given age of the women 
in an actual population is almost certain to differ from that of the 
women in a hypothetical cohort exposed to the rates for the actual 
population in que.slion. The important question thus becomes: Is 
there a relation between bearing a child and becoming sterile, and if so 
what is it? Everyone knows that some of the women who become sterile 
during a given year of age do so only because of events associated 
with childbearing. It is less generally realized, but true nevertheless, 

\ In QompiiUnR tial ropioduolion riKloitiq aRAuinQtl Ibnl Lho womon who dlobcfoTO tho ondoF Hio 
ohildhonrlnfl’ porjod hnyo whjJo living LIid »so ApccUlo birlh rntes lui thoao who Jivo to tlio end 
of ll\o period. 

(An nllnwnnco Ih nindo ihtoncl) ano for iha higlior morlnlltyof womcm wlio bear n ohlld at thnL [igo 
Umn of other women. 

In lliin Rcollon of the Lnblo Column Ceaunln 10 per cant of Column A. 

** In thlB BQatfonof Uio (nbloCoiumnCcquafB 10 por coni of Column A. TIiIh pcrconUgoiscbinlnod 
by mu 111 plying tho nsBumed pcrconlaKo fecund (00) by tho nasumod porcontaso Ihnt ctin nmrry (00) 
nndBublroDi Jng the prod uoL j-oin iOO. 
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that tli6 onset of sterility in gome of tlic other women of Ihiil age 
might have been prevented by pregnancy and cliiUlbirtli, Tlio i)rt‘acnt 
difficulty is to estimate the extent to wliich cliihlbcnring causes or pre- 
vents sterility. Until more inroniuiUoii is nvailnble on this mutter it is 
not worthwhile to allow for partial sterility in coinputiug reproduction 
rates. 

With complete sterility, in contrast, llu) choice, lies between dis- 
regarding its elTccte, nud oslimaliiig its incideiiee from llic best ma- 
terial uvailablc. Tlicrc Is no perfect biiHis at nor is llu-re, likely 

to bo one in the foreseeable future, for siibdivirling nil woim-n of the 
oluldbeorijig ages into two groups, one always sterile und the other 
fecund part or all of the lime. It is possible, however, to set an upper 
limit on tlio proportion completely sterile, ami thus determine the 
range within winch the reprorluction rates Ofljuslerl for this type of 
sterility should fall. Census labulalions show lliat of the. imtivn white 
married women aged 46-40 for whom the uuinher of children ever 
born was reported, 15.7 per cent were of zero parity in 1940 and 10.0 
per cent in 1910. Allowing for the underrcporling of cbiUlrun ever born 
reduces the 1940 figure to 12.7 per cent," nnd probably would reduce 
the 1010 figure to less than 8.0 per cent. Obviously not ali of these 
women wore childless because tlvoy Ihcinsclvcs were sterile at all timo.H. 
Some were cbitdlc.ss because they wove married to sterile Itusimnds, and 
othoi’Sj because they and Ihoir husbands wore of low fecundity. In this 
analysis, however, such women will bo included with tliwe complelely 
sterile, booauso they have the same effect on reproduction rates. Finally 
some of the chilclIc88nc.SB was duo to partial sterility, some to broken 
marriages, and some to contraception. 

Part of the increase in the percentage childlc.sH from 1910 to 1040 
probably was duo to an increase in complete sterility. Studies of liuman 
fertility indicate, however, that tho greater part wa.s due to tlio more 
widespread and effective use of coiilraccptivG.s. For this reason, it is 
unlikely that the proportion of native white married women aged 45- 
40 in 1040 who M'ero always sterile exceeded tho proportion reported 
childless in 1910, namely 10 per cent. 

Time will tell what proportion of the women under 45 in 1040 who 
marry by 45-40 will bo childless when they reach that ngo, In view of 
the inorenso in ohildlcsHncas between 1010 and 1910, liowcvor, it proli- 
ably will exceed 12.7 per cent, tlio adjusted 1040 figure. Hero again it 
is probable that moat of tho inorenso will ho duo to the moio wide- 
spread and effective use of contraceptives and relatively little to tlio 
greater incidence of complete sterility. It seems safe to conclude, 

I i Unpublished aiudy by Ihe wrilor. 
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therefore, that 10 per cent ia a maximum estimate for complete aterility 
among women under 60 in 1940 who will marry before reaching, that 
age. Little jb known as to the incidence of complete sterility among 
women who do not marry before 60, The best that can bo done ia to 
assume that there ia no relation between complete sterility and mar- 
riage, hence that 10 per cent ia the maximum estimate for these women 
also. 

i, ALEOWINO POJl THE EFEEOT OE BPinSTERHOOD 

If all cluldren were borne by ever married women and none by Binglo 
women the reasons for, and the effect of, allowing for spinsterhood 
would bo the same as for Bterility. Under these conditions it would 
make no difference whether age specific birth rates baaed on all women 
in the actual population were applied to all women in the hypothetical 
cohort, or whether age specific birth rates for women who marry in the 
actual population were applied to women who marry in the hypo- 
thetical cohort, provided that the proportion of eingle women who 
marry was the flame at each age in the hypothetical cohort oa in the 
actual population.^* If the basic birth rates are specific for parity as 
well as age, however, the Bituation is as different for spinsterhood as it 
ia for full time sterility, If all women marry and 10 per cent are com- 
pletely sterile, the highest conceivable age-parity specific rates could 
not give more than 900 first births to a hypothetical cohort of 1,000 
women living to ago 60. But if 10 per cent of the women remain 
B pins t era (and virgins) and 10 per cent of those who marry arc com- 
pletely Btorile, the corresponding upper limit for first births is reduced 
to 810, Within these upper limits the effect of allowing for apineter- 
hood dopendB on the extent to which the proportion of the women of 
each age in the actual population who are of zero parity differs from 
the corresponding proportion for the hypothetical cohort. Under 
mortality and fertility conditions of 1942, and assuming that 10 per 
cent of the women are completely sterile, a hypothetical cohort of 
100,000 women will have 57,073 first births by exact age 26 and 79,200 
by exact age 50. But if it is assumed also that 10 per cent of tlio women 
cannot marry, the hypothetical cohort will have only 66,225 first 
births by exact age 26 and 76,100 by exact age 60. (See Table 3.) The 
principle involved was cliaciissed in connection with the allowance for 
full time sterility and needs no further attention here. 

If spinsterhood and virginity wore synonymous the ideal way to 
allow for it in computing a reproduction rate would bo to (a) compuio 

Mnrllnl alalua la oiialomnrDy dlaroKardctl In oomtiulliij: roproduoLlon ralcfii which ia ocmlvalont 
Lo HBgiimliiR lhi\t (i\) iho proportion over morrlad la the anma at enoli a£o In tlio hypolholioal cohort 
na In llio aolunl poptilnilon, or (b) dllToronoca In Lhoao proportlona aro ol no oonAcauonco. 
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the probability of marrying foraiuRbt women of each age in Die bnao 
popuUiLion, (h) apply tbofie prolmbih'ticK to llie fOJigb woinrn in the 
hypothetical cohorl, (c) relate first birtln to ever nmrrietl (raLlier 
than total) fecund zero parity women liy in the pnimlalion, 
and (d) apply the rewulling prolmbiliiuss to the ever morru^J fecund 
zero parity women obfiuned in ‘‘b.” This ih iinpraeiieablo henauHii ado^ 
qimtG information (W to the nuinbc?r of firnl iiiurriaRf'S by color and age 
of bride ia lacking for mast yearn. 

Under Urn eireuinHtanee^< the bent procfnlurn nmuns lo bo to (a) 
ftsaume that all ningle women who bear a cldid marry lu-foro rrmdiing 
the Olid of Lho cliildboaring perioil (or before dying), whieli |»rolml)ly 
is very clasc to Llie truth, niid (b) allow for apinsterhotKl in llie name 
way iis for complete .sterility, luuuely, by computing Inrlh prolmbilitiea 
foi\ ami applying tliein to, the women who may lie expeeted to marry 
beforci they becoiiio too old lo bear a cliild, ivliieli may well bo net at age 
60. Census reports Bhow iluit approximately 10 p(‘r cent of tim native 
white women aged 45-54 have been Hingle iu each ccmisuh nince 1800, Lho 
proportion varying from a high of ll.l per cent in 1920 to a low of 
8.2 pnr cent in 1890. In view of the narrow fluctuation of the proportion 
around 10 pur cunt tliLs figure Hcojiis the be-st to apply to (‘uch cohort. 

6- niiirnoDUcnoN lUTiis with and without AOJUHrAiKNrH 

FOU PAnriTj FECUNDITV, AND MAimiAGE 

Not roprocluctioii rates for native whilo women in tlm United Htutea 
Imvo been computed for each year from 1020 to 1914 from ago, age- 
parity, and ttgc-panty-fecumlity- marriage apeeific birth rat(i.H. In two 
years tlio age adjusted rnlo Ih the «ama oh tlie age-parity fidjusii'.i! rale, 
being 105 in 1941 and 114 in 1041 in either cose. (Sec Table 4.) In 18 
years tho adjustment for parity lowers the net reproduction rale by 
one or more points, lho largest clccroascs being 11 in 1033 and 0 in 
1032^ In five years the adjuatment raisoa the rale, the largest increases 
being 4 in 1921, and 3 in 1042 ami 1943. Adjusting for eillior Htnrility 
or spinsterliGOcl reduces the age-parity adjusted rate in 14 yeani, and 
raises it in 9 years, the maximuni decrease being 7 in 1942 and tho 
maximum increase 4 in 1933. Adjusting for parity, spinsterhood, and 
sterility gives roaulba below the conventional ago luljusted rates in 
ovary year except 1021 when it causes no change. The largest decrooflos 
— seven points — occur in 1031-38. Similar HlatommilH can Im made for 
the gross roproduclion rale and the intrinHio rate of natural iticreiuio. 

Roproduclion rates adjusted for ago and parity, or for ago, parity, 
aterUiby, and spins torhood, ahow the wartime riso in forliUty to have 
heen somewhat larger than has been thought on tho basis of the con- 

II k nampUaAllne fapt«r — bltlha -ooour to blnglo w»mon— >wou1d neoM«llal« ll»fr 4u»o of 

birth probfrblUtloH lor plngU women ea well ea lor metrled woqibii. 
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ventional reproduction rates. From 1940 to 1943 the age adjusted net 
roprodviction rate increased 21.0 per cent (from 100 to 121), the age- 
parity adjusted rato increased 27.6 per cent (from 98 to 125), and the 

TABLE 4 

GUOSB AND NET REPRODUCTION RATES AND INTRINSIC RATES OP NATURAL 
INCREASE RASED ON AGE SPECIFIC, AGE-PARITY SPECIFIC. AND AQE- 
PARITY-FBCUNDITY-MARUIAGB SPECIFIC BtUTII RATES FOR 
NATIVE WHITE WOMEN. UNITED STATES 1020-44 


Ycor 

Ago 

Adjualcd 

AgQ- 

Porlby- 

AdJuBLod 

AgO' 

Parity- 

Fooundity- 

Mnrrihgo- 

Adluatcd 

V 

Adjusted 

Ago- 

Pnrity- 

Adjualcd 

Aga- 

J'an ly- 
Foouiidlty- 
MRTrSngo- 
AdjuQled 


OrojS RsproJufillan R/ito* 

IiltriiiaJo ILito o! Natural JneronM f 

1044 

122 

122 

110 

1044 

4.70 

4.87 

3.88 

1043 

lao 

134 

128 

1043 

7.01 

8.21 

0.C8 

1042 

126 

120 

120 

1042 

5.00 

0.48 

4.29 

1041 

113 

113 

110 

1041 

1.07 

1.07 

.86 

1D40 

lOB 

105 

204 

1040 

-.03 

~.S4 

"1.23 




NqI RoproducUon Riito* 




1044 

114 

114 

ni 

1031 

103 

06 

00 

1043 

121 

126 

no 

1030 

107 

102 

103 

1042 

110 

110 

112 

1020 

106 

00 

100 

1041 

106 

106 

102 

1028 

no 

lOB 

100 

1010 

00-h 

08 

07 

1027 

116 

116 

114 

1030 

00 

03 

02 

1020 

118 

116 

IIS 

1038 

00 

07 

00 

1026 

123 

122 

121 

1037 

05 

01 

01 

1024 

127 

128 

120 

1030 

04 

80 

80 

1023 

126 

123 

122 

1036 

00 

80 

01 

1022 

124 

123 

122 

1034 

00 

BO 

01 

1021 

133 

137 

133 

1033 

04 

83 

87 

1020 

126 

127 

124 

1032 

100 

01 

D3 






* Tho rnle fier 100 porsono; li Blalionury populnllon hns n rnlo of 100. 
t Tho rnto por 1,000 pereonB; a slnllonary populalion line n rnLo of zero. 


age-parity-fcciindity-marriage adjusted rate increased 22,7 pei’ cent 
(from 97 to 119). 

In interpreting tlie reproduction rates computed on the bases under 
consideration, it should be remembered that the proportion of women 
assumed to be completely sterile (10 per cent) was chosen as a maxi- 
mum, hence that the reproduction rates based on age-pnrity-fecundity- 
marriage specific l)irth rates represent extreme values* The true values 
aro boLireon tJioHo and tho rates acljiislod for ago and parity, but un- 
douljLedly aro closer to the former than tho latter. 

Although tlio age adjusted reproduction rates can bo criticized from 
a methodological standpoint, the numerical differences between them 
and the age-parity adjusted rates or the age-parity-fccimdiiy -marriage 
adjusted j'atcs are not large, TJiia is fortunate, of couisc, because the 
former are much simpler to compute than the latter. Furthermore, the 
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bosio data required for ago spoeific birlh rftlofl are avnilnlde for a rela- 
tively large number of populations, wlicreaa tliosc rciriuirwl for age- 
parity, or agc-pority-fccundily-mnrriagc apoeific birth raUs* are avoil- 
ablo for relatively few populiilions. 

Taking parity, aterility, and Hpinslerlioml into nccounl jimkoa much 
larger changes in llie prolificacy dlslrihulion of a hyi>otlKitical cohort 
than in il« reprofluclioh rales. The iiuwl slriking dilTorence oreurs in 
the proportion of ssero parity women in (he hyiiolhelical cohort of 1012. 
Cliildlc. 9 .s women would coiislilule — S.lpercnilfd (he cohort" accord- 
ing to the ago specific birth rales, 12.3 p(!r cent according to ngr-parity 
specific birlli rates, nml 20.1 jurr cent aeeonling to nge-nuirriage- 
feciindity-pnrily flpecific birlh rales. But prolifioaey diKlrilmlion is a 
matter for discus-sion in another paper rnlhcr than here. 

Even though reproihiclion rates hosed on nge-parily-fceundity- 
marriage specific, birtlt rates for women wlio marry ond are not com- 
pletely sterile will not be used widely in the near future the qiieslion of 
terminology may deserve somo altention. It Hceiu.s to the writer that 
two ideas should ho kept in mititl, namely, (a) the terminology used 
to date witli repr<« hint ion rates has become well eHlabli-Hlieil and 
should bo chftiigctl a.s little na poiwiblc, and (li) the fundamental con- 
cepts involved in the torina gross or net reproihiclion rale and in- 
trinsic rate of natural increase liave been rofinod rather Ihiin changed 
basically. One passibility would bo to refer to (ho conventional rules 
ns before, o.g., “net reproduction rates,” hut aiUl the word “rermed” 
in referring to the more accurate rules iloscribcd in thi.s paper, o.g., 
"refined not reproduction ralc-s.” The chief drawback is that "refined" 
has been used in the post in referring to rates adjusted for residence, 
ago, and 8cx,“ and, by itself, gives no chio as to tlic typo of refinoment. 
Other single words could only give a partial clue at best. It is sug- 
gosted, therefore, that the plirnscs "age-ailjustcd" or "agii-parity- 
focunclity-mnrriago adjusted" bo used os prefixes. Thus the oonvon- 
tional net reproduction rate used heretofore would bo called the “nge- 
adjusted not reproduction rate,” and tlic moro accurate rates described 
hero the "agc-parlty," or the “nge-parity-feciuidity-niarringe tidju.sled 
net reproduetion rate." Where apace is at a premium, abhrevintions 
could bo used, e.g., "Agc-Adj. Net Repvo. Rate” and “Ag(!-Pur-l''ee- 
Mar-Adj. Not Ilopro. Rato." It is realized that tlieso li'i'ins ure long, 
but it is believed that the disadvantage of their lengt h is offset by the 
fact that they aro rolnlivoly self-explanatory. 

lliofo Would bo 108 J /int WrlJm ptr lOOO bojiij® 1011 J per ronl of lb® wowon J bn vo 

one or moro blrlha nnd —8 \ par aonl would not bOAr « obi Id. 

^'Oftllod BUion Burciiu of ibo Conaua: ^MQiicUtv Sfotitikt, t026i* Borl III Wwjblngton, G.P,0, 

1020, p. 28. 



THE PROBLEM OF NON-RESPONSE IN SAMPLE SURVEYS* 

Moflnia H. and William W. Huhtfitz 

TJio mail qiieafcionaniro is usod in a numbor of survoye bo- 
causo of the economies involved. Tlie principal objection to 
this method of collecting faotiiol information is that it 
gonorally involves a largo non-reaponso rate, and nn unknown 
bias is involved in any asatimption that those responding aio 
roprepentativo of the combined total of tespondonta and nou- 
roBpondonta, 

Personal intor views goncrally elicit a aubstantially com- 
plete rcBponao, but tho cost per schedule is, of coiirso, con- 
siderably higher than it would ho for the mail qucationnnlro 
method- The purpose of this paper is to indicate a technique 
which combines tlio advantages of both procod uros, 

The principle followed ia to mail schedules in ojccess of 
tho number expected to bo returned, and to follow up by 
enumerating a samplo of those that do not respond to tho 
mail Canvass. Under renaonablo assn mj^ti one aa to the relative 
coats of tho two methods of canvaBS, an allocation of the aamplo 
can bo miido to mail and field canvasses. An illustration is 
given to show for a given degree of reliability, tho varying 
slices of tlio mailing list for di/Toront expected responso rates, 
and tho rate of field follow-up on the non-re aponscs. Por each 
responso rate, the minimum cost of tho survey is computed; 
from this computation it is possible to determine the maxi- 
mum number of schocliiloa to bo mailed independent of tho 
rnto of responso. Then to achiovo tho desired prcciaion, tho 
number to bo intorviowod would vary with the responso rate 
actually found. 

In a mathematicftl appendix tho gonoral formulas arc de- 
rived. 

T he mail questionnaire 13 used in a number of Biirveys because of tbe 
economics involved. The principal objection to this method of col- 
lecting factual information is that it generally involves a large non- 
response rate, and an unknown biaa is involved in any assumption that 
tliosc responding are representative of the combined total of respond- 
ents and non-respondents. Personal interviews generally elicit a aiib- 
etantially complete response, but the cost per schedule is, of course, 
considerably higlicj' than it would be for the mail questionnaire method. 
The purpose of this paper is to indicate a technique which combines the 
advantages of both procedures- 

The problem considered is to determine the number of mail question- 
naires bo be sent out and the number of personal interviews to take in 

+ Thin pnper wivb prc^onlcd nl tho annuol mootlni? of Uio Amorloon BlallRLleal AHnoolftLion on 
Jannnry 20, 1040 In Clevolmid, Ohio. 
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following up non-rcapoiiBcs to llin nmil tjucfltionnnini in ordrr In attain 
the reciuirod precision at n niiiiLmum ctwL. The pnatedure outlined 
below' can bo applied wlmlovcr llic jnothtxia of collreling data are. l*'or 
example, pcrhnpa cquiilly important ns tlio proldeiii <if nnn-rcHpoiiHi! in 
using mail qucslionnaires is the prohlcin of cidl-hncks in taking field 
interviews. In this latter jmildein llio procedure In iniiiiiiii%e cost for 
a given degree of reliability would cull for taking a larger wtinplc of first 
interviews and calling back on a fraction of “UhjiM' not at luinn*.” The 
technique presented licrein maken it posailile to use, uidiiaw^l designs 
at a reasonable cost wlicre tlu* «>xfcssivc cawt of «trdiiiary toctliod.s of 
follow'-iip has frequently led to abandoning them. 

To illustrate the |jriiieip!ea, this simplcal random aaiiiiding and cali- 
matiiig proccdurca are ussiinied in the early part of the text. The prinei- 
plcshold however for Blralified sampling (we 8ce.U(Ui (b) ))ager)2r)) and 
for other mckluKls of e.stimation, as whore n sample is nmsl to eHtiinntc 
rate of change hcLwecii two periods (sec fiertioii (e) piig(* 525). 

As an illustration, let ns assumes wo wnnt to esUmalc. Hits nuiulier of 
employees in retail stores during a specified perifsl iit the Stale of 
Indiana. Wo slinll assume we liave u listing of all eslublishiuoiils having 
one or more employees, say from Social Security reeonls, and their 
corresponding mailing addresses. A prcMieilure sometimes folhiwi'd is to 
take a sample of addresses from this list, mail out the riueslioniiaires, 
and then depend exclusively on the mail reluriis for the esliiiuiU! of 
number of employees for all retail stores in tlus Rlato. The. n.-sidt of 
this procedure usually will bo biased. It may lie seriously so if there is 
a largo rate of non-responso. On the other hand, if all the iul<lro.'<.‘<os 
were actually visited by an enumerator, the cost of collecting lb(( in- 
formation wo\dd bo much greater. 

Suppose the cost of mailing is 10 cents per queslionitaire mailed, 
and tlie cost of processing the returnB is <10 centfl per (lueslionimire re- 
turned. Suppose, on the other hand, that the cost of carrying llirougli 
field interviews is $4.10 per questionnaire, and Umt Ibis cost logelher 
with the cost of processing the field returns is $4.r>0 per <[ueHtionnairc, 
For the cost of one field visit wc could then obtain about eight nrail 
questionnaires if there were a 00 per cent response and five rmiil qiies- 
lionnairoB with only a 20 per cent response rntc;. Thi« docs not mean 
tlinl wc should take our entire sample by mail even though for the 
fixed cost wc can make the actual Bampic size i)erhu])H five to eight times 
as large as it would bo if all the respondentB were ue.limlly visited. It is 

I Tlifl procedure glvon In UiIr pnper In nn ndnplnlion of Oio (uinctpleN of dnulile NMiiplI ok dnvf'lnped 
by J. Noym^n.NQft *'Conlrlbullonji to the Ihcory of MmplhiK fiuinnn ixipuIntlonN,” Journttf 0/ the Amus- 
can Sialittical Ataociation, VoL a6 (lOaBK PP- lOL-110, 
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a common fallacy to asaume that the size of the sampling error de- 
creases in proportion to the square root of the number of schedules in 
the sample. Actually, in practice, this is seldom true. The sampling 
error depends on the over-all design of the sample of which the sample 
size is only one factor. 

To illustrate, assume that questionnaires are sent to a sample of 
1,000 addresses drawn at random from a complete list of 40,000 stores. 
Assume further that BOO or 60 per cent respond, and that of the 500 
non-respondents 60 or 10 per cent arc visited in order to insure some 
representation of the class of those that did not respond to the mail 
questionnaire. An unbiased estimate of the total number of employees 
is obtained from this sample by computing; 


a;' = — (?nxi' + 5^2 ' 0 , ( 1 ) 

n 

where 

-AT = 40,000=^ the number of addresses on the mailing list; 
n = 1,000 = the number of questionnaires mailed out; 

^/ = the average number of employees per establishment for the 
stores responding to the mailed questionnaire; 
m = 600= the number of such establishments; 

Sa'' = the average number of employees per establishment for the field 
interviews; 

s = 500 = the number in the sample of the 1,000 questionnaires 
originally sent out that did not respond to the mailed question- 
naire. 

It is noted tliat the total size of sample actually processed would be 
equal to 600+50 or 550. 

The sample variance of ac' if the sampling method and estimating 
procedure specified are followed is given by 


2 


N -n 

]^2 ^ 

(N - l)n 


N 

^2 + _ (/, _ 1) 
n 



(2) 


whore 

0 -^ is the variance in the entire population between the original estab- 
lishments; 

al is the variance among those not responding to the mailed ques- 
tionnaire; 

jS is the number of establishments in the population that would not 
have responded to the mailed questionnaire had the mailed ques- 
tionnaire been sent to all establishments; 


< Seo nppontifir for cfovalopment of llifa formula. 
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r is the number of catabliahmcnta in the aample viaUffil in the field; 


nnd ft where, as already indicale<l, s is the number of non-reapond- 

T 


cntB ill the aamplc. 


’With this variance formula it enu readily he bIiowii that tliere arc 
widely dilTorcnt sizes of Hainplea wliich will have the saiiii' reliability 
and that a point will be reached where the Hize of wimple alone will l)o 
a very poor indicator of tlic sampling relinbiHly. I-'or exnmrdc, assmuc 


that ff’ “ at* and that N 


and SarcsunTidently large lliul 


N . S 

wzv»"''srr 


are approximately equal to one. FutLher assume that the accuracy re- 
quired ia BUch that the average aampling error, t, would be given hy a 
aamplo of 1,000 when the rale of renponse is 100 per cent. If (pieHtion- 
naircs were mailed to a random aamplo of u ealaLiliahineiils and the 
response ralci were 100 per cent, the variance of the Liilal eKlimatcd 
from the aiimjilc would he given by 



A 

71. 

i)n 




where <r* ia defined os above. Thus 


{N - 1)1,000 

Wlien we BubatilutG various miimu'ical values repreaenling various pro- 
portiona of mailed returns and field interviews for the syiiihola in 
formula (2) we find that there are a luimlier of samples differing widely 
in sizo but each of w'hich has the same average reliiihilit}'. 

Column 5 of Table 1 shows various sample sizea each of wliich yieUla 
the specified precision in the sample cstimato. For example, sending 
out 1,600 qucBtioniiaircs, obtaining a total of 1,125 riuestionnaircs 
actually processed (7G0 by moil and 376 by field interview) yields exact- 
ly the snine sampling error ns sending out 10,000 questionnaires nnd oli- 
tnining a total of 5,263 queationnnires in the sum])lo (5,000 by innil and 
203 by Gold interview). It follows that at some point it would he un- 
profitable to put money into obtaining additional mail (lueslionnaireB 
and that it would be bettor to spend that money on obtaining relurns 
from those not responding to tho mail quoalionnairca. 

Column 0 of Table 1 shows the total coat for each of tho sample aizoa 
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uEcIer the unit costs assumed in Table 1. Since the table is so con- 
stnictecl that the varying number of schedules tabulated all lead to 
exactly the same precision in the sample estimate, it is logical to pick 
that particular sample size that would lead to a minimum cost, The 
minimum cost will be achieved when 2,000 schedules are sent out, 1,000 
of them arc returned by mail (ab the assumed 60 per cent response rate) 
and 333 of tho non-respondents are interviewed in the field. 


TAHLE I 

BAMPIiEB OP DIFFERENT SIZES THAT LEAD TO SAME PRECISION OP 
RESULTS, THROUari JOINT USE OP MAIL AND ENUMERATION 
METHODS ASSUMING A 50 PER CENT RESPONSE RATE 


n 

m 

9 

r 

ScboduloB 

Tabulated 

CoBt 

(1) 

(3) 

(3) 

(4) 

(5) 

(01 

1,000 

600 

600 

500 

1,000 

62,500 

1,500 

760 

760 

376 

1,120 

2,13B 

2,000 

1,000" 

1,000 

3dd 

1,333 

2,009 

2,500 

1,260 

1,260 

313 

1,663 

2,lfiD 

S,000 

1,500 

1,500 

BOO 

1,800 

2,260 

4,000 

2,000 

2,000 

260 

2,2B0 

2,4S7 

6,000 

2,600 

2,600 

278 

2,778 

2,7B1 

10,000 

6,000 

5,000 

203 

6,203 

4,184 


Cl “30.10 « Co “jL per qucftlionimiro of moiling 

Cl “30.40 >«>CoaL por qacHLionimiro of proccaslnR rolurncd qucBifotinnlrca 

Cl “34,&0>«Co9t per qucsllommlro of bolb onumornllng nod proccRfilng Lhoao oblninod by field 
fn Lor views 

n “Niimbor of quOBUonnnlrcB mailed out 
TH “Number of midl respondonlB 
8 “Number of iion-'renpondenlH to mall cnnvnBB 
r “Number of (Idd /tiCorvlows nmo/ig Nio uoa-roapoiidcnts 


Instead of proceeding by trial and error as has been done above to 
determine the optimum numbers of schedules to mail out and to pick 
up by field interview, the optimum values of n and r can be computed 
from the following relatively simple formulas; 

71 = np + (fc - 1)Q}, 

s (3) 

r = — j 


wlierc 



CiP 

Cl + GiP 


h 


(4) 
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A* 

P IB fclio rtitfi of rcBiiODBc to tln! mailed riiieBlio!Hmire, — and &b 
indicated earlier, e is the expeclwl iivemKe error (aUiridard error) to be 
tolerated in the total being cfltiinnU’il. rorimilan (3) arnl (4) wercob- 

N fi 

tained under the aBsuniptioiiH that o* and t^bTlio 

optimum values of n and r witliout these HHauiuplionH are 
( ^ N I 


r ^ — I 
k 


( ~ i ) V’ \ m 

“ y Tc'7h* c»T'" 


Of course, the number of mail (|urHtionnnin.'H and field iiilervit-wB re- 
quired to achieve a specified precision will vary with the respoiiHc rate. 
In practice, one may not know even apjiroximaU'ly what llu* responao 
rate will bo, whereas in order to eslimnU* the optimum valucH from the 
above formulas, the approximate response rate niuat be known in ad- 
vance of the survey. When the reHponse rate is not known in advance 
one still may want to design the Hurvey so ns to achieve at least a cer- 
tain specified precision atmininunn cost, and at llie sanu* Unm to know 
about whnt tlic coat of taking the survey will bo. l^ven uiuh'r Huch cir- 
cumstances it is pos.siblc to determine the oplinuiru iiiiinberof sebedules 
to be sent out, and the optinniin luiinbor of field interviews to be taken 
from among the non-rospondcnla. l'’or example, insteiul of iisHuining ii 
60 per cent rosponse rate ns in tlie above. illiiHlration, let iih com pule the 
optimum values of n and r for response rates varying from 1(1 iicr cent 
to 90 per cent, wlu're we still want to iiebieve the same preeiHioii of re- 
Bults. The optiimim values, eomiailed from formulaH (il) and (4), and 
the corresponding costs are shown in Table 2. 

Column 4, Tablo 2 shows the cost of n survey willi optinniin joint use 
of mail and interviow inoUiods when tho response rates are known. 
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Where the response rates are unknown, one alternative (referred to as 
Alternative 1 in the above table) which makes gome use of the econo- 
mies of using the mail questionnaire is to send out 1,000 questionnaires 
and follow up on all the non-responses regardless of the response rate. 


The sampling error would then be 


N-im 

(J\r- 1)1,000“' 


no matter 


what the rate of response, and is the same as that for the other alterna- 
tives presented in Tables 1 and 2. However, for any given response rate, 


TABLE 2 

0AMPLEB THAT LEAD TO SAME PRECISION OP RESULTS 
THROUGH JOINT USE OF MAIL AND ENUMERATION 
METHODS. FOn VARIOUS RESPONSE RATES 


(AJaa oompAriaon 0/ the minimum costa for various rosponao rates will* Iho coat 0/ 
sending out 1,000 quoalionnnirca with n 100 por coat loilow-up 
of llio non'Toapondcnla.) 


p 

n 

r 

Coal of 
OpCimum 

Cofll of 
ALternMive 1 

(1) 

(2) 

(3) 

(4) 

(6) 

.10 

1,714 

800 

84,110 

84,100 

.20 

1,080 

711 

3,568 

3,780 

.30 

2,034 

B70 

3,035 

3.370 

AQ 

1,070 

461 

2.544 

2,000 

.fiO 

1,870 

841 

2,000 

2,550 

.00 

1,727 

245 

1,000 

2,140 

,70 

1,M4 

103 

1,328 

1,730 

.RO 

1,380 

05 

1,010 

1,320 

.00 

1,107 

40 

731 

010 


the cost of this alternative will always be larger than the optimum, It is 
of interest, to see how much more costly this procedure is than the 
optimum for various responfifi rates. A comparison of columns (4) and 
(6) sliowa that the increase in coat over the optimum is smallest for the 
very low rates of response which is to be expected since not enough 
questionnaires have liecn received to take full advantage of the econo- 
mies of the mail questionnaire. For response rates 30 per cent or greater, 
increases in cost of from 10 per cent to 24 per cent are to be expected if 
this alternative is used. 

Where the approximate responae rate is not known in advance, the 
following procedure, referred to as Alternative 2, is preferable to 
Alternative 1 described above because it generally makes more effective 
use of the economics possible through the mail questionnaire method. 
The first step is to determine the maximum number of questionnaires 
to bo sent out no matter what the rate of response. The second step is 
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to determine the number to lie interviewed in oreJer to neJiievc the de- 
sired precision nftcr the moximum number baa licen sent out and the 
rate of I'Gsponao is actually dotennlneij from tlio sample relnrna. Ilcnce, 
the number to be interviewed would vary with tbo respouHe rate 
actually found. 

Note from column 2 of Table 2 that for the prolilcin we are discuss- 
ing, the maximum number to Im sent out no matter what the rate of 
response, is 2,034 quCBlioiinairea. If 40 per cent responded, for (‘Xftinple, 
then, using formula (3) wo find tbat llie munber to Im interviewed 
would be 448, 

Table 3 showa, for varying rates of rcfiponso to the mailed t|ue8tlon- 
nairo, the number of field interviews to be taken to achieve the tlcaircd 
precision if 2,034 schedules arc mailed, and the total cost for each of 
tho response rates. The coat of the optimum that could have been used 
were tlio rcBponse rates known in advance is nleo shown, 

TAni.R a 

COMrAHlSOM DETWKEN CC.ST OP OPTIMUM IP nl^PONfiH 
HATE WI5UB KNOWN AND AMKHN ATIVICS V AND 3 
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A comparison of column (4) with column (6) in Tnblo 3 indientoa 
that except for the very high response rates, the lack of any advance 
knowledge of the rates of response entailed almost no ailditional coat 
over tho optimum values when the rates arc known. IVlien the rates 
of lesponse are high, of course, the total coat of the survey will be amall 
oven though an unnecessarily largo number of tiuostionnairi's had 
originally been sent out. 

Thus, it can bo seen that not only can optimum values of n and r 
be found for a response rate known In advance, but an optinuim pro- 
cedure can bo found even where nothing is known in advance about 
the rate of response, and this procedure will produce results having at 
least the speoifled precision and at low cost. Of course, if tlio rosponso 
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rate ifl known approximately in advance, the use of thia information in 
determining the optimum use of mail and cnumcrative response will 
lead to slightly lower cost. 

Some further comments on this problem; 

(a) In actual practice a mail survey lias a time limit. All achedules 
arriving before the deadline constitute the mail response and the field 
follow-iip sampling ratio must bo applied to all on the mailing list that 
did not respond before that date, Tlic relatively few schedules arriving 
after that date, unless they are designated for interview^ must bo ex- 
cluded from the sample^ in order to avoid a bias of non-rcsponso of 
the type which wc arc trying to eliminate. The cui^off date of course 
should be held oft until the mail response is subBtantially completed 
in order to take full advantage of the economies of the mail question- 
naire. However, once a sample is designated for field follow-up and the 
respondent is actually interviewed in the field, the mail questionnaires 
returned (other than those designated for field follow-up) must be dis- 
carded. 

(b) The optimum procedure described earlier for simple random 
sampling can bo extended to stratified random sampling. Suppose, for 
example; that the population is divided into L strata Avitli Ni establish- 
ments in each. If the costs per establishment do not differ widely be- 
tween the cliffcrcnt strata, a simple procedure ie available for achiev- 
ing economies through the joint use of the mail questionnaire method 
and field follow-up. The first step is to determine the size of sample 
required under the assumption of a 100 per cent response when alloca- 
tion of the sample to the various strata is made in accordance with the 
well-known formula* 


nt 


Nm ^ 


£iV,(r, 


n, 


( 8 ) 


where n ie the size of sample required to achieve the required accuracy, 
For stratified sampling ?i is approximately equal to 
q^he procedure is then to merely use formulas (3) or (6), for each 
stratum, to ol^tain the values for rt£, the number of mail questionnaires 
to bo sent out in the i-th stratum, and 7’,*, the numl^or of the non- 
respondents to the mail questionnaire to be taken for personal inter- 
view. 

This procedure is not the optimum except under special conditions, 
but will bo o/Tcctivc except in situations where the costs di/Ter very 


» J. Noymniii 'On tho two (llfTcrent nnpaoln of Uio reprcuoniMlvtj method; o molliod of AirAilOed 
BRmpiing and the tnolhod of purpoBive nolDoilon,'* Journat of tfiB Rounl Slnfu«rat Soeiiiu, N'ow Sorfea. 
Vot 07 finad), pp 
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widely in the various strata. Wliile the optimum vtiUie for rj ia llu« wuuc 
as given in (6) when Hic svibsciipt i is iilUiuhcd to liacli of tlie Uthis, 
the optimum value for tu is more complieatcJ limn Uie corresponding 
value for the unstratificd case. To ticleriniiic the opliimim values, in 
general, for stratified sampling, wo, first (le.kTmiue tlie oplimuin num- 
ber of fiiicstioiinaires to be sent out (n) iiiut this is found tu Ijo e.tpuil to , 


n = n< y. ; 

\ ^ Ni - 1 










•( 0 ) 


where 


and 71 is given by 


- i) 




The optimum allocation of tho n qucalionnaircB to Hlrula ia tlu?n crjual 
to 


ni 


s 'I'l 


7V. 


( 10 ) 


(c) A ratio (or regression) type of estimate can l)o used instead of 
estimate (1) and at the same time make use of the optimum procedure. 
Thus if employment figures were available from a past ceusus, an esti- 
mate of total employment wiiich may he more (‘fficient than estimate 
(1) consists of applying an osUmate of the change in employment 
since the census dale to the known uuiubor of employees at tlie census 
date. If wo let 

^Average numlier of oiuployees ut the census date, per eBtalilish- 
ment responding by mall; 

J>j"= Average number of employees at tho eensus date, per es- 
tablishmeut in the field interview sample; 
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then an estimate of total employment would be 


= 


my I + 


( 11 ) 


y = Total employment at the census date, and m, s, , ana 
arc defined os in estimate (1). An approximation to the variance of 
this estimate can be put into the same form aa the variance a,- , ex- 
cept that the population variances that appear in the expression will 
now be the approximationa to the variances of ratios. Then, 


N -n 


N <S‘ 




( 12 ) 


where 

cri^ = — 2Ra’x]/ 

and is the same as cr^ in formula (2) ; cry^ ib the corresponding varianc® 
of the number of employees at the census date; iTxy is the covariance 
between x and y; and R=x/S ia the change in employment from the 
census date, 

= cTbx^ H“ R^<^bv^ 27J(rfc(*y) 

wliere ertK*. and »»(*») have the same meaning as the corrcBponding 
terms for (n* except that these refer to the non-respondent population. 

Hence the optimum number of schedules to bo mailed and field 
interviews to bo taken can be determined as before merely by sub- 
stituting < 7 i“ and in formula (12) for <r* and ct? respectively in formula 
(2). The optimum formulas will then be given by (6) and (7). 


APPENDIX 

We shall now derive the variance of x' given by formula (2) and de- 
termine the optimum value of n and k, given by formulas (6) and (7). 

ff\t = E{x‘ — xy = E -I-— (mxi' -k s*j") — a:| 

(msii -h aSi" 1 * 

= 4 - 

But J' = ( 7 n£i*+si 2 ')/^ where ai' = avcragc for the a non-respondents. 
Therefore — and 



528 


AMKIlinAN HTATIKTltAL AWiOCMATlON 


E\n{,S' - J.) + «(J/' “ -fl')}® 


= _ - d;)» + 2Bn(X’ ~ £h(£t” - f,') 

(13) 

Now for ft fixfiil Bet of n ol)Ben>ftlionH, Uu* i|U{iitUiu‘B », x, nnd 
arc ttlflo fixed, nnd BSi" «!*'. 

Tlicrofort!, tlus mitldlc term of (IH) vtiniHlifH. Tlio llunl tortn ih cciiml 
to 

t (I' - S/)’ 

^ ^ 8 — r 

V * (J - l)r 8 

Now the average or expected value over all suhw'la of exactly « non- 
reaponsefl ia equal to 

^ 3-r S a-1 , m 

fffi u — B (ff — l)cr** (14) 

n* (s - l)r « S - 1 iS “ 1 

where <rb^ ia the atanrlarfl deviation l)ot\vecn (‘iementa in the pripulalion 
of non-reapondenta, S is tlie number of non^reapoiidcnts in Ihe fjopula- 
iion and 

. « 

fc «« — * • 

r 

Since « varies from sample to sample, we must now lake the expected 
value of (14) for all possiblo samples. TliiH turns mil to bo 

iV> S nS N S' 

■ V s::! ?r ■ 7 


and ainco 


E(X' - 


„ X (*( - 

N — n M N — 71 

(N - 1)71 “ N " 


j N - n NS' 

“ JV' — ff* + - (f; - IW. 

(JV — l)n n S ^ I 

T . 

Let e* = <r^ Wo wish to find optimum valuo« of n and k 
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such that the cost of the survey will be a minimum, for a fixed error, 
f, in our estimate of i. The cost of the survey is expressible as 

C = CiTJ. + CiPn + Cb 

It 


where n is the number of questionnaires sent out and C?i is the cost of 
mailing per questionnaire; Pn is the expected number of responses in 
the sample and Cj is the cost per mail response; Qn/k iB the expected 
number of field interviews and Cj is the coat per field intcivieWi ^ 
We then find the values of n and k which minimize tho cost subject 
to the condition that Theso values turn out to bo 


and 





N^(S - ly 

m - iw 



CiQ 

Ci + C,P 


n 
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CORRECTION 

In the article, ‘Troblems and Methods of tho Sample Survey of 
Business” by Morris H. Hnnacn, William N, Hurwitz, and Margaret 
Gurney which appeared in tho Juno, 1946 issue of this Journal, Formula 
B, page 186, should read 
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ON THE ECONOMIC THEOHY OF COST OF LIVING 
INDEX NUMBEHS 


Mklvim*r 3 . IJlmkk 
U- S. Dcpafimtnl of Conuncr^c 

Tl^o coiiccpl of i\ *'Lruti^ oohI uf living inrUix \im liron rnrc- 
fully In Ui«nrcticttl cCoiuimir-wlnUftlirnl liU'ratiiro, 

hut Iho rulalioii Ijalwuun tliin coii^njit niul nfririull.y juildinluHl 
coat of living iiulicctt (orillnnrily oimiMilrd Uy LaRpfiyro'H 
formula) Imn ncvt'r hocn CKlnhliHluaU TliuorniipinnH Imvc* Hlunvn 
only thnt/j> h nnd Llint /,> V, wl«*ro: // ifl LftWjii'yro'fl iiidox; 
/o 15 Lha Iriiu index bnned on tlio real in^onm Invcl of Uio hnno 
period; /i is Iho tnio index on llic rotil iricomo love) of 

Iho given period; P js Ihiofttjlm'a ind(?x. 

Furllier untib'HiH ahowa Hint tlcRiiilo IhcunJliral rolnUnn- 
nhipa mny ho eatnhlialind fliiuiiiK Iho difToroncea, /»— /o, Ii— 
lo’-Iit TJicrtu foJiiUormlnpijmrtko ptwiMonn rwliomlo 

of Uio maximum difTcrcnco likely to exisL under ordinary 
circuinntancefl hotwccii coaipul^d index nundmra and Ihoo* 
rcticnl indiceai na /ollowi): 


nnti 


P<li< 


100 


I DBAiiijV, a coal of living index ought lo nicnauro Dio chttiigo in iniijiey 
incomo required Lo yield cquivftlcnt sAliHfnction in Lwo or tnoro. 
eitualiona. Tliia ia the mcoaurc obviously required mosL fnsquenlly for 
practicfll purposoa, It is dlso the dofmition gcnorally lulopled by 
thcorctician8.‘ It is not, however, the dcriniliun of those who uetunlly 
construct index numbers. 

Unavoidably conscioua of practical limiUilions, the inakerH of cost of 
living index numbers clmractcriBlicnlly define tlieir pKKluels purely in 
terms of the formula (usually Lospeyre's) used for their conHtruelion. 
The relation between these index numbers actually civailulib for use, 
ond the ideal, theoretically defined iiicaHurc noted nhove has neverthe- 
less remained persistently obscure. The users of these* indico.s are in- 
ccBsantly tempted'— wittingly or nol^ — to infer a much broader applica- 
tion than tho bare formula alone will allow. On Die other huiul, ttico- 

^ • Per rtfertneo lo Un daHnIUotu ornplojretl by vurlou* wSter* In Oili lleld »«a Vtiacli, VUtinnr, 

Aoaiu) Sumy ol Oonortl Ecoaomis Theoryj Th# PtoblaM ot (ndan Numbiirt, * XconixtHfrifo, Jon. 
1«3«, pp. U-ia. 
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reticians warn that Laapeyre's index is in no eense a reliable indicator 
of the true (theoretically defined) change in the cost of living.’ 

The present paper is an outgrowth of this dilemma. Its object is to 
demonstrate that under certain widely applicable conditions. (1) a 



FIGUnE 1 


definite quantitative relationship may be established between Las- 
peyrc’s and the tme index; (2) that from available evidence it may be 
concluded that Laspeyre’a index is a close approximation of the true 
index; (3) that the maximum error of this approximation, likely to be 
cncoimtcrcd, may be determined. A knowledge of this relationship, and 


. or. cpcoWUly si«oh!», II.. 

aoUMed, Bersfrtn d-r fnd’x-ZflUcn. TQbingon. lD27:'M«dE0ll. 13. D.. 'Tho CobI of IJvinit Irdox Bnd 
KonQd' ComUtion," }iconotnttrica» April 104B, pp. 171-181. 
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of the tieccBsary condiliona involvfil, lio of value not uiily Lo 

the users of coal of living index numbers Uil uIbu to llioir iiiukers. 

'niE nELATIONBUlP nETWEEN THE THUB COST OF 1.1V1NO INUEX 

ANU labveyhe’s foumuba 

suited niiolher wivy, llio problem of llH■UKll^ng Inn* rliunge in ilic 
cost of living coiisiBlfl: (1) of idenliryjiig cfpKii roni iiieninfR in («ivy) two 



dilTcront situations; (2) of determining Uie ratio of the moiu'y values of 
tlicBO two real incomes. The result, then, would indeed be tlie Iheo- 
rotically "truo” cost of living index as defined above. Strietly inter- 
preted, a separate index of this kind is required for each distiuguishable 
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real income level, though these need not necessarily differ numerically 
in all caaea. 

It has been shown, under certain highly restrictive assumptions, that 
Laspeyre’s index and Pansche's index yield the upper and lower limits 
respectively of the true cost of living index. Although this demon- 
stration is of ho practical moment in itself — because of the narrowly 
limiting assumptions — ^ib is a useful step in the derivation of more sig- 
nificanb rclationa. It is described most conveniently in terms of indif- 
ference curves and expenditure lines. 

In Figure 1 let the indifference curve shown represent a part of the 
indiffercnco map of wage-earners for two commodities, A and B. By 
definition every point on this curve represents a bundle of goods of 
equivalent satisfaction. Let Qo and Qi represent two situations on this 
indifference curve. Let ab and cd represent expenditure lines tangent to 
the points Qo and Qi respectively. These lines are of the form PaA+P(,B 
^R, wlicve A and B are the two commodities, Pa and Pu are their re- 
spective prices and R equals total expenditures, The point of tangenoy 
of an expenditure line to an indifference curve indicates tlie goods 
which are purchased by consumers when they maximize their satisfac- 
tion under the given price system and the given total expenditures 
indicated by the lino. 

If total money expenditures in situation Qi, in the accepted notation, 
equal 2 pi( 7 i and in Qo equal Spo(7o the ratio Spir/i/SpoGfo is the true cost 
of living index. Stated more fully, XpiQi/^poqo is tlie ratio of tlie total 
money expenditures required to yield equivalent satisfactioii in the 
two situations — the definition of the true cost of living index. 

In Figure 1 let commodity A bo the nunUraire, so that the intercepts 
of the expenditure lines on the A-axis will equal 2?, the total expend!- ' 
tures in each case. Then if wc indicate the true cost of living index by 
the symbol wo can write: 

^Viqi go 
2po(7o ^ ‘ 

Now in the same figure the expenditure line ef is drawn parallel to 
abf and through the point Qi. Since the the slope of an expenditure line 
28 given by the ratio Pb/Pat the equality of slopes shows that ah and 
cj are cliaracterized by the same price system. Moreover, since cf 
passes througli Qi, its intcrcopt, oe, indicates the total expenditures re- 
quired to buy the commodities actually purchased in Qi under the prir-e 
system prevailing in Qo: that is, oc^Spo^i. In the same way, if gh is 
drawn parallol to cd, wo can write 0(; = Xpigo, repreaeuiing total cx- 
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penditurcB required lo tiuy the cummodilieB aclvmlly purcliasetJ in Qj, 
under the price conclitionfl of Qi. 

From the figure, it will he noted lliat llii‘ following rolntionsliipa 
hold,* all being necemry rcmiltfl of the fact Umt the norniul form of an 
indilTorencc curve is convex to the origin: 


og 

oc 



— > 

— f 

Hinco 

og > oc 

oa 

oa 



oc 

oc 



— < 


wnce 

Of, > an. 

oe 

oa 




If wo auhalilutc for IhoHC intcrcoptu tlie exiinmlilun*K they reprewnh 
WG obtain: 


LMo 

Zpo7o 


> I > 




lu other words, Laapeyre's index is the upper limit und Puasclm'fl 
index is the lower limit of llic true cost of living index. TIiIh relntionuhip, 
however, has been deinonatratcd only for a very special case. Tlie two 
most important underlying nHsumplions nre that tiiHlea us well as real 
incomes^ remain Iho same in the two siliintions compared.* Of courac, 
the assumption that only two cominotlilics appear in eonsiitnerH' 
budgets is made licro as well as elsewhere in this article for convenh'ncc 
only; it has been shown that tlie same relalionslup would hold for any 
number of commoclitics. 

A more useful result ia obtained if tlie most impurlaiil of thc.sc^ as- 
sumptions is relaxed and we ])(;rinil the silualionH to be compart'd Lo He 
on different indifference curves. It is obvious, however, from llio defini- 
tion of a cost of living index, Hint if the siUinlions lo lie cotnpared an^ 
characterized by different real incomes, Llicre must lie liio Inie indices 
(in the case of two situations), one liased on liio. lower real income level 
and one based on the other. Tliis is cvitlcnt in Figure 2, wliero Qo and 
Qi are the two situations located on different iiuiifferenoe curves, while 


I The following brio/ proof of llio relAtlonnltlii IpiQi/SCpif i >/ > fa ibw pftmo hr ihitl 

givon In II. Stnolilci ap. ciL^ pp. 108- IHO, 

* The ftlorliityof UiIh iLMumpilpii forprApilrnl puriioneq fimi nuLby 11. HUoliln, op. e»l., 

p. 170. If ll wore nclunUy Icnown IhM llio Minin In tholwo HihiAlinno minpiirriJ, ll 

would bo aimoOQMuity to compute IdWipi'yfc'i hud PAftnclio'o linllcoa; tlio in tin nf llio nclnnl imtnry ox* 
pDUdllurofl ill iho iwo jiiumiioiM, would give ihn Ituo of ilvlng liiikx Mnrijy. 

• IL In cuilouii lo nolo Umt tluiw AfUiuniplioiui nri* nociuilnnnlly o vorb>n1(fHl In prncl iml w-^irV nml llm 

roIntioTuililp £piQi/i;ri4i>/> in oxpliclily tnken no gonorMly npplknblf'. Bcio, for einrnple, 

Henry Bhiivoll, '’Prlco DoflntorB for Coiigumor Corn modi lion niul CnpilRl ICqiilprnDut, 1030-10 1 
Sunitf o/ Curr«nf Su%int$t, Mny 1043, p, 14. 
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ab and cd arc the respective expenditure lines tangent to the indifference 
curves at these points. If gh is drawn parallel ^o cd and tangent to the 
indifference curve at point ^o, then point Qt would represent the 
amounts of A and B which would be consumed at the lower utility level 
al the prices prevailing in Qi- Hence, the ratio of the total expenditures 
in ^0 to those in Qo would indicate one trae cost of living index; that 
is, the change in money income required to provide under the price 
conditions of Qi, a real income oquivolent in satisfaction to that re- 
ceived in Qo. If commodity A is again taken as numiraire, then this 
true index may be represented by; 

^ Z pi §0 _ 

r 0 ^ — V 

2_, po<?o oa 

In the same way, by drawing the tangent ef parallel to ab, it can be 
shown that a second true cost of living index, based on the real income 
level which prevailed in Qi, may be represented by: 

, Z Pi?i _ 

■II *“ ^ — s _ 

poQi oe 

These two tnie cost of living indices arc, of course, quite distinct, 
and it has been shown that they do not necessarily lie within the limits 
of Laspeyre’s and Paasche's indices. Nevertheless, another relatioriship 
between these two formulas and the two tiue indices may bo derived, 
the practical importance of which has been hitherto overlooked. If the 
expenditure line ij is drawn parallel to cd and through the point Qo, 
then Laspeyre’s index is represented by: 

^ _ ZPign ^ 

2 Pogo oa 

Similarly, by drowing kl parallel to ab through point Qi, we obtain 
Paasche's index: 

^ _ I]pigi _ ^ 

2 ^ poQi ok 

It is easily scon from the diagram that: 

oi og , . T 

— > — since 01 > oQf ana 

oa oa 


oc oc ^ 1 ^ 

— > — since oh > oe, 

oe oh 
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That is: 

2 Pi5» 52 P>!?« , 52 . 52 

52 7Mo 5^ Po9» 2-r P*?' 

L > /o and /i > /’. 


or 


fl) 

( 2 ) 


It ia of course true, «r other wriUira liave ewitrndftl, Umfc tlicac in- 
OQualiticSi consjV/ererf aiona, are of only very liiniled iiHefitlin'KS. TJiey 
tell UB only that la is at uome point helow mid h i« at some [mint 
above P} tlie rolatioiiBhipa iictwcen L and /•* and ll(•(Av^'l‘n /o mid Ij are 
entirely nurcHtricted. Furtlier annlysiB of lliew? ine([iialiLicH, however, 
pei'init much more useful concluBions, including n leiUntive. t'slinmtn 
of the actual dilTercnco, to be cxpcctctl in practice, helweeii I, uml h, 
and between P and h, under certain comlilimin, 

It is first of all important to nolo that P* an<l Jj. may differ for wio 
reason only. They may differ only heeausc real incomes imvi' elinnp'cd 
liotivcon the two situations coinparwl ; atlml difTereneea will <n>mu' only 
insofar aa tlio clinnuo in real income restilts in allorinK the [jalteru of 
consumption between the two Hitiialions, relatively inereasiiip; (or de- 
creasing) conBumption of items whieli have ndvuiu'i*d iu(*st in jiriee, 
and relatively decreasing (or increasing) cnnsunijilion of items which 
have advanced least. If the change, in real incoine itwlf gavi' rise to no 
change in the pattern of consumption— i.o., if tlic clast icily of denuind 
with respect to income were the, same for all gowls and serviccH au<l 
equal to unity — It would equal Ji, If there wore no cliangn in real 
income, of course, JTo would equal h, in any enso, I/Ct the letter k repre- 
sent She dilTcrence between It and 7|. 

On the other hand, diffcrcnccB between h an<l P may occur for two 
distinct reasons. The first is tho same as that which accounts for any 
difference occurring between /« and h. If tlie. difference k occurred he- 
tween fo and /i, tiien L and P would also differ by k, except insofar ns 
this difference might bo diminished or enhanced by the play of a second 
factor. Tima, if the clnaticity of demand with respect to prices were zero 
for all commoclitiea, then in the inequalities of (1) alxjve, Jo would 
equal <?o and Jj Avould equal jp hence h woultl criunl Jo and P would 
equal Jj, Differences between L and P and bclwcen U and J\ would 
therefore ))o the same, and in cacli ciine would ho duo to tlio [lo.Hnihlc 
effects of a change in real income upon tlu; pattern of corimmiptioii. AVo 
have agreed to call this diffcroncc k. 

Tho second factor making for differences between L and P ia the. pos- 
sible alteration in patterns of consumption attribulaiilo to changes in 
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relative prices. It is that factor alone which accounts for the fact that 
L must be greater than the numerator of L is too large because i 
assumes that conaumers do ml alter their consumption in , 

relative price changes, buying relatively more of cheaper items, and 
relatively less of more expensive items. For an analogous reas n 
denominator of P is too large, and P is therefore smaller than I.ks 
already indicated, if the elasticity of demand with aspect to pnee 
were actually zero for all commodities, the difference between L an 
would be k, the same as that between h and Ii. of 

letter e the difference which occurs between L and 
alteiation.s in the pattern of oonsumption ” f 

relative prices. Then the tolal difference between L and P may be repie 

sen ted by : 

(3) 


_ P = [(L - Jo) + (Ji - P)] + (Jo - Ji) = e + fc = d. 


The quantity c, of course, is ■ necessarily positive, 
remain unchanged (in accord with the assumption made earlier), its 
effect can be only to make L greater than P. The quantity fc, however, 
may bo positive or negative, and may be numerically greater or cs 

iB easily demonstrated that limits may be detcrinmcd for 
indices Avhicli should be of some practical importance. Since Jo i 
and L-P-d, we obtain from (2) by substitution! 


. L > Jo and lo — k > L — d 
L>Jo>J-''-d + ft 
L > h> L - e. 

Similarly wc obtain for Ji the limits: 


(4) 


( 6 ) 


APPLICATION OP THE HBLATIONSHIP 

What docs the relationship, L>Ia>L—e, mean in 
tcims? A precise answer to this question can lie obtained only thiough 
tcimsr n. I . „f „ „ tn-n (.loarlv frnnglit with numerous ata- 

dircct measurement of c, a tasic cieai ly b . ., ^ r Hvinir 

tiBtical obstacles. For the interpretation of changcfl m the cost o g 
over time as approximated by Laspeyre'a index, howcvci, an induct 
approach 'is available which should prove satisfactory for most pur- 

poaea. 
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Tho indirect approach is Itosctl on the fuel that when k is positive, 
then d is positive and greuter than c, hy dofniilinn. Over a pcritMl of 
time in which tho number of yenra chnnicteriiie'd hy a higfwr income 
level than tliat which prevailed in the biuse poriisl, was rouglily eriual to 
tho luimber of years clmrnetcriaed hy a lower income level, it is prohahlo 
that would have a roughly equal chnisre of being iiOHilive. or negative.* 
In any event, if the period of time were fairly long it is prohahle that A 
would be positive in a BuhsUitilial nuinher of eases. If the nuinher of 
such caseB were sufllciently large, then the liiglieHt vnhn* of d o)jtuiiu‘d 
during the period might he taken an an caliniale of tie* liigheitt value, of 
d likely to bo olitainod in tho, fiiltirc—an asstimiitidii whieh can ho 
continuously tested with the passage of lime. However, the highest 
value of d to he obtained can also serve ns a conscrvalivc oalimnlc of 
tho maximum value likely to bo uhtained for e, sineo rl>r when A>0. 

Since d is easily measured this conclusion permila an esliiiintc of the 
maximum error involved if L is taken ns an ujiiiroxiiualion td It, or if 
P ifl taken as an approximation of /i. Although iiicnHurciiumts ideally 
suited to this purpose arc not now nvailahlts, the evuleiice which docs 
exist, presented below, suggosts that the value of d at its gqmUrat is 
very amall — prcibahly in relative terms not more Ilian IJ per (amt. 
ITcncc, substituting this value in (4) and (5) above, \vc obtain Llie, fol- 
lowing limits to the two true iudices: 

1 6 

Ij ^ lo Ij • Ij, or 
100 


V 08-5 

L > /o > Ij, nnd 

100 


( 0 ) 


P 


<h< — — P. 


(?) 


Tlie existing evidence bearing on the value of d is shown in Tallies 1 
and 2. Although Table 1 docs not actually present values of <1, it has 


* ^hqlhor k Ih poslU vo or nadnll vd Ih nny rI von ewft (lep«n(Ji| (1 ) Iho dli ccUon of \ he rtmugc 

In ro^l fneomo from iho biwo porlod, Anif (i) (h« ofiuillcity of dcmhiid wfih rrupccl to inwirio for com- 
hioOltlcfl whfiBo priewi tiro roUtlyely noxlblo m com|>nrc}il wilh Uiai for e^immcKlillr^ piitra Rro 

relallytily Inflonflblo. TfiUfl, In tbo cam of tyro oornfnoilhM: 

* ^ xvHti "'pi'ai' ^ ipifl. ** 
rJui^ ^ C/) undo" p' C/), wlicro C/Uiviiindoxoff QnUne^jindhvtil. ironctij HUiiHilioHnAi 


P.V(P»\ Ui) 4- P(*. Vi) 

piVCp*^ P.”, Ui) 4- p/, U,) 


piVtP?. pT-Vt/o + 


•nil /i 
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Bupplementary intcrcBfc. In this table the two meaaureB ehown are both 
fixed base (Laapeyre’s) indices. One of these measures of changes in the 
coat of living, however, is based on average 

in 1D17-1918; the other is based upon purchases in 1934-1636. Most 
notable is the fact that the percentage difiorence between these indices 
during the period covered is at most 1.1 per cent. The c ear impic 

table 1 

PER CENT difference BETWEEN AND CUB™ OF 

LIVING INDICEB OP THE DUUEAU OF LAUOH BrAriBlI 


DaIq 


1036 Mor, 
July 
Ool. 
lOIiO Jnn. 
Apr. 
July 

gtjpt. 

Dofl, 
1037 Mur, 
Juno 
Sopt. 
Dcfl, 
103B Mat. 
Juno 
Bcpl. 
Deo. 
1030 Mur. 
Juno 
Bopl. 
Pqo. 


IndicoH 

1036-30-100 


Old Index 


Fixed budget priced: 
1017-1018 
nvornKo puTchacoB 


07. B 
07.6 
08,0 

08.7 
07-0 
00,6 

100,0 

100.0 

101.7 
102.0 

103.2 
102.0 

100.7 

101.2 
100.4 
100.4 

00.0 

00.2 

100.4 

00.8 


Cuironb Index 


Fixed budgob priood; 
1034-1030 
Avorogo purebnaca 


07.8 

07.0 

08.0 
OB. 8 

07.8 
00.4 

100.4 

00.8 

101.8 
102.8 
104.3 

103.0 

100.0 
100.0 
100.7 
100.2 

00.1 

08.0 

IM.O 

00.0 


Per cent 
Dilteroncej* 
Old Co 
Current 


0 

0 

0 

.1 

,1 

.2 

.4 

.2 

,1 

.2 

1.1 

.4 

.2 

.3 

.3 

.2 

.6 

.6 

.2 

.2 


* Signs Ignored. 

Bo urea; U. B. DuroRU of Labor Staliallco. 


Uon U tlmt evo, over long peviod, ol time-m thin ee .0 17 yenJB- 
Stability in the pattern of consumption may be very greot. 

Me 2 prenonte values of d loom 1020 to 1040 but pot o^ thetand 
IdS required for the purp™,. set forth in th.s pa.rer Idoady d 
should bo eompated from Indices measuring elmages m 
ing for some fairly homogeneous group sharing a roug y 
staudnrd ol llvingi the cost of Uving index in vihieh ehiot intenat lies, 
1 is tt..t for urh.n wsge-enmers. The retail price indiecs .1 


JlMKllK'AX BTATISTICAI, AHfJOCIATION 


640 

Table 2, however, meoavire price changes only for ftnU'S in rclnil atorca, 
and ot coiirae cover Mai aaluB of Ihia kind in Uu*. L’niUMl Ktalen. 

NeverthelCHa, in the abHciiec of hetlcr dabi, llii* rcJiiilts are of eome 
intcrcBt. They allow noUiljly low valin-B of d. C'h-nriy, Uii> aize of <l ia 
subject to cyclical awinga, rtnehing niiixiiinmi vahna regularly nl ihe 
peaks ttuti troughs ol buflinews eyclen.' Indw), inkrn in ennjuiiclion 
with Tabic 1, there ia lliu Biiggefllion llml cyelicnl awiiigH in real in- 
comca fuid relative prit:e« may huvn grcjiler ofreetw upon liic iHilb>rn 
of confiumplioii limn Urn secular {■hanges over « peril, si iia li>ng no 17 or 

TAllI-K a 


VAi.urB ov If. iiACKU u.v KKTAii. I’IIh.'I; iS‘Mtcr.rt 
oK mji’AinwitNr or t ouMKin k 


Daio^ 

Irtidi 
1030 ‘ 

L 

l-lied Wdaliteil 

Index } WdifbU 
fiiMMHf on 

In 

tm 

-lUO 

i* 

VAunl>l<> Weigh l«>il 
Ihdni; 

0 6 

In 

gim» m' 

4 

Kijne'MW'di ft-1 

Pf!f rtt\\ i f /;f 

im 

iai.6 

120.0 

1.4 


124.3 

123.0 

.0 

1031 

107.0 

igo.o 

.1 


03.7 

02.4 


1033 

00.4 

oo.a 

.2 


9B,B 


.1 

1035 

103. a 

102.0 

.3 

1020 

102.4 

102. J 


1V37 

iiM.a 

105.0 

.4 

103B 

101.7 

10K7 

.0 

1030 

JOO.D 

too.o 


1040 

101.2 

101.1 

.1 


* Tudox num1>aM for vmr yoAM to imti are ik>i Bulitrtl lo fnit|4^ nf nnd 

tliQrcforanrooui{tl«fl;iof}frOClfon(^fowgQ *Hc»nia JinjiK'CfLijbns/ 

t vnlutM ci[ wlien ozpr«Micd m uf Pure One fur f'Vfiy yriir lu 

1020 Oio Vfdtio of </, H'Jfflti m fv p«r Gout L, lAi; a «t/iI n/ /*, it 

U li-IO. 

Sgurtie; U. H, DoPbrlmenlof Commocc^. 

18 yoatfl. Nevorthelcas, it is most important lo note Ihut llic mnsiinuin 
value of d attained during the entire periiKl in only 1.4 per cent. It is 
on tha basis of this maximum valuo-~-roumHng the figure to 1^ per 
cent' — that the limits to the true indicoB in (li) imd (7) wen; OHtabli.'ihcd. 

TCf* Uio roninrlrq of Frodorfvk C. MilU In PUtik, Jokn f>. And MudifiUj Prnro U., U'nareh fn 
Agrici4i^ra^ Tn<iex fiOdAf Oiunrjf, Pulfotfn N'o. p, A^f. 

iTUn vAluq of d in 11120 wli^n blAt«fl In rvUtivo i^rrnA wiili I^Biwyie’a jnrloi jvfi In, cArrli^ 
to Lw’O plnciu, JJl p«r Mnl; when relulJvdy }» pf Vtniarhit'ff iho vl tl fj» ) 'fO 

pet cent. 
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Thus, applying these limits, if Laspeyre's index in any given year 
were 110, then the tmo index (/o), baaed on the base period real income 
level, would lie between 110 and 108.4. Similarly, if Paasche^e index 
stood at 109, then the tme index (7i), baaed on the given year's real 
income level, would lie between 109 and 110.6. 

This analysis shows, fcJicrefore, that Laapeyre's index, may indeed be 
conaiclered an approximation of the corresponding time index, and that 
the maximum error of this approximation may be estimated. An 
analogous statement applies to Paaschc^s index. Moreover, although 
tlie data above by no means constitute conclusive evidence,® there is a 
clear indication that the error involved in these approximations is most 
likely Very small. 


BOMB ECONOMIC IMPLICATIONS 

111 conclusion, a word concerning the economic implications of these 
findings may be in order. The principal assumption upon which the 
above analysis was based, aa previously noted, is that tastes do not 
change appreciably over the situations compared. There was also the 
implicit assumption, obviously closely related, that over the time period 
conaiclered the bulk of goods and services remain about the same in 
variety aiid quality, Those assumptions underlie all theoretical an- 
alyses of coat of living index numbers, and it appears agreed that — 
except during periods of violent social upheaval such aa war — they 
ofTcr eufRcicntly closely approximations of reality provided the period 
considered is not too extended. 

Now it has been indicated above that, thcoreiically, the Laspeyro 
and Paaachc index numbers would exactly equal the corresponding 
true coat of living indices if (1) there wore no changca in relative prices 
from time to time, or if (2) the elasticity of demand with respect to 

■ Tbo writer hns bcon Informccl hy oOlciolfl of llio U. 8. Bureau of Iinbor BtallaUcB that Iho Bureau 
pinna to conduct porloiiicnl Bludics of WAeC'cnrncra' budRola — probnbly onco n yenr. Thcaa data, wUen 
nvnilablo, will mnko poaaiblo Iho conBlruclion o( PnaHcho'a Index pcrlodlcallyi and, in turn, mcanuTc- 
mcnls of d suited directly to tha uno proposed lu Ihia nrliolc. 

Cf., for Qxnmpio, Btnohlo, op. ci(.| p. 104. Blobilily In the pnUern of conRumption over Lime for n 
clearly defined Rroup buoIi db wago-cnrncrsi ns well ob for llic nation aa a whole, baa been one of the 
oulBLandiiiK rcBuUB of budget BludicB conducted in tbia country. Tliia nnd olhor evidence domonatralo 
beyond qucBtlon that clionees In IbnIcb nro uaunily gradual, allhougb accelGralcd by oyclicnl influcnccB, 
and ordinarily nffecl only a Cow coniinodillca ovon over fnirly long poriode, Slmllnrly, Ibe variety and 
quality nf llie bulk of nil guoda olfcicd (or buIo ordinarily remain about llie eanrio over reasonably ox- 
londod porluda. The fact Uuil minor chnnKcn do occur rather frequently can In nomo mcaeure bo ofleot 
If llie maker of llio Index iminber coiiceriicd pule lo uao (bo far ns poMiblo) wimt Keynes termed the 
"molhfid of equivalent flubBtiUllloii.” (Sco A 7V<afiflc on Monev, Vol. I, 1030, pp. 103-104.) Of rourao, 
if ]t fa [jclloved Lliat fundaniGntal ohanpeB Imvo oucurred In either the tantcB of con<^umcrR or the Tcinds 
of gooda ofTared for pule, or noth, noUber LnBpoyro'n nor any other index can be said lo epproximato 
the (rUD Index; from a prnotfifonor'a point of view, iLir continuity of the Inday muat under Ihoae clr- 
oumslnnccA ba Interrupted in order to obango llio coinpOBlUon of Llio bauo period budgol priced. 
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prices were zero for all goodH ami Tlie firal roinlilion means 

that all pricca cliango from time to Linn* by relnlivi' 

The second condition means that giMjda and wervirrs arc crmaiimwl in 
constant proportions rogftrtlices of ciiangea in relative priecs (although 
proportions may change In responfM.’ to varialimis in money pricen and 
incomes). Obviously, ncilher of these. comlilinnsiH tenable. 

However, it has been conteiidi^fl in Ibis imper llint (he l^nspeyre and 
Paaschc index numl)cra nro cfosr approrinw/tV/rifl l«> (llunigb lliey are 
not identical with) tlic true cost of living iiidiceH. This mifK'H a rpicslion, 
mth respect to the abovo caruiitioiin, of “more or li^aa" ratber than of 
“either or.” Tho aggregate amount of ex|K*ndiUirefl wagc-cariinrs are 
required to make in order to maintain a given plane of living ia nlTdcted 
(A) by changes in money pricca. It is nlsm unfccteil by (H) cliniigps In 
relative prices and tho odiuHlmcnla in coiiKuinplion (mllcmd made by 
consutners in respome lo Umc rcfdh'ir price changes. The cfTccta of factor 
(A) arc measured by tbo true ermt of living indicca us well as by the 
Lnapeyre and Pflnaelie index numbers. The elTccta of factor (B) arc 
measured only by Die tnio Indices. In economic tcrniH, therefore, the 
findings of tliis paper suggcul that tlic cfTccts of factor (B) are ordinarily 
very small, porlmps most often negligible, when compared wiili the 
ciTccU of factor (A)." 

An nnltllyiU of (iHmi t>t*bAvtor nnd ol corMium^r C)it>OR<lU\iiV!fi from IhU x^\n\ iif rHw rH^'uM prob* 
»bly bfiM Ihbi out. Moil ihiutlyKA Art u> hluhlti^bl prit* Mid 

CQiuutxipilon oh&nitej, for It U ibm dlfferr«hrt9 ^bifrb protiile Imtiyhi inUt Wbttvinr. AfiiiAlly, 

however, iba broAd dinlUilUe^ which ovfrf Urne ffti" oulwolih ihn tliffnfnrt*. lelatlvi 

prfeefl, frt deUtl, chufifie eomUnlfy, the ipentrtl rclAiive phcci* rtiniMniT AltrityA eUiut fha ^Ame, 

Par «v«inp1<i Lo iho wrfrtr'ii knowfe^ito iemltiVoln Ia ml nil llnK« Afily Mithar ihan 

)>cof liver, eveti ihouKh ilie einoL dlrfeiei^U&l muy Mful dort ehpeito, Himilnrly, (ivfit ihiiuiih r<>rt»umer4 
ohnnite their peilLorn of conturnpUon in repiiortse prlnnii Iht* p«r*i4l^n^y of rMmuvin )iAbi(« And 
convenlloiu l« ob\'loUAly fnr more InllgenUAl titan iho oc^AAlrtnnl mtHlirfCAiloiM. 



THE COMPUTATION OF PARTIAL CORRELATION 
COEFFICIENTS 


FiiEDEnrcK V, Wattqh 
OJTtce of War Mobilualion and Reconversion 

I P WE have already computed the partial regreBsion of on 

)fc(... ni and its standard error, /S 6 ifc, 28 -* 0 fc(-’- nj Ris a simple 
matter to compute tlic partial eorrclation between xi and xjtf 
" fi- To Bimplify the notation we shall designate the partial 
regression as bu.; its standard error by Sbik^, and the partial correlation 
as rjfc.. 

A simple relation between these measures is 


rijt. 


+ + N'^b,k. 


( 1 ) 


where N' ropreBcnts the number of degrees of freedom, — that is, N' 
equals the number of observations, N, minus the number of variables, n. 
If we want the corrected partial correlation coe&cient, fn,., we simply 
replace N' hy N in the denominator of (1). 

So far as I know this formula for computing partial correlations is 
new. Certainly the computational effort is much less than that requited 
by methods in common use. They are not well adapted to the computa- 
tion of partial correlation coofTicicnts. 

Wo shall illustrate the use of (1) by reference to two examples chosen 
from Ezekiel's wcU-knowu text.* On pages 469-477 Dr. Ezekiel shows 
in detail how the so-called "Doolittle Method” can be used to compute 
various measures of correlation and regression in tho case of a given 
numerical problem of four variables. Using xi as the dependent variable, 
he computes tho following regressions with their respective standard 
errors: 

6n.u «= - 0.810 ± 0.233 
bi3.2i => 0.180 i 0.030 

1)14.13 — 0.390 i 0.169 

Ilis computation of the three partial correlations requires three sepa- 
rate, and additional, applications of the Doolittle Method. If wc use 
the method Buggested in tluB paper this work is unnecessary. Using (1), 
with iV = 13 and iV' = 13— 4=9, wc got 

^ Mordocul liliokJo], Methods t>/ Corrtjation b%coti6 cdlllon, 1041* 
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WfoTSlO)’ + 0(6:233)* 
O.IKO 

+ V'CO. 186)' + 0(0.030)* 
-0.391) 

+ v(o:3ao)» 4- ofo.iM)’ 


- 0,7S7 


0.R»0 


- 0.M<1. 


Tlio above niinplc (.‘omjMiliLtiotiH rviilnec Kssckifl'a 'I'ulilrH 03 unil 01 
and the coinpubilioiia on (Jhrc* 177.* 

In the othor illiialruli<iii wn hIiiiII roinpuU* llu* ab«oJiili' viilin-H of 
Beverul partial corrdutiDim when wc know only the ratio, iS'hu./hm;, 
Dividing botli the mimerulor and denominator of (1) Ity hn-i o liavo 


1 ru.| « 1/Vr+ (2) 

This ctiuaLion ia uwdul lieeauBc, mirnHiomilly only Llii‘ ralioH aie Kiveii 
rather than llic coolflcicula LheniBclvea. 

A COSO in jioint in u table in ICwkicl, KUinniariKing the reaiillH of two 
rogreesion annlyflcs biiMKl upon two Hlndiea of fneloni ri'liiled to milk 
production per cow.* The fir«t two culnmnn of Table 1 hIiiiw tin* Htmul- 
ard error ratioa aa given. From thciKV we compute, llic Inal two eohiiniiH, 
using equation (2), with N' “ 85 in the caao of the Wiaeonnin aludy , and 
with W'^OS in the case of the MiniicBoUt study. 

To determine the aigns of the partial correlations in this table wo 
would need to know only the signs of the (mrliul regressioiiH, since the 
sign of any partinl correlation coefficient is the winie ns Llu* sign of the 
corresponding partial regression coefficienl, 

The sixteen partial correlations in Table 1 were coinpulcil in Hlighlly 
less than twenty minutes. It would have taken many linnrH to <;omputo 
tlicm by sixteen applications of the Doolittle. McIIuhI, 

Derivation ojforimdas. Formulas (1) and (2) ran be derived from two 
previous papers liy the irreseiit writer.* 

» Iiicktenlnlly, Uiopnrlinl rorrclntlonfl compulMl hrrodo iioinuron tailh tli'NM'iii chi* fiinl 
T}r. liltcUiol'a HCCOTul ffilfllofr. A now prinifnff ol fhl® iwal Ihth mutlr, rI virtue iJic rvirrrl pflr- 

tinls, wlikl) cliocic wllli IhanQ ulvori haro. 

I Oj). ci'f., pftfto 827, Tiiblo 7fi. ^Vo }mva coiiverltHi ihn UinUnblfi rrfftr iAll*»8 to htAmfivhl 61 mr inHbf) 
by muUlplyiiiK oneli 

1 V. WttURli, “A BlnipliGed MoiUnd of DfltQi mining CNniftlAnU," Juurpol 

o/lho Awrrfcan AiJipcidUort, Vol,30 (1D3&), pp. 0U4-700. 

Pi Vi Wivugh, *A Nolo Concerning IIoI«)1iiih*ii iTivrrling n MnUlK-" Annnl* 

of A/4ihflmnfical Sfafuffc^, Vol. Ifl (1015), pp, 210-217. 
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TABLE 1 ' 

COMPUTATION OP ABSOLUTE VALUES OF PARTIAL CORRELATIONS BETWEEN 
MILK PRODUCTION PER COW AND BEVERAL OTHER VARIABLES 



RoUilvo error 

Abaoluto Values of 

Partial Corrolatlona 

Wjsconaln 

Btudy 

MionoBota 

study 

WisBonsin 

eludy 

MinneaeU 

study 

Total (jlBCBllblo nutrlonla 

,178 

.170 

,620 

,6B0 

Nulrltlvo ratio 

.184 

.141 

.608 

.000 

Per cent oi protein ■good” 

.420 


.250 


Per cent of llmo 

.OOQ 


.103 


Per cent of Bummer foedme 

.250 


.380 


Per eont ailaRo 

.310 

,203 


.621 

Fnl Lest of milk ^ 

.157 

.055 > 

.608 

.014 

Per coni fall /reffhflnin;K 

.274 

.175 

.308 

,678 

Valua per cow 

.307 


.310 


Ago of cowa 


.256 


.424 

Per coni grain In ratio 


.200 


.383 


Briefly, the first of tlieae papers showed that if the inverse of tlie com- 
plete moment matrix is D, and its elements are dijj the partial correla- 
tion eocfiicient 

rn- = 

that 

dn = l/imji - hi2.mi2 — his nus - ■ < . - hnMin); ( 4 ) 

and that 

djk — ~~ dnhiK‘- ( 6 ) 

ThuB, after the i*egreB8ion coclHcicnts have been computed (4) and 
(5) give us two of the three values we need in (3). Tlie missing value is 
that of dkh This value, ns well as that of rfu and dik are computed by the 
procedure outlined in my 1935 paper. But tlie methods explained by 
Fisher and Ezekiel are based upon computing the inverse of the incom- 
j)lele moment matrix, obtained by eliminating the row and column 
representing the dependent variable. Fisher and Ezekiel, thus, compute 
the inverse matrix, C, the elements of Avhich are c,y. 

But, when we have computed c.y, du, and bu, we can uae the results 
of my 1946 paper to show that^ 

dij - Cij + dnhii.hi). ( 9 ) 

* ZloUi rny pnpor Arwl HflroIfJ Ilolelliiig'if, ’‘Sowo Now Molhodo of MntrJT AfiJiaJs e/ 

Arnf/ifirnnticnl Sfoa'sfice, Vol, 14 (1013)j pp. 1-34, wore prcnonlcd ns monna of cojnpuLlnR Iho InvoTBO of 
n squaro mnltiz of 2p rowa llmt wnn pnrlilioncd Into four P-Towcil mntrlcCB. But the sumo rcaulta cftn 
Lo oLlftlnccl if any atjuaro molrix is no pnrLlUoncd LlmL llio matrix Inbclod, a, in my paper la H(iuaro. 
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Itrisposaihlc touHc(O) tocoin|mlc llio cmiiplcU* iovr-nni. D. Formula 
(1) ntul (2) reriuirc only llio cornpiilalion cjf llic. iliagonnl flctrirnlA, 
du, TlicBC can be wrillcti 




Inserting In (3), the vnlucs in (0) ari'l (0), we hnvt? 

'h All . 

+y---i i,. 

But, since 


(7) 

(8) 


(8) can be written 




«ci 


Ot 

iv''(7,7' 


rik. 


Ifn, 

T^v^\s>b,rWl^7k. 


Since writing Uiia paper I Imvc foimd lliiiL Dr. M. A, flirahick of the 
Unitnrl States Deporlmeiit of Agrirnllnre iin-H workwl indepcinlcnlly 
upon Uic problem of increnaing the order of an inverse luatrix. mid lias 
actually computed tho compteU; inveroen of tv nniniier "f niniricea by 
the repeated use of ((1), Dr. Ciirnhick and I have tlovolopetl Hiinplo 
work Bbccta for using Uiis inclhocl to compute «ucfOH«iv('Iy u l-rowed, 
2-rowccl, . . ■ , n-row'cfl mnlrijc, by adding a row nt oat-li «(oit. Tlie 
number of naulliplicalions aiipeiim to bo nlrnosl idenlienl to lbt> number 
required by tlio Doolllllo Mclhov), 



AN APPLICATION OF SEQUENTIAL";®- 
TESTING STUDENTS 

Dudley J. Cowdbn 
VnivQT^iiy of North Carolina 

This paper provideg an illustration of an application to the 
field of education of a technique hitherto used mainly in in- 
dustry, The ofFoct of aystomatio stratified sampline la briefiy 
disGuased, 

S tatibticaii methods have recently been developed for the con- 
trol of quality in industry which are adaptable to the field of edu- 
cation. In industry quality control serves two purposes: (l) control of 
the process of manufacture; (2) control of the quality of accepted lots. 
In acceptance control one or more samples from each manufactured lot 
is inspected to see whether the lot should be accepted or rejected. 
It would be desirable to accept all good lots and to reject all bad lots; 
but when dealing with samples one cannot avoid malting an occasional 
error of rejecting a good lot or of accepting a bad lot. Having defined 
what is meant by a good lot (say one containing onc-half per cent or 
less of clcfeclivG items) and a bad lot (say one containing five per cent 
or more of defective items) it is then po.ssiblc to set standards of ac- 
ceptance and rejection which will give any desired degree of assurance 
against making either of t])e above meiitioned types of error. If one is 
to select a ainglo sample, however, and base his decision on that sample, 
tho size of the sample required may be very large, and the amount of 
inspection, therefore, very largo. Fuvthormoro, for some products the 
testing is destructive, and it is highly desirable to have the sample size 
as small as in consifitent witli the requisite ends. Consequently, a very 
interesting procedure has been worked out, known^as sequential sam- 
plinOj^ whereby items are tested one at a time (or in small groups) and a 
decision to accept or to reject the lot made as soon as enough data 
have been accumulated to justify one of these decisions. One never 
Imows in advance liow many items will be required to reach a decision, 
although an estimate can be made of the average size of sample that will 
bo needed. If the quality of the lot is very good or very bad a decision 


' Tho llieory of Aoquctillal aniTipIliiK nvob worlicd oul by Abralinm Wi\l<l, For tho muthcTtinllcnl 
UiQory nco Abrulmni “Soquonlll^l Tcjitt) of SlhLlBLiciil HypolbcscH,’’ The Annals of Mathematical 

JStoIiffties, Vol- XVI, Juno 1045, j>p, J 17-180, For n aborlcr nnd Irjw mAUionmlkal tronLmonfc floo 
Abrftlmm Wnltl, Molliod of Biimpllnjir for Deciding botwcon Two CourscH of Anllon,® 

Jaurtial oj the Arne'rieaa Sintistical Aeeoelaiion, Voi. 41), Ocplembcr 104fl, pp. 277-300. For rlolnilod 
InatriioMon concornltiR Lho uue of Iho moLliod bco SULiiilical XlcHciLroli Group, Columbln Unlvorflity. 
i^cgurnfi’qf Analyala o/ Dataf Appl\eaiioM, Cglumbfa UnJvorsICy PrcAA, 1015, 
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will gflticrfllly Ijc jraclicil wilh a flinall if iho f|HU)ily of ihp Jot 

is of an inlermwlintc cliaraclf'r n vTry larg<’ fainplc inny l»n nquirctl. 

WJicii an cxaniinalion is givrn lo ft fthnl' nl il {'oirirtirrm'^' Imppohii 
Ihnt not enougli qnwUons oro askwl to f>frrnil n bir i VnUmlion of hw 
knowledge niid ability, t'li llic ollior hnii'l the oxaiiiiiiftlioii ih Bome* 
limes drawn out longer than h neewary. If n sludeul is v-i-ry gorw) or 
veiy poor only a few qvications nmy Ik- rimlisl in litis faci 

beyond roasoimble tloiibl; but borilerline rIiuU’iiIs shmild be i«5tainined 
at conpiclcrnldo leitglh before ilceiding wlii'l|it‘r Ibey idmuM bi* luiwfctl 
or failwl. If KCriuenliuI sampling i« umsI the fub* of g»url hitiib-nls and 
of poor Hliulents lenrlft to be tlflernkinftl rpiirkly, but mwlittero sbi- 
drntfl muflt contitiiK! ailit llie c'xnnijnnlion unlil lln* rasiillH give ado- 
quote, grountlfl for ft decWion, Hy line of llie Ketpieiilinl ntelbml ibo 
number of tiueslionB aiiswonHl by a sliideiil is nsbictsl to u rniniriiuin, 
and at llu* bhuic time tlic itrobtibilily id i>iiai*ing a poor slutleiil or 
failing a good alutlent ift conlrolksl. 

The writer rcconlly uondueltsl an exjM'riiiit'nl willi llu» riu-Lluxl of 
sequential annlyHis os part of a final exmainnlion in a einnll rlusa in 
clemohlnryHlalislicflnl (be Univeraily of Niirih t’arolinn. 'rim ini'lliod 
w/w used in ndniiniHlcring a lriie*falM! ejiaininalitm. 'I'liiM esiiininalioit 
consiKla of 200 questiona, cinaairied inlet ten KcelioiiK nreording (o. sub- 
ject inatler with ti varying number of question in llie (Ufft'renl Heelionn 
and Arranged within classes nccorflirig lo degree of dinienlty. 'J'la we 200 
quoslions may be regarded tw a aanipln from a imirb Inrgiw lial of 
similar quesliona which could bo asketl. Tnal experience over aevernl 
years iiulicatea that the IchL scores should be grtalial jw in Table 1. 


TAHI-E I 

PBU ciiNT OK pmuona and tiiiAniat os a TnPE.aAiSB kxaminatius 


Ptr ecnl «rr«i# 


C 


so or l«u 

Moto IHna 20 but locluJInK 27 
More iHitn 27 but Including 32 
Morft Ibitn 32 but SncludinK 9 A 
ffora (linn (?d bu( fncfutiitiK 
More tlmn 


A 

W 

V. 

t) 

K 

F 


On tho bofiifi of a pftiliculnr nal of aupHtioiiH \l wouUl li(‘ i^lrul to pa-SH 
every Btudent wlio conUl annwor mom lluui 05 prr tt(‘nl of nil (tncH- 
tions of Uic typo included in thU oxnininfition, niid fail (‘ViU’y nLutlent 
wlio could tiiiawcr Icbb Ilian 05 per cenL lUil of cnui*fie a niu- 

dent might bo so imfortunalo as to draw a sot of fpjeiilinnH tliat u™ 
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unusually difficult for him, while an B-grade student might be lucky 
enough to pass because he drew a number of questions that were quite 
to his lilcing. Consequently we must make some compromises. First, 
we must decide the proportion of good students we are willing to fail 
and the proportion of poor students we are willing to pass. Also (unless 
these two proportions are to be complementary, such os .8 and .2, or 
.4 and .0) we cannot make a hairline distinction between a good stu- 
dent and a poor student, but must leave a zono of mediocrity into 
which some students may fall. That this is true may be seen for the 
case of students who are able (in the long run) to pass exactly 65 per 
cent of all possible questions similar to those in this examination. If 
we fail 20 per cent of these students on a given test we must of course 
pass the other 80 per cent. But if we arbitrarily decide that a good 
student is one who can answer 70 per cent of the questions, while a 
poor student is one who can answei’ only 60 per cent of the questions, 
the pro 2 iortioji of good students whom we fail need boar no relationship 
to the proportion of poor students whom we pass. The finer the dis- 
tinction wc make between a good student and a poor student the 
larger the number of questions wo must ask in order to have the de- 
sired assurance that the right decision will be made, 

In the present instance it was decided, largely on the basis of judg- 
ment, that we wore willing to fail not more than 20 per cent of all 
stuclcntfl who could answer 70 per cent or more of the questions, while 
we were udlling to pass not more than 10 per cent of all students vvlio 
could answer 60 per cent or less of the questions. Thus wo were willing 
to fail one out of every five C-grado students and to pass one out of 
every ten F-grade Btudenta, Let us adopt those conventional symbols: 
pi, the maximum proportion of errors in all possible questions of a 
given type made by a student who is definitely good; 

P 2 , the minimum proportion of errors in all possible questions of a 
given type made by a student who is definitely poor; 
rt, the probability of failing a good student; 
the probability of passing a poor student. 

The numerical values which wc have determined, mainly subjectively, 
for these constants are: 

Pi = .30 a = -20 

P2 = .40 i3 = .10 

It may seem outrageous to tho reader that we should be willing to fail 
one of every five C-grado studonts. In this case, however, an injufjtico 
was not inflicted, einco at the end of each "round** of 20 questions the 
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flludenl was giv™ Ihe option <l) of Accrpting lii” Krndo. proviMing iho 
reaullfl were determinato, or (2) of eonliinsing wiMi the esnminatioti. 
It wtw more important not to pass very pimr pirir<‘ »*)i(‘h slu- 

dcnia would not usuntly exerrisfl Iftcir ojiiton of eo/ititining with ftp 
GXiiminalioLt which they had alrmly pa'«^^«l. Alf'O it mufil Wt* retnera- 
bcrecl that the Irue-falac fiiie*lionn rtin'^litHti d only Imlf of the finol 
oJtaniuinlion : the oilier fmlf conxiHifvl of pryldi-in.^ I'innlly, lln; grade 
in tlie oourao was only partly ili-lrrinimil hy tin* grado on the final 
examination; five ont’-lionr qui»E<'« wen- K'''rn during llii* term.* 
With reapcct to the true-false lost, if the rr-.iilla wart* iiidcterinitmlcal 
the end of 20 (itiCKlioas the student wnf rfsjuirifsl to Inho 20 more, 
moking 40 allogollicr. If Ihc resultfi Wrn> niill indi'leriuinate. 20 more 
were atiswercd, fora total of CO que^dious, NoMudi nt was ri'quircd to 
continue beyowi 00 qiieHlionH, nor pemrilte<l to t’cnilimu' l»(‘yoiid 100 
qucsliotiB. Some upper iiinil was nmwary hernua« the in riod of lime 
allotted to the examination w os liiiiihsl. 

UflingZ?! (decision number 1) to indicate the number of qiieftiions 
that can Ixs misaeil and still permit a student, to /i, (ilecision 
number 2) loindicnle tlic number of qiutelioits tlinl muM, lie unavvcr(!d 
wrong before o Btiident is failiai, niid A** to indirnle the cumulnlivc 
nunilicr of quealionR answc.rtal, the. melbrsl of seqnetilial uiialysis bos 
been worked out ip aucb a way Dial two linear equatiunH result: 

l?i »• at -b i 
Di ra» Ol d* 

Afl can bo seen, the straight lines representing liirse two efiualioiifl arc 
parnllGl, and differ only os to the coimlnnls and o,. 'riu'Se cim- 
Btauts depend on the vnliien of pi, pj, a, iiiid 0 adopted. 'Jlu* nuiro 
widely Pi and pt cliffcr the eloaer fogelher (ho two lines will he, and 
theroforo tho more quickly will a (leciHion bo reached, 'riu* larger the 
value of a or 0 tho smaller will he (lui value of rij, mid the larger 
(algebraically) will bo the value of Oi. Tberefore, to bring the two lines 
closer together wo must increase a and/or 0. Oi is ahvay.i fiegnticc, 
since answering all quc.sUon6 correctly does not very slrniigly iudieiitc 
knowledge of tho sulijcct until n reanotmlde luiinlter of queatiems are 
answered (what is a reasonable number de])i'i)dH on ibe vnliie ndojited 


* Wfl IhunhavoBoVflUoUiierrAtloiiBiin Ui« AblHiyiif<iijir>i AUdflni Iri AvprnB*>»'r ibtirnuKA 

of icrRiloq for nny AUiilont || Uin fnr o\U of llnia In Mm|vtrliN^ii fclih Ihti irM 4>f UiIr Aiuilmi 

TTiR/ bq eaniili]ot0(l *oul of DAntro1”;An(l IiIiumc mtiy l,a fiiiltMii Rivan h i^iinll- 

tlon in iho taur«Q). In Intliutry A 'conlrttl chMl* U RonorAlly ohkI ht a ulmihi Pi.r a Aliii|‘le 

•ipoalllon ol Hio ©ontrol cliort rnttllwil mb AmiirlMh BUn^Aiilt AwwiHmIoh, Cb«(rJ TAorl of 

f7on/ro«<rttf gwofify Ditrinp />r<Kfwdfon (A5A ZM-fOjff), Nftw York, lOi?. 
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for fiy becoming larger as ^ ia mado smaller), On tlie other hand, aa 
13 always positive; but a decision to fail cannot be reached until 
Di^Nf since a student cannot miss more questions than he answers, 
when a^p, 02 = — ai, The slope 6 is independent of a and but de- 
pends exclusively on pi and p 2 . b is not only the slope of the two lines, 
but it ia the limiting value for per cent of errors for Di and Dj as iV 
approaches infinity (see Columns 3 and 6 of Table 2). In the present 
instance tho values (to two digits) of pi and pi were chosen so as to 
make the value of 6, which is the dividing line between passing and 
failing, .35 when rounded to two digits. 

TJie Gonstaiitfl cZi, and b are easily computed after certain intor- 
medintc values gi^ hi and hi have been obtained. These intermediate 
values are also useful for other purposes, which will be explained. The 
formulas are given below, and also their application to the present 
illustration: 

Ql = log— log — ^ = ,124938; 

Pi .3 


(79 


h 


hi 

b 


log^^ — = log — = .066947; 

1 - P2 .6 


log- 


1 - 


0 


gi + fft 
1-0 


log 


.a 

log — 

I- X 

.191885 

.9 

lOB- 


01 + 02 .191886 

02 ,066947 


4.700 


3.404 


0i + 02 .19 1885 


.3489; 


- oi; 


fij) 


D, = - 4.708 + .34891^; 


3.404 + .3489JV. 


Appl}dng tlieso equations we obtain the results shown in Table 2. 
Each value recorded for Di ip the next integer smaller than the num- 
ber obtained by tlie formula, while for Di it is the next integer larger. 
In Ihifl table deciaion munbers are shown only for selected values of iV. 
Actually it would bo possible to fail a student on tho basis of six 
questions if ho misses all of them, or to pass him on the basis of 14 
questions all answered correctly. Tho grades shown are those of Table 1. 
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In cftBC the cxflnimBlion einlw Uefora m nUtislirftl (Iwbloti w reached 
ttilliin the framework of the acfiuoiilbl aaniplinff Ihe uliidcnl U 
given the grmlc indicate l»y Tahk 1. 


TAni.K 2 

DBCiaitiN NUMBETia AK1,» ntUhFA F(*n Pri.KCTT.ti 
KUMhEtUI «'!' tll‘l«TKiKH 



Number of 


:1 


1 


Number of 
Qu«aliciDB 

«^riorr 

for 

Pfz nsnl 
trf UrtfciM 

Ciir4e 

, 

fr'ii’* If 

fw| 1 

iVl irfT.l 
r4 

(Ma4<P 

;; 

ill 



iU 3 

! 


90 


10.0 1 

A 1 

n 

U 0 

Y 

4Q 

6 

n.t, 

:i 

\H 

«3.0 

Y 

00 

10 

9fj.r 

u ] 

3A 

1 41.7 

K 

SO 

n 

38 H 1 

r 

32 

40.0 

K 

100 


30.0 

c ? 

an 

' 2».0 

P 

200 

60 

32.0 

l> 5 

23 ! 


K 

1,000 

344 

04,4 

n i 


36.0 

y: 



34.frtl 

11 j 


34 m 

j) 


•If nn lar^ft ntimWrof frruW ftni- 

c«ivRbly l>e iflftclitHl ^Iilrh vruultl l>?wrt ft "iwtlisfil. wr-w r l rin pR 

t( M iV nppioiiehML ». |ly iK»Uriir^ a pluhlly IiJRlfai rAl«»« U t it* fa a of n^rily 

.3 A ^Qiitil bo -DhlAiiiMj for A, Ai>U All *MnrAT<jrab!^'* «Ur»ai>nt» Tai} ft livtknl \:'pt irajvlann'rif 

Pi M.SOiJdi aimI Pi •ft.'f.iir pi M,;iAru) pi 


TAm.K 3 

aKBULTS OK K TnUFr»PAI>WR KXAMINATlflN l?BINO IHK 
BKqUBNTlAI. MatllUll HP BAMPMN^d 
(AfUr OAch ruma (n fntllirfttcpti |h» ntiKilH’r fif hitiiii. lI»o RtAiJft I f a 
dlKrimh M KAcW)) 


N 

20 


40 

00 

m 

Flrwl 

n, 
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0 

10 

33 

Uiada 

1 

Carr: 

0 

Cart: 8(A) 



Crtir; A 

2 

Horn; 

D 

HoU: n 

HoU: 10(11) 


IIhIi: 11 

3 

Abel: 

0 

Iforn.: 11 

AM: 17 


AM: C 

4 

0111: 

7 

Bwan: 11 

Horn: 18 


Horn: G 

0 

IfArt: 

7 

Abel; 12 

Hwan: 18 


HftAD: (! 

0 

HoU: 

7 

Gill: 13 

Ford; 10 


Ford: G 

7 

Bwnn: 

7 

Hnri: 14 

Oill: 20 


Gill: G 

8 

Lnrnb: 

B 

Portl : 10 

l^mb: 21 

lAf 1)1)138 

InAruli: T) 

0 

Ford; 

0 

Lamb: 10 ' 

llnrl: 30 (F| 


HmC: K 

10 

BA(to: 

n m 


— 


HftRff: F 

Z)i 

11 


18 

20 

82 



In Iho present caao wtiidcntw were reciuirwl to annwor 20 fiur^tionH 
oacli '^roiincl.'* Tlio seta of 20 queationH were not alrielly random 
samples. For round one, all queationfl with mnnberH ending in 5 wore 
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answered; for round 2 all questions with numbers ending in 0; and so 
on. It seoms plausible that the effect of this method of sampling is to 
reduce the sampling variability, and therefore to make the probability 
of failing a good student somewhat less than a, and the probability of 
passing a poor student soinewlint less than p. 

The rcsulls of the cxpcrimont are shown (using fictitious namas) in 
Table 3. Both of the students who went out on the unfavorable side 
decided to continue with the examination. One of them continued 
through 100 questions, but ended up with .more than Di eiTors. The 
other voluntarily terminated the examination with 80 questions and 
managed to got barely into the indeterminate zone, bub not far enough 
to avoid a grade of F. (Table 3 does not show voluntary continuations 
after a decision has been reached by sequential analysis.) 

Two questions remain to be answered. (1) How many questions will 
bo required, on the average, to reach a decision? (2) How close to ideal 
arc the results for tliis particular sampling scheme? 

The number of questions that tend to bo required depends on the 
caliber of the student. Mediocre students will lend to require more 
questions than very good or very poor students. The expected number 
of question U for each of five different types of student can bo ascer- 
tained easily by use of approximate formulas. Tliis is clone below. 


Proportion of questions 
that loill be missed in 
popidations of queslions 

0.0 

b 


Average miinher of questions 
required 


4.706 

.3489 


u 

13.6 


Pi = .3 
5 = .3489 

Pi'=‘A 

1.0 


(l-a)/u-g/i. .8( 4.706) -.2(3.404) ^ 

5 -Pi ~ .3489 -.3 

7? I = N,Vi = (13 .488) (5.228) = 70.6 

a-0)h-phi .9(3.404) -.1(4.700) 




pi—b 

hi _ 3.404 
.6511 


.4 -.3489 


= 5,2 


The next integer larger than 77 q is the smallest sample size possible for 
pas.sing a student, while the next integer larger than F, is the sinallcst 
pos.siblo sample size for failing him. Since most of the students wil 
tend to be C-gradc, and will miss about 30 per cent of the questions. 
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ahoul 63 qucfiUon* ahonM In; rrquirt^l r.m lit!'* avr-rwR**. In llip pm^enl 
inslaiicc! iL n])i>oura from 'I'alilc 3 !lt»t (hr nninlifr of quc*. 

tions rcquirwl for a tIccUion in siirnr-w l<fil Iuir- r limn iii'llrtilHl \\y llio 
formulna. It sceiiw lo l!n* writer llml lln?# iw nl. pnrljy nrrrninled 
for by lltc iion-r«ndom clinrnrlrr of iIk' jtnninb', plinuld havp llic 
effect of rctluoing Uie sntnplinK vnrird.ilily.* Tin' nverngK! number of 
quoaliona rcriuirtsl reuchtu n nmxitimrn nl n vnlu*’ fur p tbnl !■« rbwe lo 
5i 7?t*='71 ill tbiH cflfio. In gi fn'rai it h n«ivis.niili' tbnt tin' Inacber lie 
proparocl to odininiKlr'r nl Imt ‘ZJSi. qnihlinnw. If nlUiinnn-nl of the 
dcflired objeclivr!^ in pwsible only by umi* nf mnrp t|ni*litiiiH llinn it U 
practical lonflininisU-r, nno hiukI ri‘vi.M‘ bis idqri'livrf;. Tlic miiiibtT of 
qucalionH rcfinircd can bo redumi by ndopting vabn of pi. pi, cr, and /5 
BO 08 lo bring Ibe vnliiCH of ai and a» cbwr tORolln-r. MiTlnwlw of ac- 
complifibing Ibin rctnill have alrcmly Inn-ii givon. 

Compariaon of the rtjBuIla of a given plan with idt-iil ran bn nnrom- 
plialicd by plotting an rtpcrnfiiig cfinrflcfrnstic cunr. Hucb a curve is 
ahown in the ncconipnnyiiig cbort. The buruonlal nNin «lunv,H p Ibe 
proportion of qu<‘«lioiifl wbicli Uu! Nludc-nl (ends to in Ibn long 
run. Tliia is roughly oni^bnlf the quealioTiti lo wliicb Ik* ilm'Hii'tknow 
Ibo answers, Binen he. kIiouIiI giifsiW nlmnl onc-lmlf of IboHc eorrcelly 
anyway. The vertical axin allows L(p) the itrolaibilily of p.at<.‘<ing the 
oxaminalioii. Four poitiU for this curve nr» nlrcady known, while a 
fifth can bo computed very casUy. 
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lanipllnit variRblllly le raduced, but ibe Op And Dj IlniMp eienoi nrJHirdinjil)' bniWRbl tiJRMlier 
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The chart shows a vertical broken line at p = .35 (which is almost the 
exact value of b). Ideally all students should be passed for whom 
p<.35, and all students should be failed for whom p> .35. The closer 
Pi and pi are together, and the smaller the values of a and /3, the 
closer the curve approaches to ideal; but also the larger the average 
number of questions that will be required. 

OPERATINQ ClIARACTICniBTIO CURVE 
pi».4ia-.2;S=.l) 



In administering this examination 20 true-false questions were first 
given each student. Thc.se were graded while he was working on his 
problemB. Wlicn the problems were turned in, 20 more true-false 
question were given, then a third set of 20 if necessary, and so on. 
Administrativo difiicultlc.s encountered indicate that it would be better 
to give (say) 40 questions on the first round, with a diminishing num- 
ber on auliscquent rounds. It also scemB that it would bo better to 
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allow onmigli littiR fdr Uic t'Xftmirmtioii tn iwriiiil fi« inruiy sw IM <]ues- 
Lidiw lo lie ftiwwoml liy inarRinal AnoUdT jioiiil lo ronuMcr 

iji wlicllnir il is licller lo givp n rnmlrun «ainj>l<' of •ini-Hiiniit* each 
rouml, or a Hyalrumlir hlralifii^l painpV ^iirh a-s limt uwil in ihU 
cxiwrimciil. Kiiicc ihe. vnrifttiilily frnai iinniiiln t o i*nni|i!r« ii' im'wnninlily 
emaller for Uio more rciirm'nt alive syaSriDatir tiratifirrl hninplc, and 
lliorcforo, ft|)parontly, Ihi* prol'nl'ilily i« n**|iioiHl nf uiijinilirmMy 
piissitig nr railing a Hhutriil, il i*? Ilie writfr'.*! n|iiiti<iii tlial a J<aniplc of 
Uio Ij'pe HoIor.Lcd it* lipllrr. On llio olliH' liand. il. iiiif!;l(l Im* worlliwliilc 
to work out Homo riuHlifiration of llto tiO'^ent foriiiultv* for ri.ijt'. with 
proocdiirca of the typo wo luivo ll(■Hcriltr•<l. 



THE STATISTICAL SIGN TEST‘D 


W. J. Dixon 
TJin.mTaily of Oregon 
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Io\ua Stole College 

This pjipot proHonts and illuHtratoB a eimplo HtatiflUcal teat 
for jiulging wlicllicr ojio of two inatorialB or trcatinontfl ia bot- 
Iftr tlmii Iho other. The data lo which tUo teatia applied conBifit 
of paired obaorvalione on Iho two matorialH or treatmenta. 
T))o lest is bnflod on t]»o signs of tlio difforencofl botwoon the 
paira of ohaervationa. 

It iH iinmatcrml whether all the pairs of obaervationa arc 
comparahlo or nob. Ilowovcr, when all tlio pairs are compar- 
able, Micro aro more ofTiciont testa (the t teat, for oxamplo) 
which take account of the magnitudos as well the aigna of the 
difTcrcncca. Even in this casoi the aimplicity of the aign test 
makcB it a ueoful tool for a quick prcliminnry appraisal of tlio 
data. 

Ill tiiifl paper the results of proviously piibliahed work on tlio 
sign test ha VO been included, together with a tablo of fligniH- 
canco IqvcIb and illuatralWo examples. 

INTPODUCWON 

I K BxricniMfJNTAb investigations, it is often clesirocl to compare two 
materials or Lrentments imclor various Bcts of conditions. Pairs of 
obscrvntioiiB (ono ol)RGrvation for each of the two matorialB or tveaL- 
ments) are obtained for each of the separate sets of conditions. Tor 
example, in comparing the yield of two hybrid lines of corn, A and jB, 
one might liavc a few rosults from each of several experiments car- 
ried out under widely varying conditions. The experiments may have 
been performed on different soil types, with different fertilijicifl, and 
in dilTcreiit years with consequent variations in acaaonal elTccts euch as 
rainfall, lemperaiure, amount of sunshine, and bo forth. It is supposed 
that Ijoth lines appeared equally often in each block of each experiment 
so that Lire ol)sevvcd yields occur in pairs (one yield for each line) pro- 
dviced under ciuitc similar conditions. 

The above example illusti’ates the circumstances under which the 
sign lest is most useful : 

(a) Thoi’Q are pairs of observationH on two things being compared. 

* Tliln jinpRr Ifl an ntlnplallon oj a momoFandiini nubmitlcd lo thn Applied Malbematicaruncl by 
lllQ HUlhlicftI IlpflcitrUi Ormip, iMncolon Unlvornlly. Tim SlMlHllcal noaenroh Group oporcilcd under 
a conlraol wllb ibu Olfico o/ SdoJiUflo Ilfararrh and DovolopmonL, nnd wan dlroolcd by Iha Applied 
^Ulhfi^n^ljc(J Tapcl of Ui d Natloiml Uefonno Jlcsoftroh Cninmllloo. 
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00 Eoch of the Iwo oinBt'rVftliotn* c»f ft givon pair nT«^<' iinilrr similar 
c.onOilioua. 

(c) The tlifforent pairw wck; nl»)»rrv<«l nja>l< r iJiffrn ri< r<tii(!i!ioirt. 

Thia Ia«t cotulilion generally timkra ilir / t^icf iitvaliO. If Haw were not 
Lire Case (Hint is, if all the pnira aiJ o1*?vrvRtii»nK were r.itnajiarnMe), the 
{ teat would ortliimrily be cmploya-fl Ihr ro were other rtwoiw, for 
example, obvioufi non-nwrmaUly, (nr mit Ufingil. 

Even when the I leeL i« Hie npijrnprinU* leeliiiinue tiirmy f't rili?*lieiftn.s 
like to u«c the. . sign teat twenuw of ilfs exireme fiintpliniy, (ine merely 
counlH the nilinlier of poHilive anil negnlive «lifrereni'r’i nud refetM to n 
tabic of sigiiificnnpR vnlues. I’reuuently lim rpieritiiui of rignifipiineo 
may be BctUed ftl once by the nign lr.»t wilbimt any n» (or ciileuliv 
tionn. 

Itahould be pointrtl out tlml, «lrtplly oiKmking, Hie niellimlM of lliw 
paper are applicable only to the cime* in whieh no li« ji in iirtirnl (•om- 
pariBonfl occur. In practice, liowever, even when lies w onhl not occur 
if mcuaurcmenlH were HufTieicnlly preeijif, lien do rtctnr bi‘cau«ft incoR' 
iircmenla are often made only to the nejmwt unit or lentil of a unit 
for example. Such liea»hould be iiu'ludiHl among Ibe nl>.‘<erv(ilion.‘i with 
half of them being counted a« pOHilive and half negalive. 

Finally, It la ooKumcxl Ihot llio differences belucen iminii obwTva- 
tionu arc inclcpondcnl, that is, that Urn oulronu* of one pair of tiimcr- 
vationa is in no way influenccil by tho outcome of any otlicr pair. 

pnoegnuRB 

Ivot A and B represent two mnlcriala or Ircatinents to be coinparecl. 
Let X mid y reproBcnl mensurementft made on A and li. In't the nuin- 
ber of pairs of observations be n. The n iwiirs of obHcrvalioiw nnd their 
differencca may be denoted Viy: 

(21. Vi), (*i, Vi)j ” ' , (*«, vO 

and 

Xj - Vi, Xt - Vi. ■ • • ( x« “ V». 

The sign test is based on the signs of Ihesc differcnocB, 'Die letter r 
will bo used to denote the numlicr of tiruen the Ici^a frei|ucnt sign oecuni. 
If some of the difforcticca are acto, half of them will he. given a plus sign 
and half n minus sign. 

As an example of the typo of dola for W'hioh the sign ti'sL is appropri- 
ate, wo may consider the following yielda of Iwo hybriil linra of corn 
obtained from several different cxporimontH, In thia example rt®28 
and r-7. 



THE STATIflTICAt/ BIQN TEST 


6B9 


If there is no cHITercnce in the yielding ability of the two lines, the 
positive and negative signs should l)c distributed by the binomial dis- 
tribution with = The null hypothesis here is that each difference 
has a probability distribution (which need not be the same for all dif- 
fcrcncca) with median equal to zero. This null hypothesia will obtain, 
for iiiB banco, if each differenco is eymmctrically distributed about a 
mean of zero, although such symmetry is not necessary* The null hy- 
pothesia will be rejected when the numbera of positive and negative 
signs differ significantly from equality. 


YlELUfl OP TWO HYnntD LINES OP COHN 


EKVterimQEiL 

Yield of 

Sign g( 

ExpcrimoiU 

Ylold ol 1 

Sign of 

Number 

A 

Jtl 

t-V 

Number 

A 

n 

X— 1/ 

1 

47.8 

40.1 


4 

40.8 

41. a 

_ 


48.0 

60,1 

— 



40.8 

- 


47.0 

48.2 

— 


42.2 

42.0 

+ 


43,0 

48.0 

— 


41.4 

42.6 

— 


42,1 

43.4 

-- 






41.0 

42.0 

— 

5 












9 

mSSm 

as.o 

— 


37.0 

87.3 

•1- 


■H 

31,1 

— 



* 



27.4 

28.0 

— 

0 

30. a 

37,6 

— 


28.1 

27.6 1 




37.3 

— 


28.0 

28. 7 

— 



34.0 

— 


28,3 

28.6 

— 






2C.4 

20.3 


7 


40.1 

- 


20.8 

20.1 

1- 



42.0 

— 

9 

33. a 

82.4 

•b 






30.8 

81.7 

— 1 






Table 1 gives the critical values of r for the 1, 5, 10, and 25 per cent 
levels of significance. A discussion of liow these values are computed 
may be found in the appendix. A valuo of r less tlinn or equal to tliat 
in the table is significant at the given per cent level. 

Thus in the example above wdiorc n— 28 and r=7, there is eig- 
nificance at the B% level, ns shown by Table 1. That is, the chances 
are only 1 in 20 of obtaining a value of r equal to or less than 8 when 
there is no real difference in the yields of the two lines of corn. It is 
concluded, therefore, at the 5% level of significance, that the two lines 
have different yields. 

In general, thcro arc no valuc.s of r which correspond exactly to the 
levels of significance 1, 5, 10, 25 per cent. The values given are such 
that they result in a level of eignificance as closo as possible to, but 
not exceeding 1, 6, 10, 25 per cent, Thus, the test is a little more strict, 
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tub statistical sign test 

on the average, than the level of significance which is indicated. For 
Hinall samples the test is considerably more st’ict in some eases. For 
cxainDlc, the value of r for n^\2 for the 10 per cent level of significance 

actually corresponds to a per cent level less than 6. 

The critical values of r in Table 1 for the various levels of significance 
were computed for the eases where either the +’s or -’s occur a sip 
nificaiitly small number of limes. Sometimes the interest may be m 
oiilv one of the signs, For example, in testing two treatments, A and B, 

/I may bo identical wilVi D except for certain additions winch c^n only 

have the elTcet of improving B. In this ease one would 

only in whether the deficiency of minus signs (for diffciences m the 

direction A minus B) were significant or not In eases 

nnr rent levels of significanco in Table 1 would be divided by two. Thus, 

8 minu.s signs in a sample of 28 would correspond to the 2.6% level of 

Bignificance. 

81 aB OF SAMPLE 

Even though there is no real difference, a sample of f^r or even five 
wiSi all B S alike will occur by chance more than 6% o the tima 
Fmn gn3ike will occur by chance 12.6% of tlm time and five signs 
al^c will occur by eluvuce 0.26% of the time. Therefore, at he 6% 
level of Higiilficancc, it is necessary to have at loMt six pans of ^ 

S, IS even if all signs are alike heforo any decision can be mada 
As in most statistical work, more roHalilc re.sults are obtained fiom 
a larger number of obHcrvalions. One would not ordinarily use tho sign 
til for samples as small as 10 or 15, except for rough or preliminary 

^ The ouc-stioii may he raised as to the minimum sample size necessary 
nitelv Icii'KO iiunibcr of obacr vat ions 30% + rioi-nnt \hm 

of finding a significant result ns neni o c minimum 

Table 2, this probability has been cliasen as 05%.^ ^ 

v.ta of » (T'l vorlooo aotu*l par- 

to insure a decision 96% ol uic umo im- b 

centnges po and levels of -p „co of departures from a 

Tho sign test merely measures tlu. K distributed 46-56, then 
60-50 distribution. If the signs nic ac y . ^ the 

tho departure from 60-60 is not likely to be signiic 
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oamplo is quite large. Table 2 nhowa dial if die JfigiiH are aetimlly 
distributwl 45“55, Uion one iuhhI lake mnipIciH nf priirs in tinier 
to gel a Bignificatil (leparlure from a iK) 5il tliHlrilinlinn n( dm 5% 
level of aignificanec. The miinlier 1,297 i?« ‘iclretf 4 fn give die tlenired 
eignificancc 05% of Uic time; dial in, if n largi* nuniber of eainiilt'a of 
1,207 each were drawn from a If;- 55 (li.^lnli)id<iit, llieii 05% of dioiio 
satnplca could he cxpecletl to iiuUcuU*. a tfignirinml rlcpnrlure Qal Uie 
6% level) from a 60- 50 dmlrihulion. 

TAW K a 

MINIMUM VAI.UBH OP tk NRCr^PaAllV 'In PIS'll PltlNlVIfANl' 
UIKKKIlBNCEfl 05% OF TIIK rlMK Frin VABnilfft 
OIVKN lONH 
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7a 
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10 

.2S{,7B) 

60 
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42 

91 

3J 

17 
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19 

.20(,&0) 

H 

36 

un 

31 

13 

11 

a 

7 


39 

93 

u 

14 

A 

0 

A 

4 

.m(.tKI) 

94 

17 

la 
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d 

4 

9 

9 

.06(.DG) 

lA 

19 

11 

e 

3 

2 

2 

1 


Th«lUtl<ilJ«<iva1u«g A^Q AppitnjmnU. Thu miiKlmumMrttr 1^ A fnr llio r>r n, Anil 9 
(or Iha valviB o[ t. Tho Yilu«A of n unil r (Ar 5% wrro Itow (iplprcnr* 1 1 vrjio 

ftUblool rAlue^of n Audr (or ^mn^aof coa(ki<iiit4irEH)fnd«tiU(ib«AU4veUb)«iu^cinlr Ahd & 

tliMloVAluaA ^0%, 

Of course, in praclico one would not do any Ic-sling if he. knew in 
advanco the cxpuclod tlislribulion of signs (that il was <15 55, for 
example). The practical significance of Table 2 is of Iho. folhiwiiig 
nature: In comparing two malorinls one is inleroKled in deli'riniiiing 
whether they are of about equal or of difreront value. Before die in- 
vestigation ie begun, a decision rmisl lie nnwle. as to how (iiflferent 
the materials must he in order to ho classed as difTcrent. lOxpresscd 
in another way, how largo a dillcrcncc may he lolcralotl in the Htnle- 
ment that "the two materials arc of about equal value?" This (lecision, 
together rvith Table 2, delcrinincs the sample sIkc. If one is inlero.slcd 
in dotocling a dilTeronco so email that the kiriih may he dislrilmlctl 
45-65, ho must bo prepared to lake a very largo .suinplo. If, howcvi'r, 
one is interested only in delecting larger (lifforciicc.H, (for exainiih!, dif- 
foroncea represented by a 70-30 dialrihuUcn of signs), a Hinallor samplo 
willsuflico. 

In many investigations, the samplo size can ho left undotermined, 
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the btatibticae bwn test 
and only aft much data accumulated ns is needed to arrive at a decision. 
In such cnsp.s, the flien test could lie used in coniunction with methods 
of BCfiucnlial analysis. These mclhotls provide a desired amount of 
information with the minimuin amount of sampling on the averoge. 
A compl^^tc exposition of the theory and practice of sequential ana ysis 
may bo found in references 3 and 4. 


MODIFICATIONa OK THE BIQN TEST 

Wlicn tlio (lata arc lioinogcncoua (mcuaureincnta arc comparable 
between pairs of obKcrvalions), the sign test can bo used to answer 

questions of the following hind ! 

1. Is material /I Imtter than li by P per ecntf 

2. Is material A belter than B by Q units? 

The fimt ciue.sLiou would lie te.stcd by iiicrcaaing the measurement on 
i by P per cent and comparing the rcsiills with the measurements on 

A. Thus, let , s / ^ 1 

(afii !/i)i (®ai 1/0 1 (®*i l/>)i 

be pairs of merusuromoiits on A and D, and suppose 

the hypotbesis that the moasui'cmenlfl, a, on A were 6% liighoi ih 

to rlramcl., v. on li. 11.0 tet would .imply bo applied to 

the signs of tlic difTerciiccB 

xi - 1.05jfi, Xi - 1.051/1, xt - l.OISt/j, etc. 

In the CLWC of the second question the sign test would be applied to the 
difTcrenccs 

X, - (t/i + Q), - iVi + Q)' 

T «itbrr ease if the rasulting distribution of signs is not significantly 
d£ S *m 5oX to data are not inoonAtent with a pjt™ 
answer to Ibo quosLion. Usually there will be a range of values of 
(or Q) which will produce a non-significant distribution of 
one determines such a range, using the 5% level of significance or ex- 

r:— S we bo moamn.lul. 


math EM /VTI CAE Al’PEEDlX 

pair of observations {x,, vd thcro is a probability 
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x,>yi 0’'®!, 2, • ■ ■ , n)\ p M ftM^uinp^l to l>p It !» also 

asaume<! lliat llic n pnim ol ol>«crvalt(m« ix„ y>), (i“l, U, • • • , ») 
are independent; i.c., the oniroiiif (+ or for (x/, j/j) iis indcpemicnl 
of llic outcome for (x„ p.) (iVj). 

B. The Obsfrvadons. TJio pnrpofn- of oltlnininK ol>ttf‘rvnli«nn (X(, yd 
ifl to make an inference n'Ranlinn p. Tlu; ril*fi€Tvr‘<l n>i.niiliiy riptm which 
an inference in to ho hw^i'nl in r, the muntKT of 4 '« or fwhirhever 
occur in fewer niuidjere) oMninrnI from n puin**! iiKnorvalioiiK fx„ yd- 
On the himiH of tlie uwiiiinplion idmve it folloua Mini (lie prohiiliiliiy of 
obtaining exactly r na llie ininimnin nnnilmr of l-'a or •-'« in: 

[p^fl - p)""* + 7 i" '(1 - ;j)') r 0. 1, 2, • ■ • , - - • ; n <«ld 

n “ 2 

r t), 1. 2, - • • , — — - ; ;i even 

(i«) “ P)*" *■ “ t ” 

C. The 7>i/m‘nce. In the nign leht the liypollie-HiH lieing levied iw 
that pn»^; in other worda that the diwliihuHimK! of the differcnecw 
2 , • • • , n) have zero inMliitim. Ktir (lie iitun' gcui'iul 
toslH diHCUfuicd in Bcction 5, the liypnlh)‘««iK ia Ihal the iliffereurcH 
*(”/(!/<) (f™!) 2, • ■ ■ , h) have zero iiKHlinna. Tho fnnelion /<y) iniiy 
he Py or Q+V (where P and Q are the eonaliintK inenlioiK‘<l in Sedion 
6) or any other function appvopvialts for t‘.ot<kparivion with x in ll>c 
problem at hand. 

Tlio hypothesis lliat J is UsiU'd liy dividing the poH-sible vidues of 
r into two cIobbcs and accepting or rejeelitig the hypolhe»iH necordiug 
08 r falls in one or the other class. The clivsHes are elioHeii ho as (o nioke 
small (say ga) tJio chance of rejecting llie hypotheKiH when it is 
true and also to nmkc amnll the chance, of accejiling the. hypolhesi.s 
when it is untrue. It can he shown that in a e(‘rtuin KeiiKo, the he-sl set 
of rejection values for r is 0, 1, • • ■ , P, where li d('pi-iulH on « and n. 
R can ho determined by solving for ft«tTUwimum i in the iiuuinidily; 

S(P(t) > 31 “ 

where /, (a, h) is tho incomploto beta function, Table 1 wfus noiupiUod 
in this way. 

I An aadiilonnl mumpUon li Ihnl the proheblUty Af^D( li 0: ihui Oia piobfthilliy ii 

(1-p). 
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the statistical sign test 

D Samjile Sizca, When the somplo size is small tli6 sign test is likely 
to reject the hypothesis, p = i, only if p is near zero or one. If p is near, 
but not equal to i, the tost is likely to reject the hypothesis, v = i, only 
when the sample is large. _ 

The sample size rcquiretl to reject the hypothesis p = J at the a level 
of significance, 100X% of the lime, may he dotermined by finding the 
largest i and smallost )i whieli satisfy: 


tincl 



p<i- 

j^o\3 / 


n and t arc given in Table 11 for various values of p and a] X was taken 
to be .05 in all cosc-s. The talmlar values for i-p are the same as those 
for V liocause of the symmetry of the binomial distribution. 

E. EiTicicncy of Ihc Sign Teal. Let z=x-y. Assume z is normally 
distributed witli mean o and variance a» Tlio probabahfcy of obtaining 
a + on a particular Z( iw: 


- 1:: r . 

\/2ir •f 




An estimate of p involving only the signs of z,- (t-1, 2, • ■ • « 
an estimate of (a/<r). Cochran (reference 2) lu« ” W/fm ehS 

samples the variance of this estimate of (a/cr) 13 2irp(ir e / 

^'°Thc officioLy of nn estimate based on n independent 
is defined 0-3 the limit (os «-*«) of the ratio of the variance of an ef- 
ficient estimate to that of llio given cstinmlc. An cfTicicnt estimate 


c is: 




£ (z, - -zy 

n I 


^/n 


^YllC^o t is SUuIouI'h t and = 

Tho variancci of LliiH oHtiinatc is 
of the sign lest is c-‘'!2rrvq- If « = 


1 1 (^ 1 — 2 )] tliua the eflicicncy, E, 
0, then p = i and the efficiency is 


2/7r = 03.7% 
The proce 
values of n, 


IK {liHCUHsioii pertains to loi-RO values of a; for amnll 
cfllcionoy is a little Itelter than 03.7%. Compulat.on. 
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were mnHc for fl-ovcrnl smallpr valiirs of n, for nwl8, 30, 44 

pairs of oliscrvalions at the 10% level of U ajis fouad 

that the Jiign tr^l using Ift pairs of oKservulioriNi is np|ir<isirti»lcly 
cquivalciil to the Hi*st iisioR 12 pairs of ohservjilinns; for 30 piura 
the equivalent Meat rcfiiiin-s lietwerri 20 niid 21 i.iairs; and for 44 
pairs tile equivalent f-tr'St requir«>« helwoen 2H mol 2U [mim. Cochran 
ahona that the efriciency of r/n for ralimnliitg c deereaai's as |c| 
increasea. 

ur.FRHEN‘rrji 

(l) W. MacSlcwnrt, 'A note on (lie fMiwpr tif (Jtp nign l-ral," Annofi oj Moiht- 
jMOfiVflt AfnloliVa, Ye). 12 tlOlU, (i|i. 2;!C» 

(2| W, Cj. C'oclirnn, “Tlii' itfTnimriets ef llie liintirnisi iurrit a lest nf siftiiinrancc of 
a mean sikI of a cnrrolalinn rf«>fririenl," Joiirnol .VOiO'iiliMt ,Swi'((v, 

Vol. (I, PiirtlflOW), PI). n9--7;t. 

(31 A. WaliJ, “RcqoRnlial melhoci of «»ni|iliiiK (*)r ilpirMioit Uslwt'cn iwo rmtrtWD of 
action," /ourMfllAm«riV(ini!?<mi(-/iVof,fa«rW)i(iVn, Vnl. ^n(101f0, pp, 277-300. 
[41 SlBlialical Ucjwnrcli Group, Pnlmnliin I'liiveraily, .SVijurnfoif Ahii/|>m* of 
SlalulicalDola: Applicalioitt (l9tS^, C'oluraliia L’niveraily I*fc*ii, N'ewYork. 



TESTS OF INCREASED SEVERITY 

C. Wert CiiuncmiAN 
Univcraily of Vtnmybonia 
JiKNJA&lIN iCPiSTtflN 

Coal Tleacarch Lahoraiory^ Carnegie IiialHuie of 7'cchnolog]/ 

CerUIn uinnurnolurcd itome must bo produced of such 
qimlily timl only u very fiinnU fraction will fail when viaod. In 
problomH of lIuH Borl HUnclnrd eampling plana are impraclical 
because of the oxccfisivcty largo aampto aizca required, In tbia 
paper >vt‘ conaidor the alnlialical questions izivoJvod in de- 
veloping an cfliciont aampling plan for sucli problcins, and 
recommend a procodiiro wliich has been found very useful in 
biological aanay and in tlio testing of explosives* There is good 
reason to believe that tbo same Btatistical teebniqucB can nlao 
bo used in many other fields in which one is inloreatcd in 
sUulyinK tbo response of objoci« tested as a function of tbo 
strength at tlio stimuli to which they am subjoclcd. 

1. INTKODTJCTION 

T tikhr nre numorous manufactuted items which must be so con- 
strue twl tliftt only a very Binnll fraction of these items will fail to 
perform under certain operating condilioufl, For example: (a) a 
munitions plant is teciuirod to produce primers sufficiently sensitive 
to ensure that very few and preferably no primers will fail to explode 
under a /ipf^oified blow; (b) an aircraft manufacturer may want to bo 
certain that Um slreiigLl) of welds mcetH some epocificd requirement 
(c.g., one might require Umb only 1 in 1,000 welds should fail to meet 
shear fitress of X pounds); (c) a rope manufacturer may wish to make 
a protluct w'hich will bo able to withstand n steady load of X pounds 
appUocl for Y minutes; (d) the manufacturer of electrical equipment 
may desire to make a xwoduct capable of withatanding some specified 
Voltage until virtually no breakdown of the electrical insulation; (e) 
ft drug manufacturer may wisli to te.st tlie effcctivenGSS of a dnig in 
(Icstroyinga CDrlain organism. 

The (lata arising from all i)roblems of this typo may he termed 
‘^Seusitivity Data/* This is a gomiral term applied to that type of ex- 
perimental (lulu for which the act of taking a ineasiircmcint on the 
object icHL(‘,d either (UsstroyM the ol)j(3ct or bo changes the properties 
of Uio object that it can no longer ho used in further testing, 

We flliftll call the ^stimulus^’ that condition to which wo aubjoct the 
samples, and wo shall call the stimulus at which a given object just 
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fails tlif! •'crilicnl fitimuttis*; ihM f'.»r a of Ir^s intciwily 

lliftn tliR critical slimuUis, Utr* olijc**:! aill n«! fail, and fw a »tiiiuiUiB of 
greater inleiwily than iJie riitiral the riljjcrt will fjiil, 'riicse 

terms are illuslmlpil in llic following esampUa: 


TtiU4 

Capa 

Tft^ 3\J 

BkltM- of i C4rfl»iTl 

ifVrJwr t}\ 

VrrMfl 



Hope 



Imulmkn 

VmlUen 

l*v I'j p‘AVfV>wn 

OritAittiiAR 

of 

(ficj JjilJ 


II is lltc pvirpopic of lliiw iiarkTr to give the g-'MernI nmtlintnutir.nl and 
alotifllicnl nllack recently developeii for jirol<li'tn.?s of iliis nature and 
to compare this uppremeh with other eurrmt tnellnwls. HenHilivily 
problems nmy be tlivulcd into two broad cnlegorir-s: 

I. The applied blow or elimulus or parlieulnr test cojutilioii will rc- 
8ult either in failure or nondnilure of lire «|»efiineti lei«le<l. A munerical 
VFiluo cannot be allachtHi to the n^ull of tiny lest, Hpeciinen eillier 
fails or pnsBes, expltKic* or doe# not explode, brenkH or dims not break. 

ir. The stimulus is so applied thnlcneh objeet littltsl has iiwociutcd 
with it a precise stimulus number (i.e., a value of (be stimubiH for 
which liic object rcapoudn crilicitlly). For example, to miy weld .Yi 
there can be associated a shear stress Ti. 

In this paper wc sholl reslricl ourselves to prohleriiH heloiiging to 
category I bccauBc the dnln associated with problems in category II 
may bo reoiHly annlyKCtl by the use of known leebnirjueK in tlie ele- 
mentary theory of frct|ucncy distrihutions nitd curve rilling,* 

It will be our basic aim in lliiH paper to shosv how one ran deter- 
mine Iho distribution of stimuli for which llie ohjeel.H will rc.sponil 
orilically, oven though it is impossiidc to measure, the, c.sact value of 
the stimulus at wliich a given Hjiecimen will rc‘>*|i()nd e.rllienliy. For 
example, the physiologist is interested in the value of the dosage for 
which 60% of the apccimcna tested will aurvivo. Yet, in prncliee, one 
cannot arrive at the prcci.se value of the critical Hlimulus for coch 
specimen by a inelliod of successive ttpproximalion.H, sinco once an 
animal has been injected with any concciUrntioii of llus drug at all, 
it can no longer bo used for further tcaUi.* 

1 Ai nil oinmplB of n rirolilAin lM>lonitlnK lo oMe|«ry II Ma nn Btllcb by C.R.llnrroU. ‘QuRlIiy 
ConlroUIlh BAmplJn* JiwrwicUoii,* fIW3). 

■ See BlntlRiIoAl Ifoio No, 1 , 
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The particular use 0 / sensitivity data which wo will consider for the 
momcn t will he the proldcm whether or not n lot meets the requirement 
tliat only a small fraction (.001 or .0001 for example) fails under ccr- 
tain operating conditions; the inference is to be made from n flnmplo. 
A number of incthofls can be used in testing such a hypothesis. Prefer- 
ence for one metliod over another will be based on the principle that 
we desire the maximum of reliable information from the minimum of 
data, plus the amount of prior information wo can bring to bear. 

At present there arc four methods availal)le for analyzing seivsitivity 
data l)clonginB to category I. These are: 

1(a), Te.st.s comluelr'd only at the stimulus required by the apecifi- 
cations. Tlu! Bubinillcil lot may l)c judged un the basis of the behavior 
of a sample at the specification slimulu.s; 

1(b). Teats conducted at some stimulus which subjects the sample 
to more slriugcnt operating conditions (c.g., to heavier IjIows, greater 
Hti'DRPcs, smaller or larger doses of a drug, etc.); 

1(c). Tests coiidvtcted at two and sometimes three stimuli, all of 
them being gfmnrally dilTcrontfrom the spcciflcation stimulus; 

1(d), Complete, run-down testa, i.c,, tests conducted over a dis- 
ci'clo Bcries of stimuli from Liie sliimilus resulting in no failures to tlio 
stimulus yielding 100% failures. 

II. TESTS UELOtiOim TO CATEOOllY l(«.) 

Teals of thi-s type arc usually inefficient, since one cannot get good 
assurance that iv submitUal lot will have the high quality required by 
the spccifieulion, even if all mernbem in tlic small sample pass the 
test. In order to gel suoli aasuranco huge samples arc required. 

To bring the.sc, points into bold relief, let lus coasider tiic following: 
what can Im said about llie quality of a lot, if a random sample of 20 
or even 100 Kiiecimcns lukoji from the lot contains no dcfective.s? 

The answer to this question is given by Llio following table* which 
gives the prolnibility of accepting material of a given quality on the 
bosi-s of samples of 20 or 100 if lire inspection jilan consists of accepting 
if no d<;feclH occur, niid rejecting otherwise. (Of coin'se, if jctests are 
pormitled the probability of ucccplaiicc will increase.) 

For e.vaniple, Mie, end value.s in the second line of Table 1 may lie 
roful as folkiw.s; if aeceirlnnce is based sohdy on no defects in 20, then 
the cJianccH are 1 in 100 of iieenpling material 21% defective nnd 00 
in 100 of ace(!j)lii\g malciriiil .06% defee,livo. Thus, a sample of 20, or 


* ffflo BUIUKcaI Nolo No. 2. 
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even 100, M< virtually i( rmr Ir» ai'^'p! v^ry few loU of a 

qualify level womc tlian .I^'lefr-rSiYr, «ay. 

‘rhfi folltiwinp; grn<'ml rrmarkjii nmy U** Jnair alimil tlji’ kind of tral; 
(1) it* flrfwnfape i« lliat it makns nn i»rif-.niiq>ipfiilion hIkwI the lot and 


TAUI K I 


QOAUTi' or ints TiHT MVY UK :v<'r-i.rT} r« » '■i!n?>rY.vt»ih-(j 

VABiol'H rnonMUT jTip« ?»■ N.r» ni TM iivs,!? \m; 
AI.IJiWIiH IS TH!- PVMrJK 






tv^ I f f frl ^ t-iTui. f 


Ml .Ci <5 I h U,r, 

ia» 

the mclUod of inaiwlion exf't*])l randtun fr< pr« si nt?Mliv<‘) .‘-iirnplinR; 
(2) il8 f/ian^uftn/ojrs am' lliaC. for evvsi n oorli- ifliii* di ro c nf li.'.siinniep, 
largo aanipkia ivro nttwlcul, fliul fnrllier, wiOtaul n»Miiiiund iufornmliou, 
one cannot cxtrapolftlo from the inR|K‘c:lion ittsl to all llir niiniy coiuU- 
tiotis to 1(0 cxpcctcKtl in rervice. 

III. TKflTB nRI.O.S'(lt.Stl T« CATBOonr l(l») 

The (ltHa<]vanlaR«<fl of te«la of type. t(n) U'ad tlirwily (n (i hls falling 
Into cfttcRorj' I(l»). Why Hhoiild onn carry mil tht* Ii aIs at (hat al iiiiulus 
level wlucli ia to yinld Iww than ,l%fleWl.iv«-? Mr'hy not carry out llio 
teat under teat conditionH which nri* ko kpvciv Ihnl one iniiy I’xpriil ii 
larger percentage of the Itenw (20% or 60%, for cx/iMipli*) to fail tlic 
teat? Tliifl Idoaia certainly not new. Any arrcleralnl lahoralory lest 
accoinpliakcB a similar purpose; test rondi lions arc mi altered Hint a 
lot may ho graded more mindly and wiUi Imw work. 

In gcncrnl, the BtimuluR which ahould give approxitiialely .'50% fail- 
ures in the lot ia determined from a Heriea of iiulini tesla I'omlueled on 
aamploa drawn from n lot which ia chaseii ok alatidanl.^ A numlicr of 
fairly large aaraplcB (in case of primer lota, 300 lo ,'KHI; in eiusc of drugH, 
perhaps 100 nnimnla) arc taken at random from iho lol. Ivieli of thr.sc 
largo samplea ia broken up into a nurnijer of anmlier .suh-siuiipli'H, eueli 
Bub-aamplo being tcalcd nl a difleretit HliiitiduH level. Troiu (lie ob- 
served set of ph the fraction failing lo fturvive at Ihe .HliinnliiM i:*, it in 
posfliblo to obtain nn caliinalo of llm diHlribnlion of eriliral Hlinudi. 
In particular that stimuluii for which one-half of Ihe lolnl lot fails lo 

* Thoro h it r^rlMn il^Kfen of ArbUiArin«>tMi nlUcfifeil l« iha §ol(tHr(hn nf a niAutlfirtt l«ii, l‘ff»huinftlily 
Iho lot (loolKiiAtod u lUtidArd Ii ohofton l>o(!«uio ll Klvofl Mtlbfiiotory oml h known to 

EnoollhftTOilulTemQpUof thoiponjQcaUoii. 
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Biirvivo can be efllimalcrt. For convonicnco thia ia tlio atimulns used in 
further testa. T)ic principle involved in olUaiiiing a calilnalion distribu- 
tion is an important one. It ia the forerunner oi the modern method of 
attack on Benaitivity problems, Wlion this approach is fully developed, 
it leads directly to the completely rundown in category I(d). 

One ahould note carefully that a fimdaincntal distribution oasump- 
tion is made wbeJi lot c|»alily is judgcil purely on tho basis of the results 
obtained at tho stiinuiuH giving 60% failures in the reference lot, In- 
creased severity tests carried out at a single stimuluBj giving 60% fail- 
ures ill tho referenoe lot, are sensitive inclicalora of significant differ- 
ences among lots at the specification stimulus, only if one makea a 
certain assumption aliout the distribution of critical stimuli; for ex- 
ample, lhal the ‘*cnlical” stivmli nre normally dtslrihulcd with a known 
standard deviation which is the same for all lots. If an o-saumption of 
this kind is justified, tlien a sensitive teat tor aignificance can be made 
even with small samples. 

Ill order to get some idea of the efficiency of an increoged Bcvcrity 
test, consider Llic following example: (a) wc shall call acceptable any 
lot which has .1% faihiies or fewer at a stimuhie giving .1% fnilurea in 
a sLamlarcI lot; (ti) we shall call imacccptablo any lot which lias 1% 
failures or more at llie stimulus just mentioned; (c) we shall call 
marginal llioso lol.s which give between ,1% nnd 1% failures; (d) the 
risk of rejecting a lot having .1% fivihiics shall bo .06; (c) the risk of 
accepting a lot having 1% failures shall bo .01.‘ Then, it can bo shown 
that even under llio beat pixssiblc sampling metliods wc Blmll be re- 
quired on the, average to lake a sample of 028 Hpecirnens for lots giving 
,1% failnrcfl and a sample of 200 specimens for lots giving 1% failures 
in orilcv to roach a decision,* 

Now, supposo that wc wore to translate the problem involving the 
discrimination between lots whicl\ give .1% and 1% failures respec- 
tively at tho HlimuhiB giving .1% failure.^ in tho standard lot into one 
involving a comparison carried out at a stimulus giving 50% failures 
in tho standard lot, then what sample sizes should be taken in order to 
arrive at a decision witli Die riska stated above? 

One can cosily construct an increased severity analogue to the prob- 
lem juHt staled. Tho fuiulamontai o-ssumption that the initial stimuli 
arc uorjnally diKlribiiled with tlin same standard deviation means that 
the critical KtiinuUis causing 60% failure.*? in a lot having .1% failures 
at the HpecificaLinn Ktimulus will cause 78% failures in a lot having 1% 

* InAlitHiillrAl lotinfnolni^y, Utoproiiucor'nrfnkd tl»o conBtimcr'fl riek -fi “-.Ol. 

< (ioCnltd of micli cnIriitfvCfonA roo 'flcfiudnlleil AnalyuJ* of fltntl&tical Dnla, AppJIcfllJons/ 
AMI* /iifport 30.3li , He odon Z, ra v/wkI, 
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fnihirtsB nt ihts aiwrificalion fUmwiuK ’ Him fjlualinn may 

be vi'BuiiUa<?<l »wi f-litmii in Fiff I, wla-Tn* Ttisv*- A in ] HAinliulion of 
Crilical Stimuli in lut« having ftl thi* fti^ firindioiiftStnulua 

anti Curve B is iJialrihuliun «.»f CrilKal t^Jiinuti in hils having 1% 
failures Bl Uir.' sfanrifipaliori it.tiriailu.p. Thtw, n r<i)«}*aTi.Min Uelwcen lota 
htiving ,1% ami 1% fnilure®!) ui lln* ^^Im^lllis ha^s Ihh'H con- 

verltni into nnclw'twM-fi InlfshAviiiK WCc, an«l ffiilun-.^, rtn,-|Kxliv'tf- 
ly, ul llie incrcmtl severity aliinnhtH wilh |)>«sh<r« r'a bU'! roUKuincr'a 
riaka equal til .OS nO'^l -fll. ly 

It can he i-how ri llml wcaliall he mjuifrhil (u take un the average a 
Rftinpln of 22 «pecimen« for h>1« Imving hi>liiri’?i al the inrreawtl 
weverily level and nsamplc of 18 aiMTinjenH for l«*'t havint; 78% fniUirtst 
at this level in orticr In reach aderihimi. Thw means llml relinhlc in- 
fereneca may he drawn with greatly rtwlneed eanii»h'K if the IchIs are 
conducletl nl the incrmwetl severity level in the niniini'r ilescrihctl. 

TliC fallowing general remark* may he imele nhaul in 1(b): 
(1) the fl(/wintoffe i« that it is ptWHihle In |ire>licl fiiihires iimler service 
conditions with a relulively sinull RBtnjde; (2) the distfdttmlnjffs arc 
that very strong preauppoHitioas nuisL he mB<le which cun luily he 
checked after ccjiisidcrnhlc cx|H<rtmcn(ntiou; in partimhir, not only 
muBt the form of iht*. dialrilmlion funrlhm la* knuwn, h\il, tvlsii the 
Btnndnrd deviation. The latter is uskinlly very tliflukili to cstinmlc with 
any satisfuelary degree of precision for this hind «r tt-^Rt siiici^ even sinnll 
errors in. csliinulc will result in large errom in iirctliciiun. 

IV. TEBTil IIHI.ONtSI.VO TO t'ATKtStmY l(cl 

In practice it is foviiid that not only does the vahic of tin' slimuhm 
giving 60% failures vary from lot to lot, hut so may tlu* standard de- 
viation of the critical Rlimuli. If this coiulilion provuils, then an in- 
creased sfiveriLy test conducted at only one point wili give mi.'^leading 
and erroneous results. Such tesla are inndts’pinto for delct-ling differ- 
cncca among means due to the fad that the stanihird •h'.vialion may 
dilTor bigniracanlly from lot to lot. This w ill mean llml the «lislrilnilion 
curves associated with each lot will no longer he cninihh' of transforma- 
tion into one another hy Irannlation nUmn. 

llocognition of Iho fact that the Hlnndnrd tloviiilion of Ihe critical 
stimuli ploys a funclamciilal role in predicting failure imder various 

» A« A of Mis tiif* I^iMa ttl 

tindar liiQ noritigl curve will cHow llnil If lot A hM .I5(i fMfurith* nl lit* mirdulvw ci ml 1^*1 

liiw 1% fftllurec al Llilc illmulua. then ilm cilrfiiiill nlvlrift fmiur^A in ImIb A rttml /< vrill ht a Oil* 
RWfty.rMpeoUvcly, from the cited flcMIon ml multM. Thlc tnecTw UiAl ilie mlMUiUtc RivliiB &«% 
f#UuriM lu lot A Ic sajicraiod by .70« from ihc mimuluc NivitiK m% falliirt^c In I Ml it. I licr*’lnic- d"' 
fillmultu Riving 50% rmUircBln |ol A w1Uglvo7ft% Muroc Inlei «. 
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conditions hna led lo tcsls belonging to category 1(c), i.e,, increased 
severity teats employing two and possibly tlirco levels. In the case 
where the test is conducted at two stimuli *1 and ij, it is customary to 
choose Xi as that Btimidus for which about 20% of the objects tested 
may fail to pass and Xi as that stimulus for whicli 80 % of the objects 
tested may fail to pass.® irt, tlio ti'ue fraction passing at slimulua 
may be represented us the integral of a normal distribution from a:,- 
lo « I i.e., as; 


( 1 ) 


Tt< 



- - 

\/2ir(r’ 


The problem w to determine estimates, X and a, of the true mean, ii, 
and true standard deviation, <r, from the experimentally determined 
values of -tti and ir» (denoted by pi and 73*) at the stimuli ii and sj. 
Schematically, wo liavo: 

p, =oh8crved fmclion passing at Xi 
irf = truc fraction passing at kj 

£=Han 3 plo estimate of Die true moon critical stimulus 
/(BtruG mean erilieul stinudus 
8 B Slim pic cstiinati! of the true standard deviation 
cTBtnift standard deviation 

This can njndily be accomplished for a normal distiibulion by treat- 
ing tlu! experimentally tlcterminod pi and pi as the true in and xj and 
associating willi each p,- a U, where U^Xi—£/a and where values of ii 
vs. Pi nrc to be found in any standard tabic of normal nroos (e.g., see 
II. C. Carver, ".Statistical Tables," Edwards Bros., Iflll). In particular, 
wc obtain the simultaneous linear equations; 


( 2 ) 


<1 B 


ii — S 


8 


^7 


Xi — X 


8 


wliioli muy orvBily ))o aoJvod for x and s. The solutionfl arc: 


( 3 ) 


(Ih 

S 1= Xi and 

12 “ Li 


d 



where d 


Xi — Xi, 


* 4 ftluiilly. ll\r licnl t'nUinntcn nrc iiindn If llio itorcoiUnKcn nro 0 % (iiu( roapoodvaly, in Cho 
Norifto thnt tlin mi null (lift vnifrinnt u( (lie cfnrnlnril floviiiflnn Iff ilicreliy mlnlmlcccl {ago J. If, Onddimi. 

of Jjfolfijry clc,, Matirol ficitKtrrh Caunai fiepartt ori lUoioifical tStandardu^ flfMjo. Hop 

Bor, Ko, J 83); hut for niOMl i)7orrrJijrfV9 Jl h rJfiky lo try /or Ihc^e vnluofiJilnPOoaiD Jftopt to oblnin 0% or 
100% vnlucAj niul ihn incllmd ennnoi tlii^n ho npplicih Conncquoneyi wUenovor pOHRlblQ. ono nhoiilil 
nim nl Iho cninprliH: uf 20% inul 60%, 
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Tliia mctlio*! I'oi’ deterimining cstilnatoa of lht,« Damnwiters of the novnml 
distribution ia n apcrlal ea.se of llte “probit” nn-thwl. It also sijould ho 
noted tbat as n dirccl conacqucnco of carrying out the teat ftt two lisvda 
we can cofopard two lota not only oh to tlicir jnoans, but also as to llioir 
standard clcvialion or more generally ns to M±^‘er* 

There may bn lulvanlages in using a tliird Hliimiblfl miibray between 
tlic olheir two stimuli. Such a procedure pcrmit.s at least a crude cliecic 
on Llic assumption of normality by requiring Ibnl Hie uiirldle Hliimilus 
produco a pa which in turn will give a (fi, a;0 which in “cIoho” to llio 
lino joining llm points (h, ii) ami (/*, Ta). To delerminc liow clo-sely tlio 
(Ct, xs) should cluster about lire line, one wouhl have to run a conven- 
tional regression analysis witli weigliled coefficients. 

In this connection, it should ho noted that if a sensitivity test is 
conducted at more than two levels, then Uic simple eriuutionfl (2) no 
longer su/licc to determine £ and a. In lltc more general case where ono 
has more than two number pairs (p;, xi), ono deterininea £ and a from 
a least squares linear fit to the associates! tiuinhcr pairs (/<, Xa). Tliia 
method is cuinbeinomp, however, since tho <f do not have equal stand- 
ard errors.® 

The procedure for the two-stinvuli test may be suinmariwl as fol- 
lows: (1) teat a given wise sample at IwofflimuH Zi and Zi, jirefcrnbly, 
though not necessarily, where tlic respective percenlngos are about 20 
and 80; o.g., suppose foot-pounds, a!j«6 fool-pounds in a lest 

where the stimulus is the energy of blow ; (2) call the fraction unaffncbul 
at*i. Pi, and the fraction imalToctcil atfl-i, pt; e.g., say pi is .84 ami pt 
ia .10; (3) in tables of orrivs of tlie normal curve (see any standard sla- 
tisticfl text), find that value of L for which the urea in pi (call it h), and 
tliftt value of f for which the area is piic-g., for pi ■« ,84, fi“ —1.00, and 
for pae=.10, -f 1,28; (4) ijolvc for i nml s by the oquntions (3) given 
above; eg., in the example cited: 

2 ( 1 ) 

« «= 3 + « 3.88 

2.28 


4 


2 

2.28 


. 88 ; 


* VoT ft Gomiildlo Afl£Ount of tlie fif)i>)lcAMon ol Iha inoltiod cerlnln bloloiitrM firnlilnniv, 

C. 1. IHiw, *Tliy Ci\1(‘u1aUou qf Iho DOiiARa Mfirullly (Wiive," <»/ A|>Mi#<f Wn/otii/- 99, -107* 

H to 1)Q iif>lod tliAl In ini\ny rroiei wltero UiocnilciilfillinuU ftrq ool nnnnftUy Uhlrllnitod ih« [\Tthum\i' 
tionof noTmAlitv mny tin nMtHnedi If LliaikllEnnh nreiuUjectqil \o oorlAin (AinlilAr trADhlDTiTmtlnn^, f.R., 
tlio loitariilimta. AlftoJhocrimpIcxiUeHtlnvolvait In HhWfl meltiuA mnvbfr nvoMnAin 0 nM 1>y cmpInylnR 
liioiCributlqn funAlioni lliM aro ptrAclit^lly (deiUlcnl «(i1t ((iq nortnnl, ot lo fit Ibe iIaIa lieU<'r9 

tile AO oalM 'growtli cutvn't iioA E. W* SVlIaOn AiiJ Wormier, ^TIio Petermfntktlon of 60 
Ah.d f(« Sem^Uiift JError (o nio-Aei^yi^ Frocudinfft //affonof Acoffamy ScUncit 99, 10(3, 


k 
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(5) thoji, as a result of these calculations, one can predict that about 
nine failures in 400 will occur at i-b2s, about four failures in threo 
lliovisand will occur at x+3s, about one failure in 100,000 will occur 
at i-h-ls, and about three failures in 10,000,000 will occur at £+5s,^« 
The following general rcjnarks may be made concerning tests in 
1(c): (1) the admnlagc is t)ial it is possible to predict failure under 
service conditions with r(!lnlively small samples, and with no prior 
knc)wledg<t abovit the true mean or standard deviation of the distribu- 
tion; (2) the (limtlvimlaots are that some distribution assumption of 
critical rcs[)onscs must b(; made wliicli must be very exact if predictions 
far out on the tails arc to bo valid, and some knowledge of the 20% 
and 80% failure points muat bo had; (complete failure or complete 
8Uceo.H,s is worthless information for this test), 

V. TiiSTB UBLOKOINO TO CATEOOHY l(d) 

In the previous paragraph we have given, iu essence, the treatment 
of Kimsilivity data as developed by Bliss, This has opened the way 
directly to a discussion of problems belonging to category 1(d) (i,e., 
cumplct(» run-down tests where the stimuli used range from the stimu- 
luK for which lumc of llio objects is alTcclcd to the stimulus for which all 
of the oltjecls leuied are after, ted). Bliss’s method is applicable to such 
problems. It is, however, tlie purpose of the remaining portion of the 
paptu' to give an alternative method of analysia which wo fool is to bo 
preferred primarily l)ccauso of its simplicity. The method wn-s fust pro- 
posed by Kiieurman in the treatment of prohloms arising in psycho- 
jiieli’ie.s and w<w reconlly generalized by the autliois,'^' Wc will a.ssume 
tlirongliout tlii.s Ireatmeiit that cilhni' the critical stimuli (or some 
Himphf fvine.liou of the critical stimuli such as Iho logarithm) are nor- 
mally dlHlribuled. This sort of prasupposition seems to be in accordance 
with the finfliiigs of e.xporimcntors in tlie field of sensitivity data and is 
e.crlainly needed if there is to ho any moaning to tlio estimation of low 
Ijercentuge, point.s.^® However, it c,an be shown that the normality of 
the vmiverse is not a necessary condition in order that the method yield 
unbiased rslimales of /i and 

WTlir ftifliniilo of n low pciconlitKo pofnl (.1% or .00003%) 1 b bnaodon Iho proaiippoaillon thnl 
thft uiUvMfin \liitlftr flludy in norninl or ncitrly normal "in Ihts Ulla" of tho diHLribuLion, TJiib could only 
lio 'ir'^lMl* ernpliically l»y inkhtit n very InrKo nnmpio nt oxlrcmo pointii: ond oyon if ono ffnmpio Mn- 
flr fried fhft fiorniftlUy no v^'fiuld not have any Kfcni confldonco in flij)>tferiUDni Bainpios. Ihe 

nrn lo »p any ntlrmpt to cnllmnLo iv low ppmonlngo point, or qIbo to iniiko cortftln 
ph'nppjHmillMiH i\*i a lor Uitjuiry. 'Die Inllcr nlloriiiitivo In not only Round nioLboilology » buL 1 b 
cliurifclvilfllln <il hll nrlonliliO Iniluiryi lor lulli'r c^plniinluMi, Iho rentier 1 h roferrod to C. ^Y. Church- 
man, "iVubnbilily 'lln’Ory,* /‘Ail, p/ .SVicnrc, IB. M7-173 flOlA). 

'• 0. Hppnniian, * Tho .Mnlliod 'flfRlit ami WroiiR Cnwra' (contrtfuit «tl mull) svitliout Oniiaa' Lor- 
Jfiurnql o/ Pai^cfiOlfl^l/. 1W).1. 327-'!}<lli mid Kp'Jleln and C. W. Churohjiinn, “On 
ibo fd BrjnMlivily Daln," Aaunh o/ Jl/alAcinnlirnt ,Sloliafica, 16, OO-UH (104‘1). 
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In Ifritif, Ulc ttltnck on problems in colrgory I(tl) usiing .Spctinnnn's 
method ishoswl on Ibc key aRsumplion Uiol if pt is thi! oV*»ervwl frac- 
tion unftfTcctcitl nUtimuluB x< and llm ohservcfl fraction miaffcclcfl 
at »liinulua «,,n then pt—pm is an cfllimalc of the fraction just af- 
focletl (i.e.i Iho fradion of thoHC that hove ‘'crilicar reaininHCM) at 
about i(*<+i< 4 .i). If wc nseume iuilially tiint ihexjarcetiually apaced 
and that and then the set of data on critical resjjonwfH 

may be iransformed into data where the x/h arc integers and the in- 
tervals are unity. In problems in the detonation of solid exploHives it is 
found convenient to )javc t)io strength of blows increase linearly. In 
biological prol.)lctnH it is customary to chotwo the dosages in such a way 
that their logarithms are ctpially spaecd. To take the Xi (or log id as 
equally spaerd is convenient in practice, and this furlliermorc loads to 
a great siinpliricalion in tins compulations. However, it is by no inc'ans 
csfiontial that lliis condition be true, Formulae cun easily be. derived 
for 2, «, the higher moments, and llio sampling errors, oven if Die X{ 
arc not evenly tipnccrl. 

In the second reference given in footnote (11), ono will find a coin- 
pUde method for determining 2, », the higher moments, and their 
sampling errora in terms of the irj, the true, fraction unafTected. In 
practice, of co\ir8ft, ono rarely knows tlm irj hut docai know the ju, the 
observed values of the fractions unufTceted at sUrnuhis xc. It is ixjRsilde 
to give unbiased csUinatca for f , « uiul the sampling variances of Iheso 
unbiased eBlimalca in terms of the P(,but the. proofs will not be given in 
thin paper. An outline of the key formulae is given in .Statistical Note 
No. 3. 

The geneva! remarks about this test are: (1) the otlvantaQe is that 
with a I'clalively small samplo size, and siiiiple compulations, one is 
able to predict failuvefl over a wide range of applicatioiiH without 
presupposing the parameters (mean, standard deviation, etc.) of the 
dialrihution of critical roeponses; (2) the disadvantage: is that for pre- 
diction purposes, tho form of Iho <listribution function of critical rc- 
sponsca must bo presupposed, especially for prcdicliona of very low 
percontago points. 

By making the trnnsilion from category 1(a) to category 1(d), a 
step of groat importance has been taken. Wc have been able to ineretmo 
enorinoufliy tho o/Ticiciicy and precision of Iho inferences tiuit can ho 
drawn from small samjdeH. This is chiefly due to tho fact that we an> 
now ablo to treat tho senBitivity problem in such a way that an at- 
tributes problem has boon Iratislalcd into one involving a conlunious 
distribution. This moans that oven though wo cannot mensuro the 
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crilkal Hlimuli for any of the objects under teat, we can still associate 
with any lot actiml mimbers, namely, S, the estimate of stimulus for 
which 50% of the objccls will respond, a, the estimate of the standard 
deviation of the critical stimuli, and finally by proper choice of fe, 
dclcrmine the stimulus for which any preassigned fraction of objects 
will resjiond or fail to respond. Knowledge of a, £±ks, and their 
errors will ijrovc very useful in comparing the qualities of two or more 
lots. Furllmrmorc, control charts on £, a, and i±A:a when applied to 
a siit-ccHsion of lots coming from a common eource nto very informative 
in dctcctiiiR Hign\ru 5 ant shifts in sensitivity level or the lack of control 
in individual lots. 

It will ho noted that U\c choice of the four tests discussed hero de- 
pends upon two things; ll)c purpasc of the test and tho amount one is 
willing to presuppose. If the purpose of the test is to predict over a 
wirle range of possible applications, testa under 1(a) arc the least satis- 
factory. It is to bo ciupiiosizcd that presuppositions must be made in 
every lest procedure and the atrengtli of the presuppositions must bo 
weighed against cost and the confidence based on previous experience. 

VI. OPEUATINa CnAllACTEniaTICB OP 
TESTS OF INCREASED SEVERITY 

Tim diseuKsiun contained in the previous sections can be summarized 
conveniently hy operating characlcristic curves (OC curves). These 
curves really tell the whole story behind an inspection plan or an oxpevi- 
meidnl dcHign for Ihoy give the prolialulitics of acceptance (or rejec- 
tion) for «riy given "true” state. For the method of calculation of tho 
OC curves tiiwiussGd in this section see Statistical Note 4. 

As a simple example under 1(a), assume that the inspection plan 
detnands aeceptauco only if no defects occur in a sample of 20 (i.e., 
reject if one or more defects occur in the sample.) The resulting operat- 
ing characleri.slic curve is shown as curve A in Fig. 2; curve B repre- 
sents an identical plan except that 100 are tested instead of 20. It will 
be noted that curve B is moved to the left of curve A, which means 
that the clinncc of accepting bad material is always less under this plan 
(a.s is to 1)0 expected, since the requirement that no defect occur in 100 
is much harder to meet than the requirement that no defect ocout in 
20), It will also he noted that curve B rises more sharply than curve 
A; a sleep slope hi the 00 curve is always a desirable property for it 
means that the rislcs of rejecting good lots, and the rislui of accepting 
had lots arc both less (provided the curve is properly “located”). Thus, 
the real advantage of an inercosed sample is to bo found in tho sliarper 
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slope of the 00* curve, nnd if llii» aloiw can he jiimle sharper by in- 
creased severity rather Uiaji incroiwcil eampling, a great advniUage is 
gained thondjj'. 

The gain in an inctxiascKl severily Irsl is shown in Fig. 2. 1’hm C! con- 
siatH of testing, in nccortlancu witli 10>)i at a HlinmluK (A'c) where nljout 
60% of the standard prodnet fails- It is a-SHutiusl Hint the Ktandnrd 
deviation of critical Mtiiinili is unity and is constiiiil for all lots; it is 
fiirtUcr assumed Uiat the critical sliinuU urn nonnally tUHlriliutisl. 
Tlic sUiiidard lot in tins case \v»w assumed lf» lie tme whieh wonlil 
give only .06% faihncsi at tlie specification stiimihis, It will he notfsl 
that do, spite the fact that Plan C emjdoyH the Hiune sample size as 
Plan B, the slope of the OC curve is imicli sliarfx'.r for C. The risk of re- 
jecting gotkl inatcrinl is less (.023 vs. .05), ami Ihc risk of accepting Inwl 
mntorial is greatly reduced (e.g., if a lot has 1% defectives, Plan C 
would piaelicnlly never accept it, whorervj PUm B would accept it 
about 40% of the tunc). 

In a large luimhor of instuucos, Uio manufacturer is auxiuiis that 310 
dofeclivcs nl all he found in the lot; of cuiirsc, no snnipling jdan could 
ever give ahsohilc assuraacc of ttiia cpiality, hut it luay Iih (‘Xtreiiu'ly 
dcsinvhlc to have a very small risk of accepting maUTlnl willi, say, 
.001% defectives or more. Such items arc iiauidly "erUicjrl" in some 
sense; that ia, if the item is defective, comploto failure of a rather costly 
manufactured pioco will occur. (An excellent example is Ihe jiriiner or 
detonator in ammunition because these usually iitiliuli! llti‘ propellanls 
and, if they fail, the entire round nmy ho wasted.) In these eases tlio 
coat of the item is usually small (t])ough not noce,s.Ha3'ily), im<l lliomiuni- 
factutor ia willing to inercaao the proilucer’H idsk (risk of rejecting good 
material) in order to dccrcivso the consunuiriH ri.sk to an uiisohtle 
niininuiia. 

In such eases, provided we liuve no accnralo knowktdge of the varia- 
tion of tho Btanrlard deviation, the seliemes discussed in calegorie.s 
I(o) and I (cl) arc practically nccc-saaiy. Suppaso we want at leivst a 
60-60 assurance that the lot contains no more than three clefnCtH in 
10 million (.00003%). Phvn D reprasonted in Idg. 3 consists of a run- 
down test in accoi'dfincc with 1(d), or of a two-.stjiunluH trat in accord- 
ance witli 1(c), In order to make comi)ariHoiis wo o.Hsuine the errom of 
catiinato of tho mean critical slinuiluH ami of Urn sUmdtU'd deviation 
to ho about .itr; this is a reasonable assuinpliosi for the ei-rrh’ of Ui('.ho 
statistics in tests run at intervals of about one Hlaiulanl deviation, 
fifty samplca at a stimulun, or in most two-stimulus tests where 100 
to 200 arc tested at each alin3ulus, Tho average nu3iil)or tasted 131 eiDier 
COSO ranges from 200 to 400. Wo assumo tho distribution to bo normal 
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and require llmt the quantity * + Ss be less than the specification stimu- 
lus,'® Since estimates of f-f-5s arc themselves approximately normally 
dintributed, wo will accept 50% of the lots having a true value of i-l-Ss 
at the Hpccification stimulus. The OC curve in this case is plotted va. 
the log fraction failii»g <a8 was done in Fig. 2.) Plan E represents a single 
HtiinulviH Hcciuontia! sampling plan which intersects the OC curve for 
Plan 1) at the .06 and ,95 ])robahiUty levels.” The enormous amount of 
lc.Hting Hint Plan 10 involves is ahown in Fig. 4. While the testing for 
Plan 1.1 involves an average sample of from 300 to 360 for each lot, 
Die sampling for Plan 15 might require an many as 100,000 items I 

Anollier irnporlanl advantage of tests of increased severity, an acl- 
vanlage whoso importance it is difficult to over-emphasize, lies in 
anidher type of OC curve shown in Fig. 6, which cannot in general be 
coiiHlruclcd when one tests at only one stimulus. This OC curve can 
only he plotted when quantitative measurements are taken, or when, 
as in this cu.w, qualitative judgments arc transformed into quantita- 
iivo. 

Tho OC eurve of Fig* 5 \h derived from Plan D and plots the proba- 
liility of aoenpUinoc Ihc fltimulua where only throe 

d('foc>tivo,4 ill toil million occur. It will be Bcon tlmt practically no lot 
will 1)0 aecci)t(Mlj Ilia of which exceeds the ^^Bpecification Btiinu- 
Iuh" liy more Ihim 1.2G Hlandard deviationH. 

This infornuilioii is extremely important ftiiicc it provirtca an exact 
ha.sis for HCiliug a "rtafi^ty factor” for inspection tests; wo always want 
IJie Bp<v'ificaiion Htiinuliis to ))o more flovere Umn tlie conditions to 
which wo oxpecit the jiroduct to he subjected Iti service, but the ques- 
tion t hat alwayn puzzlos the careful Bpccificatioii writer is the amount of 
safely inaVKin to introduce. For example, Buppose wc know that a cer- 
tain weld ivill practically never receive a blow in excess of IBO-foot 
poundH in practice. What value oliould be chosen for the blow which all 
piocoB are Bupposed to pass? AVo ought not to choose 160-foot pounds, 
for any sampling plan leade to errors, and ivc require some margin to 
lake care of these errors, AVlmt is often done is to select some arbitrary 
figure, such as 200 or 260-foot pounds, on a vague guess as to the ade- 
ciuaey of Uie safety margin, If an inapection plan similar to Plan D is 
iiHed, Huoh arbitrary guesses can be avoided* From testa on the product 
we can (^slinuite. Llic Idghcsl stauclavd deviation to be expected and 
(dinoso a value whudi execedfi 150-foot pounds by more than 1,25 
Hiandnrd dovialionH, 

" Heo ■HorjiJonlln) JVnn)y»lii nf RlivlUlIcnl Dalai Theory" and "fiequonlliil A^nalyBla of fllaklallcttl 
Dalo: AppUcallnnn,* AMP Rtport Nor. 30.1 and 30-211. 
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There is B difficulty of d acrioua nature in nil uwn of arf>itrary wnfely 
margins. An erbilrnrily bcIccIwI margin will eilher seriously itirretiso 
the rejections of pcrfecUy gooci lots, orsfriouflly iiirrensp llie ncceplttnco 
of bad. Such otbitrivry margins really opernlt* in the woi^l pofiniMt*. mnn- 
nor: if llie lot ia excellent in quality, the margin is n hanilirnu, wln'reiw 
for bad lots, where "Bafcly" in moat required, the margin i» n])t to be 
dangcrouBly amall. Tliufl, the need of exact procwhirca, where llie.y can 
be employed, i« impemiu’C. 

The enormous Ravingin Harnplo.nix« of and the amount of iiirnrnial ion 
to bo gainal from an nccurnlcly tlcaignwl increased ae.verily It-nl is 
really no more tlioii an oxaniplc of the flaelng introduced by any 
Bciontific advance. The saving iudicalca Klrongly the desirability of 
experimental invc.sLigalion.a wlioae purpone is to provide adequate in- 
creased severity teats. 

VII. ILLUftTIlATIONa OK TIIKTIIKOUV OK 
COMl'r-KTE llVN-mM S TiTMTH 

We sball illustrate the theory treated in Slati.*=lieal Nole No. 3 )»y 
two cxainplea. Tho first (‘xam|)1c will involve finding out whelher or 
not a certain lot inee.Us a Bpocificnlion requiring that only 1 in 1,000 
objects fail to bo affecUxl at a certain prcasBlgticd HtiinuhiH. The second 
example will iiivols'c llio comparison of two lotB an to ptwHiblt* didor- 
enccs in their quality. 

It will bo recnllccl that in order to ensure dislingiiiMliing between a 
lot which has 1% failures and another which has .1% failures at Iho 
fipccirication aliuiuhiH, it woa nece.ssary lo lesl alumt (ilH) .specimenn. We 
also saw that eamplc aizes averaging nhoiit 20 speeimens arc adequate, 
if the lesU were conducted at iJie /!()% facrrri.std Hrvrrili/ level and if the 
aBstitnplim is nmle thal the erilical elhnuU for all loin ore rwnitollif dis- 
Iributed wilh the same standard deviation. 

Wo shall find that wo ore generally required lo lo.Ht coiwiilernbly 
more limn 20 and in general considorahly fewer limn 000 speeimons 
when wc use Iho complete run-rlown. Despite the fact that wc use more 
tlian 20 specimens in our sample, our Lest is far more efficient than the 
Increased Boverity test taken at one level alone since we obtain valuable 
information on the distribution of criUcal alimuli whlmut making 
restrictlvo assLimptiona regarding the nature of the disti ibulion. 

Turning now to our firet illuBlration of the theory contained in Note 
3, wo conaidor tho following problem: an insecliculi! is being tested and 
it is desired to know whether or not tho inBccticido is bo cITectivo that 
all butl in 1,000 inBcota will fail to survivo <10 milligramH of tho in- 
Bectlcide. 
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Tlic tost was carried out by testing 20 insects at eacli of the following 
dosages; 5, 10, IS, 20, 25, 30, and 35 milligramB. The results were os 
follows : 


DoBBgO 

Number 

ToBlad 

■» 6 ma. 

20 

mu, 

20 

a' ir« m#. 

20 

*« «’iJ0 ITIR. 

20 

ITIR. 

20 

Il «»3fl HIR. 

20 

s'* ii>R. 

20 


Number 

Pm DlJon 

Burvl vlnB 

SurvivliiK 

20 

P'“1.0 

10 

pi- .06 

IS 

P*- .00 

U 

JH*- ,70 

i 

j)»- .20 

1 

7)*“ .06 

0 

j/T- 0 


If wc tlonoto the dosages by (e,), it is convenient to tranafoi'm the 
set of dosages (*,•) into n sot (x/) whore 

®i' = (0, 1, 2, 3, 

Noting that our formulae for the mean critical stimulus and the 
Niandard deviation of the critical stimuli involve all the pi oxcluaivo 
of jjjral.O and P 7 = 0, we find it convenient to tabulate the data as 
follows; 

TADI.H 2 


xC 


li.fM 

Qi 



bi.f^i— (6(,r 

■ 1— 


k 

.06 

1 

.05 

.O'lB 

.06 

-4.0 

21.10 

1.02 

a 

.00 

5 

.10 

-00 

2.70 

-2.0 

0.70 

.01 

a 

.70 

S 

.30 

.21 

3. CO 

- .0 

.30 

.05 

4 

.20 

7 

.BO 


1.40 

1.4 

1.00 

.31 

& 

.06 

0 

.06 

.018 

.45 

a .4 

11.50 

.66 


It will be found that; 

X^j), = 2.8i 6j,<-ip{=9.0; ^ (bl,^-t—2£')’‘piql^2.67. 

We are now in a pasition to substitute in the appropriate formulae in 
Htalistical Note No. 3. The resulta arc: 

H- .5 + S p.- = .6 + 2.8 = 3.3 
H* ■=■ ~ ( Pi)’ + ~ + G(ui) 

fli — 1 

- 9.00 - 7.B4 + .03 .08 - 1.11 

a =» 1.05. 
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SI 


-3 


19 "" 


.56 

To 


.020 


81 ' 


.17 


unci 

, I2(5m.i -- 2x>’Mf .... 

D il asa - -I - ' 4{4 

10 

.•. 8,' » .37 
bill 

.37 .37 

S- tsi — tea — Bte 5u ,1S. 

28 2{l.(>r») 2.10 

Truiisforining into llici origuml x uiiUs il follnwfl IliiU I lie* (‘.ilinmlc of 
iJici monn crilieal Hliiiiirliw »« c'qittt) lo 21.50 Th/* (Hili/dalc; of 

Llio Klftiulnrd rlcvialioii of llto inrun rritirul hliuiwluK is givni l*y (.17) 
(6) !«.85 inilligrum. Il cun bcidiown Uiul f is very nrurly iK^nnully dis- 
Iribulcd oven for Hiiiull puinplcii'* niul, llim‘fori>, ul a 0r»% cnnliilonci' 
level, 11)0 tnio nicni) crilicnl J«lii]ioli)H (n) hIiooIiI Ik* w ill)iii: 

21.60 ± (1.00)(.86) 21.50 :t 1.07 10.83 - 2.3.17 milUKriiiiiH. 

Aid 00% con fid Cl) CO love), pHluxild lie williiii; 

21.50 ± (2.68)(.86) « 2Z.50 ± 2.10 10.31 “• 2.3.00 iiiilllffraittfi. 

The culiinnted Rlnndunl devialion of llic crilicid hliouili in onRinal 
imita in given liy {1.0.5)(5.(K1) 5.25 inilligruiiiH and the ulandard dovia- 
iioit of Die Klundnrd davinUon in equal to .00 loillignon. Again il is 
po».Hiblo to set noiifKloncc liinilu on a. 

Let UH rocftll, however, that we want fewer than 1 in 1,000 inHects Ui 
flurvivc a cloac of 40 milligrainK. In terms of tlio transformed uiiUs 
this means that the 00.9% point should noL exceed 7,0. Hut, it is easily 
seen that S'+a.OOs (Dm 00.0% point) ->,'1.3 + (;i.f)0)(1.05)=» 0.54 with u 
standard error of i 


8„.«» = 8r« -H (3.09)*«,» == .028 + (0.0)(.{)32.1) .028 -|- .311 .330 

8(g.( S3 ,58. 

The probability of getting o Rainple value of 0.51 from u univoi'so 

■> Tho IkqI ibAt 1 i ^p|lroKch noriruhllly mvlilly M k funoiion cC ilia numlntr leMoti Cftch 
tlimvIiLB, bAsbeon flsUibUibdd by tb6 AUihO'ra, Thq re«ulU h^ve ivoL yflLb&qn publiahm], 
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po»Sf!,SKi]ig mean 7.0 and standard deviation ,68 is found by noting that 
0.54 is .70 standard deviation away from 7.0. There is approximately 
one cimnee in five of getting the 00.9% point to be C.54 or less and we 
cannot a.HHcrt Lliat tlvo inscclicidc meets the requirement et 40 milii- 
grnnis on lire 6% or even the 10% level of sienificancc. 

It is easy to give an example of the comparison of two lots. The oal- 
cnliitioiiH of tlic BltttiHlic.s of the loUs would, of course, follow the same 
])UlU'ni as Hull (lc.scrilie<l above. For example, suppose that the first 
lot )>a(l llio rl>ai'a(:lcii.slic8 just described and that the second lot pos- 
h' 1 '.s.scrl an averago critical slimuliis (in tran-sformcd units) 5>'=2.7 with 

= 8„> = 1.3, fl, = .14. 

It is then readily seen that the average critical stimuli differ signifi- 
cajitly for the two lots since 

£' - f 3.3 - 2.7 .6 

i - - - = * 2,7. 

-I- V(.17)* + (.IS)’ -22 

The probability of gelling a difference ns largo as .6 is less than 1 in 100 
and llierefore llic lobs differ significantly as to their mean critical stitn- 
uii. TIui Klaiulard dovinlions of the critical stimuli do not differ signifi- 
cantly. (hmqmtalion will also show that the 90.0% points differ sig- 
jiifirantly on llie 6% level of significance. 

VIII, CONCI.VHIONH AND PllOPOSED mVESTIOATIONa 

Th(.-.‘<e pxrvinplc.H arc hy no means intended to cxhau.st the possibilities 
of (lie a]iplipiiLioii of the theory of complete run-down tests as applied 
to sensilivily data. In another paper it will be shown how one can 
make modifications of Ibis approach to the case where the test is not 
a (‘om])lot(! ruiwlown and wliorc the data arc given over only a partially 
comph'to fi(‘t of Hlimiili. It also will bo shown that in some instance.^ 
more inecisc inferences concerning J, 5, and x±ks can be made by 
varying llie sample size tc.stcd at each stimulus. These problems are of 
key iinjjoi'Lance from a practical stand])oint and merit consideration 
in u .Hoparato pajicr. 

In conclusion, the authors wish to emphasize that it has not been 
I lieir object to Iri-at the sulijcct of increased severity tests exhaustively. 
'I'lns key puriiosc of llie paper is to liring the various methods into 
bold ivilicf, to compui-i! tlie.wc miitliods in .some of their aspects, and to 
point ou(, some of tim passilntitics inherent in tlio newer methods. The 
aiilhors liope that this jiaper will serve to stimulate the application of 
moilorn slnli-stica! nudliods to tests of increased severity by design 
and rcsoarcli engineers. 



AMKhiCAK HTATII^TICAL A^Of'IATlON 


684 


flrATlBTlCAI* NOTK 1 


Btalccl in Ibe proUcm In lo Hi*; un\vofKf^ ftvtirnge )i 

ftiitl llm fltantJfti-tl dovi^lion ^ Uinir telBrnUj-tl eirorajf of tlio random 

variable i, which clcnot^a the filirnulufl rcfniircil l^j ohuiti & crillrfll rc^t?5|K)ti^e of 
aay ixnlividiml drawn from aotiie nmvchfkj oi TJim rirohh?/ii drlTt^r^ from 

the? usual one Rrisin^ in fraqUftiicy dialrlhiiltona Bincn Ihe criUtnl «lirindM»< cannoL 
bo mtjhanrcd fur any indlviiiual in the iiniveriKS Thisi fuKc<fi iin Ui find imnUia of 
;i and 0 knowing? only the rHliiiifttcn pi of ihe finriion *4 nbjerH fiurviviiiE( ni a 
dlBorele boI of RUnmli i ’ 4 ’1’*”^ a|Hnr*iaf:h la ewnlially Urn onu 

followed in Lho ‘^probil *’ niolliod and olbrr miulern i real men tii o! lh« duan jjo* 
mortalUy problciti and ol inercaped f^nrniy. 


STATISTICAL NOTL a 

It ervn bo ahown using the Hrat term cif the binomial o?(pim\Non Lhal tbn rhanre 
Q) of finding no doff*elivi's in a random Aamplr nf A’ cJrHwn from a Jot 
with true fraction ilnfcciivo Q ia given hy IAS\ (where iliH nMumeil 

that non-replaccrncnt of an in»fM?cUfd artirlc dewn ml nffert the rpjaliry of the 
rmnaimkrof lho lot). T ho teisiiUnin Tahio I may hoohlatiu'd hy jet Huh <V*^"20f)r 
A^'^lOO and afiRigahig various vaiucMi to I*. For if A'^^Uifl and 

WAf, Q) then (J Thia wemia lliM Umre ia a 5(F-60 elianoo of nocrpling 
lota wliieh are .7% dcfcctivoi if acceplanco U ha^ed on hniJiiig nu dofocta in a 
Aatnplo of 100, 


STATISTICAL NOTH 3 

It iq ruuiumod in tl^u following that pi h an unbimujd c^lunali! nf the frariion 
udAfTocUd At atimulu^xr and that pi -^pi^i h itn unbiflin^d ealminU.* of Ihn fraetrnn 
unnUcsctcd at fllimulUB In praclico il will l^o humd convojiienL to 

chaoflfi IntervaJu whoao fongthq are api)roximat<*ly givnii by tf. itnwoverp 

in BoruQ caaoB good refiuliB eao he oblalnud hy mtiking ihu langlbHof the inu^rvaln 
tw largo iw 2<r, For convomciidOi wm shall a^sumo that ihoiiiiervai of lest is unity: 
-xi^l(i “1, 2, ■ • • , n --1)* 

Under the o))ovo rnalrictiona wo qiiall qliow’ how llio averago critical atimnlus 
(donoUui by >1)1 lho aundard dovintion of the criticfll aiimhl) (denoted by if), 
and the higher momonU may bo eaaily <.^ 8 timHlc(i. Wo shall aIho sImiw how tim 
sampling orrortf of lho ofltimafoq £, $ and lho higher rnomerUJi can he found. A 
brief fluinmary of the proofs and resulU vviU )io givoni Tliose formula^ dciHuid for 
their validity upon certain a^surnpHona regarding the interval of test niul (ho 
dlairibuiion funeiinn nf the critical a ttinuri. 

If pi dcnoUjfl thouhflorvod fraction of ohleols anaffeolod at ami pi' in dofiuod 
os TJi' ‘“pi“-pi|i ihoit lho koy formulae nro na follnwa: 

The oalimfLlod mean aboxil thn origin is given Ity: 

* " (pi - Pin) . il (p, - + 1/2); 

M \ £ / i^l 


( 1 ) 



TESTH OF INC’ftBAflED SEVEIirTT 

Iho cslimalcd 91)1 moment about tho origin )g; 


686 


(2) ni,' •= £ (pi “ -t- I/2)«, 

<^t 

f\n<l IUq c^limnlctl ^lU moment about the mean lat 

(3) {xi + ,D - S)>pi . 

If ft'o lako ourflwwiiincd origin of coord Inalcg atari +.5, tlienitcan bo shown by 
eimpio nlgobrnic mniiipulnUon that vii' may bo written simply ass 

(4) »n,' = p, 

wliore tho summation is taken over all tho ptj except and pn"“0, Tho 

value of X taken about 0 as origin is given byt 


(D) 


« *1 + .6 -h 53 Vi 


ivlioro z\ roprcseiits the stimulus for which none of Uio samples will bo nlTcetod, 
For the higher mornentH, it is easy to sliow that if viq* ia taken about ^i+.6 aa 
origiiii tboni 


( 0 ) 


th/ » 53 

/-.t 


svboro bq,i rcprCHonU the tlh first dilTcrcnco of the consccutivo gi\\ powers of tho 
positive iiUogcrs, icO., -(i -1)^ 

For example, if 

b,,i « p -- 0« » 1; b,.i » - P = 3; 6 m ™ - (i “ 1)* - U 

In parlioulnr, m/ ^pi-b3pi+5p<+ ’ ' ' -f'(2n— 6)p„-iw 
Again, llm oriRin of coordinates ia taken at xtd-.S. 

Uhing llio woU known rolalionahip connccLing tlie gth moment about tho mean 
with Lbe inomont^i about xiH-,6 as ongiiij 

rag « uig' — -f' - 
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il is poiwiblfl lo oxprfeftH in (urms of Ihc p{. 
In particular for q^2i ve have”: 


( 8 ) 


w m rfT|' — (iTii'J* ®* Pi 4* ‘i- ^ • 

4 - ( 2 n “ Ci)p^.i - ^ 


Tl will 1)0 ihjUmI lliRl wrc havi' Mv, to m- 

HMiwA oriRin (xj+.ft) (t« linear /mirliunn of Hu‘ p*. An n »lirrrl rnijfvrfO|ii*»nrt} of 
lliin rcBuU, ami aUo liorftMfW lUo pi arr‘ all iiolfjw'roU hl, it follow s Dial ihv h!an*l- 
ard crrorB of llio variuuH alftli^Ucs arc: 




I 




y . . 

riTi rti- l 


( 10 ) 


% 


k'-l 


2:c. 


f^i 


I 

I'fpf 


vvIjcjo Jii ^^niimbor of ^nippldB toacoiJ at Uio aUmuIna Jtt and 

( 11 ) -AM,.!)'*!,, 

vrhero 

(12) pfi "■ K.< “ Ctfci-MJl + -I + ( - UW'I'UJ. 

In parlicvdair in (bn caao that ^Bg2j ft follows ihai: 

(13) ■« ^ (bij-i - 2i/4,, 


If (iO) ia combitiod with the well known roauli lhat 
(N) tf, ««i,/2«, il follows Ififtt; 

/~S UsT - 3) - a !;?<)%<« 


(16) 


S| Ml 


vt {2i - 3}pf “ (2^ pi)' 


ThSa Id noil howover, an unUlMcil enilmaU nf aK II can liaalioirn Uial (fi) in an eaipiimlo 

of ;«An<i ^ N — f ’* OIhO, wbero O(h0 Id Hliap^vtiriVa RroxiplnK cor- 

reolloD U an utiblaMd oHilmau of Formulao (10) anil (U) »ro ibo atandan) orrora pI tliwounblwad 
a«nma(«a, , 
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II \b often of mlcrcgL to know not only tlio Btn-ndard orrorg ol 5 and a, but algg 
to know blietftandftrdcrror«of £±ho. Fortunately, thca*of (f ±k8) can beexpreSBed 
directly in terms of si' and bccauBo of Llic fact that 4 and a generally have only 
jv srnidl correlation coanicient ( <,1). TUorefore, treating i and s as indopondent, 
it follows that: 


(10) van T. 


f-i n/ — 1 


4[g‘ (2i-3)p<-{S p,)i] 


STATISTICAL NOTE 4 

The OC curvcB for the various plans aro computed as follows: 

IHannA and /i; For any cxnmplesizon, the probability of acceptancG (i.e., tho 
probability of oldAiuing no defects) is P" wliere P is tho true fraction cfTccfcivei 
i,c., P ^ 1 where Q is the value shown on tho abscisfia. 

/Man C; la llUH plan the difforonco hetwceii Xi (the spcclficntion stimulus) and 
Xo (t)m inoroaNcd fiovority alimulua) is 3.20 stniulard dovintione since the stands 
rird lot is asHUtiK'd to be one having .05% defectives at Xi. Bearing this in mind, 
it in easy lo calcufalo (using the table of areas under the normal curve) tho true 
frncLion defedivo Qo at Xo given Qj at Xi, For cxamploj if Qi - .0014 for a certain 
lot llion Va'^.OlS. The plan ansorla that a Jot is to ho rojected if moro than 00 
defcclH occur in 100. The prahahillty of accepting tho lot with true quality 
Qo«=.Ol5 i« formed by dotcrmimngi 

(.00 -- (.00 -- .0ifi)(100)*^» 

”1Qo( 1 -Qo)r “ K.OIC) (.386)V/> - ^ 

Tliih mciuifl lliaL the probability of acceptance is ,38. It is to be noted that this 
in(?Lhod of computing the OC curve for Plan C is not generally applicable sinco 
I will not bo iiornmlly difltribuled for all values of Qo. Wlien Qq ia leas tlmn *10^ 
the Poiason distrihuliou reproBcnts an accurate estimate. 

Plon 1): Again ia given. Assuming a normal distribution of critical stimuli, 
we can solve for K in the equation'. 

P + K<r » Xi, 

where a and a are tho true mean and alanclard deviation, respectively, of tho 
universe. The Holutinn Is obtained, as above, from tables of areas of the normal 
curve. A given lot will bo accoplaido if and only a3T65<a:i, whoro ^ and s aro 
tho sample (‘stlnmtes of ft and <r, respectively, In order to dotorminc the probabil- 
ity of accopliuu!e, wo have to delerinino tho prohahility that wo will estunafco 
£ -I'bH to be loHH limn or equal to x\t when n-\-'Ka^xi. This 1 b derived from: 

j| ^ (|i -{- Cw) ji “b ZCt r — ft — Sj ^ (K ^ ^ 

fli.jflj 
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Tor tho flAtnplo aUo leJitcdi IKo catlnmlca of /i sncl tr arc Approxinialdy (nmi 
BflymptoUcftlly) normftlly diatrihutcdi «nd hnncc flo nm l!m cisUimntcH of jid iWi 
and Tt if tfi+n is known and Ib coiialanl. \Vc rtHflurim arul fllnco t 

nnd fl ftfo upproxiinatoly indopemlcfjiLly cliHtribulcd, Ucncn, 


(K - r 3 U ^ K - 5 


T Gan Lbon bo computod ^o^ any value of K, l.c., for any value of Qi ,ancl tim ro- 
qiiircd probahilUy of acceplancc can be deter ml nnd from normal UbleH. 

TlioOC curve for Plan /), flbowing llio proliabilily of ncreplance v«, Iheftllmu- 
lua (Xiaw.) whore only three defeclivofi in JO iiiillion occur, ia oftHlIy derived from: 


T « 


aim 


p 


tho flamo procccluro being used as was luied nbovo, 


FiGuae I 




1) < ItlMUl 


Mp • LnvfiiBil 3vif4fli]r tUi^lvji 


Itfk tp\44t Carr* "A* ffM II Mi 
M • « {tr*! sf dir4i«i|v«i] ■ .vt 
et iottl 4r«4 

Af*» liidor Carr* "i* fro* ij 
14 ■ «a (irM bP d«r»4iir«ij ■ IjC 
«r l&UI «r44 


JL/fl wnlir Cgrti "a* frini «b w'll 
la » IB P frOj vr IfllAl irM 

Arpa itfvdir Curwi^B' Trtfrt r, wji 
to • IB ■ 1&j( *r t«ul trii 
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t^isuEb a 

O^ra^tlDfi CbAri.(ttflrlifcia Ourraa for SiitKlo Sblinilua 'taat 
Without InoroMA^ SoTorlfcv (PUna "a" tnd 



(.oM) (*V<) 


(yc) 


( 105 J) 


(100:0 


PIODIS 8 

OMrAtLne ChortoterLtbU Curroa for Run-ttowt {fl*n "D") 
knd'Baab Blnclt etluMlu" taab (Pl*a "E*) 



Mote I 

Por Pl4n *0* it la aaamod thAtr 

r • o' ■ *1^ 

5f T 

OrltlflAl afcljaUU noTBolly dliirl* 
btitail,(r ooiuUnt for tlL lotii 

Plan "S' la ^ iIakIb atLaailuo 
foquantVai aanpllns pUfl whloh 
IntoriBoti Plan "D" fct bh® .05 
■and .06 probaMllt/ la^oH* 


WX, 

(.0(W»i;<) (.oooooijt) (.00001^) (.oaoi;^) (.«?!?() 


-.4 

-8 

-Z 

'-1 

In Ldtr 

(.OljSy 



(iojO 



DliUtw* b«tr**n Pf Lat wid«r Ttii ^ 

«r Lpt iqoipUi] Pt fii^l 
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Review by Carl H. FiacHBR 
i-lfisonfi^c Professor of MalhomalicSt Uniuersily of Michigan 

A b m title iinpliea, this book is intonded to furniah "comprehensive and 
detiMlod iiiforinution which will enable the user readily to make reliable 
liinc-payincnt calculations.'^ The first of two parts consists of some 121 for- 
luuluH and 13 pages of numerical tables. This section contains practically no 
oxpliumlion oxcopt for some illustrative examples. It is doubtful whether 
llic class of users for whom this book was written, that is, "anyone familiar 
merely with arithmetic, simple algebra, and enough plana geometry ..." 
could make use of this portion of the book without having previously gone 
carefully through the second section. 

The Hceond part, entitled "Dcrivationg, DiscuBsion and Proofs/' consti- 
tutcH tlio major portion of the book. Here, most of the formulas listed in Part 
I arc developed, iiBiially in considerable detail, and illustrated by numerical 
exnuiplos. The author has evidently had a great deal of practical experience 
in the field. Thia section of the book is liberally sprinkled with references to 
various i>racliceH, apparently common in instalment financing, some of 
whicdi wouhl certainly tend to discourage the lay reader from “buying on 
lime.*' 

Thorc are three principal types of problema considered. The first is an 
internal aimlyslH of finance company operations. Formulas are developed for 
Huch ilGUiH HH the TAtc of accumulation and of liquidation of instalment paper, 
an nnalyHis of retail rcceivableSj the collection ratio and life of notes, the 
ratio of borrowings to capital, and the distribution of earnings. These for- 
luuluH, in the main, are based upon tho arithmetic progression. Much of 
llic iiniilywH is ([uito ingenious although some parts of the exposition are 
not Loo clear, particularly to one not well versed in the instalment loan 

liUsincHH. . 

The second typo of problem given consideration is the detcrminatiion ot 
the aizc of Llio monthly payments under various kinds of common instalment 
conLractfl juid inlcrest assumptiona. Hero one ia introduced to the meaning 
of flucli Li’ftdo jargon as "balloon note contracts," "hold-back deals, ^Mor- 
rifl Plan,” "dealers' packs/' and otliere. Tho chief crlHoism of the muUitudo 
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of formulas devolopacl k that ino^t am bawl upon tlif! unijorm nir/ftorf 
of (IcLonnining >ncldp diacuaftcd bolow- I'*rom n prar-liral ^UndiMiinl, how- 
GVPr, Urn formulae arc urtdoubUKlIy ealinfadcry. 

The third sort of problem is the dolerniiimlicm of the yidd lo the finaorc 
company under vnrioue kinda of contractu. different iiudlifHla are. dia- 
cuBsedj four of the “euminulioa'’ type and two of the cxiHincnlinl. The an- 
tlior prefers the uniform mWiodt nn npproximntirin, nndiT wbirli it ia a,v 
Bumed that each instrdnmnt pnyment is npiiortioricd in e^ncLly tlie annm 
way between reduction of principal and paymcal of rlmrge nr ihlere^l. The 
only juHlificatiori for tbin procedure in tlio practical one of rins])lirity. 
Throughout tlm entire book, with fllntcd exceptions, tliis is the inu^rent 
method used. Aimthcr ainiplo npproxhnalion rule, which iw diseuwd only 
bricflyi appenra to hnvo more tlieorclical merit. TIiih ift the pro-min mef/jcKf, 
bused upon the aagunipliori that the portion of each paynirnt devcjled to Iho 
charge ia proportional to tho “total ouislnnditiRH'^ at the atari of that period, 
that is, to the mm of the outstunding principal plan the unpaid portion of 
tho total chnrBc. This devintcfi only Hlightly fruiu ordinary compound 
interest. 

It could be pointed out llml mm of the other HUiinualirm proceimcB diH- 
cUBBccI, the rcflWimry mrflwdt under wliieh it in uMuined llinl all of the early 
payments arc applied in reduction of principal and the charge is paid off 
last, prodiicea a yield identical with that obtained by the u«c of tlic well- 
known "MorchantB* Iluln,^ under which the entire principal draws simple 
interest for iho entire period; liknwiae, in^?tabncnt payments inndn draw 
simple intcrcflt from the dale of payment to the end of tlic period. 

Tlic author is aware that an exponential inelhod is generally considered 
to bo tho preferred interest procedure but enntenda, fiomewhat Hurprihingly, 
that it is iinpraclical for in tim ordinary fiminco rninpany nflicc because 
of its coinplicftUon and because of tho unavailnbilily of tho nocc.wry interest 
tables. Ho fiftems to feel that them arc l\s*o dinlinct exponential methods, 
labeln one the smof/ foon and tho other tho prmnf worlk nmlliod, and devotes 
aovoral pagea to an argument eiidoavoring to hIiow tho superiority of the 
latter. Analyein shows, howevGr, that the two nictimdR ato identical oxoept 
for tho fact tlmt, whcrcaa the Hinnll loan mctliod furniahea n nominal interest 
rate, converted monthly, tho proBCOt worth method goes a atop farther and 
pToduccB the ocpnvidcnt etfecLivo rata. 

Tho author scemB to overlook a similar point in chapter 18 where he gona 
into oonniderable detail in comparing two aupposcdly unliko niolbodR for 
computing tho yield on "hold-back cleals.” It ia easy to show that his ho- 
oallcd "direct” method i» merely a ftpcdid case of the “roKorvo" method, 
under which tho roflorvo fund cnniB interest at the yield rate. 

Thoro is ratlicr an oxtenBivo ohaptor, tho last ono in the book, nn intcr- 
polatlon. After a brief diBCusflion of tho linear caeo, the bulk of tlio elmi^tcr 
is dovotod to tho dovolopmonfc of an intorpolaiion method based upon fit- 
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ting certain hyperbolas to three given points and to, an attempt to show 
tlic superiority ot this method over the standard finite differenoe methods. 
As iniglit be expected, the result is decidedly unconvincing; this chapter^ 
wbicli might well have been listed as an appendix, is easily the poorest 
portion of the book. 

Sucli defects fts have been mentioned here do not detract seriously from 
tho importance of tliia book in its field. It should be indispensable in any 
fiimneo company ofhec, particularly if the state of mathematical erudition 
tlioro is as implied by tho author. In addition, tlie book should be considered 
almost ecpmUy valuable to teachers of the mathematics of finance and to 
auLliovfl of textbooks in tho gubjcct. After reading this handbook, the re- 
viewer is impressed witli the inadequacy of tho treatment of instalment 
financing in the leading texts in tho mathematics of finance. Even authors 
of textbooks ill collegG algebra might find in this handbook some interesting 
and practical applications of arithmetic progressions with which they could 
enliven tlic topic, replacing tho ever-present problems on the number of logs 
in a pile and the diataiico run in a potato race. 

Maihemadcal Tables and Other Alda to Computation. Published quarterly he- 
ginning January 10*13 by tlio National Kesoarch Council, (Number 16, July 1940 
was tho last ikbuo available at tho time of writing this review.) Beginning with 
1947 Die aubacriptlon price for each caiendar year is $4.00, payable in advance; 
ordinary ainglo immborsi $1.25, Earlier ordinary single numbers, each $1.00, 
and all numbers for each of tho years 1943 to 1940 inclusive, $3.00. Special 
single nmnljer 7, Guido to Tables of Bonsol Funotions, $1.76, and number 12, 
$1,60. All payments arc to bo made to National Academy of Sciences, 2101 
Oonstilutioii Avenue, Washington, D. 0. Edited on behalf of the Committee on 
Matlminaticnl Taldca and Other Mda to Computation by Raymond Clare Archi- 
bald (Professor Emeritus, Drown University) and Derrick Henry Lehmer with the 
cooperation of Leslie John Comrle and Salomon Achilloinch Joffe, 

Uevidw by Kenneth J. Arnoud 
Professor of Malhemaiicai University of Wisconsin 

S TATTHTioiANS UBO a widc Variety of mathematical tables and computa- 
tional procedures, aoine of which have been developed in statistics and 
others of wliich have been developed in astronomy, psychology, business, 
cngiiicorijigi and various other fields, Even such statistical tables as distribu- 
tion functions, percentage points, and constants of sampling distributions 
BometimeH appear na appendices to articles devoted to particular applica- 
tioiifi and iu jouriialB not usually perused by statisticians. Frequently the 
general utility of such tables is disguised by headings in terms of the par- 
ticular application as “No. of animals which die” for the upper limit in a 
blnomiiil ftuninmtion. Collections of tables such as Pearson's Tables for 
StntisUciana a7id IHomelricims and Fisher and Yates' Statistical Tables /or 
Biological, AgricHUnTal and Medical Research cannot obviate the necessity 
of reference to journals for tables needed in the solution of some of the 
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nirmt fr^rjnt^fill^' ttirumoR prahl<’ni«- rriijii^^iiijijiL! f»l nf^w 

aiirl n^*w roJiipnt^lioriHl iKPllimk soul r#»ri?^ijisr^nl iricrnam' In t}jc» 
pinMnm \sf iind ari^l turUu«]ftHrft 

nr^ jjli(*n^Mnrn^ nnin^^nii Ut all ITsfi'h^Ft an vrltijf h rr>n'j|niji<'r^ nnd (nMn 
u^rH WNrk. A jfMirMftl <l^!vntol In lli*? jirni^knii nn«l in 

Jammry \^V^^ Ihe Tml Unip TahUn uini t^ihrr lo fVm- 

)m(0lwn Th(* rnic? nf MTA(! wan Iiy TV^tfrn^^rir AKhDmhI 

in UiC! ojHniliig j«rnli*nrt**^ n/ tliin Tn^l iK.fnir*: 

Tliin ijnftrirriy Jnnrn/il. » now* (i?il<liViirinn mJ \hn CNmnril. 

in u» an n rJrarh^^-linuM* fur inf«mn«iiiMn fiiii>r*^niinii nini)iipiiir^<it‘al 

laliloM nnri nrhi'r niilp l^i runijiin:\lnii*, I>i*<^ri5llv Oinin^ IIh' ilorpnin 
liFU’r hinlR for rtmuiiiinUMn vanily rtiMiliiOird. Tln-fso Imm|w nr ftrrnnnifl 
df Ihoni, nre In hn ftninil in rtrt rwiriiUMiH: inlomnlnmnl tnu^o ni lKn*kf pnni- 
nlibl, ftinl iK‘rHifliCftl puhlirtvlnpii, mi( nnly in Uir fa^UU nf Purr MnlhonmUrp, 
rhyijif’fi, Aninminny, and Kill in mirh Hi-ldfl 

t’liciniwlcy, Knt!,iiwwn|r* Cidude^^y* 0,nlat?;y, PiiyinuiN^ny, Krdhfpmio^*, and 
PwyoJi ninety. An nUttmiil will horo be made bi giiidK^i vnriod iyjH‘nof inqiiirorw 
Kq bucU inMerial. 

A Runnnnry <i( Chci conlcnla nf Iho, ftr^l IS iiuihlH?r« nn idr* 

Uw nf the nmnncr in whkh MTA(' in fnlfillinK \U ijurpn.^^e. The innnhcrrt 
1 to 12, cnioititutinR Vnlumn I, total *1S0 pages; the uuinhrr« Kt In IS InUl 
I'lH piigert. KacU urtlinnry mnidmr cnnlnim an ntlicle nr nrlidei* nn 
computing nmchinnn, nr cMiiifiutationnl inothurlu. TltORO orliddH nro. fol- 
lowed by flcrliofH entilletl "Ilerenl Malhenmlicnl Taldea,” *^MnllnMimlirnl 
TttWcW' “‘Krrftlii,'' ‘'UnpnWiftyted Mrilhcrnaliciil Tahlca,^ '“Mciiltnn'irfd Aids 
to CniupaUtlon/ “Nale«»'’ ’*Queno«--UeplUM4,'’ and "Corrigerula et A(N 
dondu.” fipecinl miiiiljcr 7 is a lOl-page “Guide Uj TaldoH of Uoowd Punc- 
tionw** by II. llntanmn nnd H. C. ArchUmbh Sjiccml imnihor 12 cordainK, 
in addilioa Ui the conlenU of tin oTdinary nuudier, an iude:c In Vnlnme I. 

Among the ariiolctt in nuinbcra I to 0 and H to 15 are “Maclihuia for 
Solnng Algchralo Equatinna” by J. tS. Kranm and “.Sefoiitiric Computing in 
OTOat Britain” by J, 11. IVomcrnlcy. 

Under “Itooont Mathematical Tables,” 2*11 roviewa have appoaretl. 'With 
each is asHOciatod n code loLlcr or letters indicaling the clnnH of function or 
tho Held of application; ns cxampIcH: A for Anthmotlcal tables and con- 
eUntfl, C for logarithuia, // for numerical Rolutiou of oquationa, I for finite 
diffcrcnccH niid interpolation, A" for Rlntietica, N for interest and investnientj 
0 for ncUmrial science, Z for calciilaliug inaclimcH and mechanical coinpula- 
lion. Of the 211 reviews, 23 have associated A'h. Eae.li review ccintains 
defini lions of tho funotionu tabulated, tho range of argiimcntH, the imnibcr 
of decimnlH or Hignificant figurcH in tho ontrieH. Most rovinwa also disousH 
aeoviracy, crriUn, related laldcs and fipidieutions. 'Phe lluwonglmesH of the 
roviows iii indicritod by the fact that IV. 0, Cochran'H review of the Hecniid 
edition of Fisher and Yates' Sl(it\Hlic<tl 7'(i5/c8 occupies 4 pages, roughly 
equivalent to 0 pivgOH in this review scotion. 

Under ''Mathomatical Tabloa — Errata/ 1^0 lists have appeared. There is 
no rojoindor to tho ootnmont made by 11. C* ArohibnUl in prcaouting errata 
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in BGVcrul BtatibticB books: “Authora of frequently used Tvorks in the field 
of Stati.HticH display Homo carelcHancss in the preparation of tables they 
publinh.” 

Under ‘'Unpublished Mathomatical Tables/* 49 entries have appeared, 
Some of tlicHG tftbicfl have thus been available several years before publioa- 
tioji; olhers wore never intended for publication but have been used in the 
eonstnuition of published tables. Under the next four headings the follo^Y- 
ing numbers of entries have appeared: "Mechanical Aids to Computation/* 
22; "Noles,** fiS; "(iuoricH/* 18; "Queries — lleplies/* 24. 

CrosH references are (luito admiuato. In each entry, reference is made to 
curlier or concunciit related entries. In each section, reference ia made to 
rriatorial aijpropriuLe to that section contained in entries in other sections; 
for example, the reviews of recent tables which contain liata of errata are 
meiitinncd under the heading "Matlicinatical Tables — Errata.** The follow- 
ing two adverse criticisms will probably be invalidated in a short time. The 
over-long delay in the publicntioji of reviews of some recent statistical tables 
can perhaps to a largo extent bo attributed to the delinquency of reviewers, 
While Lbo Index to Volume I is inadequate as an aid to discovering tables 
of a particiilcu' function, Professor Archibald informs ino that a detailed 
“Subject ludox** covering tlic whole of Volumcfl I and II is planned for 
incluKiun in tlie lndc‘x to Voluino II which will probably appear in October 
1017. 

It cun be l\oiicd that a guide to mathematical statiatical tables will 
ai)ponr in the not too distant future but a guide cannot replace the listing 
of urnUa and Llic careful reviews of MTAC. 

Indusirlat Exporlmonlndon [Rcvlsod Edition]. A. A. Droiunhe (llosearch Do- 
partincnt, DiHUllors Ch)., Lid., Great Ihirgii, Epsom, Surrey, England), A rc- 
viHion of Llic loin mornoraiuliim of sitine Litlo reviewed in tliia Jouhnat^, March 
1010. Dircclnrato of Ordimnro Eacloncs (Explosives), Ministry of Supply, 
Lomlon, W.G. 2; II. M, Slntionery OfTiro, IDIO. Pp. 110. 2s. Paper. (New York 
20: llriliHli Information Services (30 Ilockofoller IMa^sa), 1010. JO. 00.) Two re- 
views /oUow: 

11KVJJ3W MY GeOJIOE W. BjIOWN 
llcscarch A^sociaio Profosaor 
i^iatisiical Laboratory ^ Iowa Slaio College 

T un revised edition is generally of the same character as, and in most re- 
Hi)cct 3 identical with, the first edition. It has, however, been somewhat 
expandcrl in certain rospects, notably with respect to multiple correlation 
and analysis of variance. Other additions, mostly in the form of explanatory 
nmmrks and cautions, contrilmlc to a general iuiprovomont. 

'I'hiH n'viewor is in substantial agreomout with moat of the commenta, both 
favnrul)le and iwlveiHO, made by Tukey and Wolfowibz in bliciv reviews of tho 
first edition. In fairness to tho author, It should be pointed out that tho 
pros out edition had passed galloy proof stage before Mr, Brownlee had an 
opiJortuiiity Lo read the reviews in question. 
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Thifl Jn«in»iAl h, lo JVnf(^p>-x»r V InnfjJUJKT', “a v p,r»ui\ ronfeclKt^ik” 
ol fllali?iricAl mnlliodulnuy, nn4 wnjlul, ilvvolnl 

to the l)a??ic liypr)llmp<ffl uriTliirlying srjrlk^Kl^'lMgy, tjvfdvr* into a 

nianunl of coiiNidoruMn in Uic /it'M. 

'rhe rimjor clifingo In l\m r“5iiinn of a n ?in4 rTiii>!%hMnn n( 

tlm annlyslH of variance wkh grcal^-r nSli nlafoi l^nrk- 

ground mnloHtil and coiiHrIf?rali'*n of of !jinUi^rarli*»r rxjK"riojj‘nlff 

with vnrions urdcM of rq»liraiinn. Ai^ong Um^ nddiliMm nTf\ a 

whorL 5rction on tim rui^Hon morr^ inlrodu^dory iMalrMiat on 

qimliLy control, und inrln^^ton of iUv r;Hig^**^lriinlnrrl dt^vindion rinivorf^inn, , 
the rif^hcr invorMioii prnrhlnra in nmllipln mnj |pT(q»^'rly dimiur- 

tiging roiiiiirkH with lr» i^xlniiHilaSiciii ioilMdit* Iho fatiRf^ Mf inil(t> 

pnndojit varinllIrM in work. 

A few njiportaiiL corrrcUoiiw liavi^ bcf-n nindr, iiu-lodinK n nnl^' uii tins iwn- 
tflilpd F tout and a imrairriL(»h ili^Hignn} to rcijiov4'! iho ffi!?'^» isoi*rf»f»Mnn that 
Jiuiltipln corroliilion lr*rhiiHjUn clorn nnl ]K*rioit thr ^dudy «>f inlrrarlioiip. In 
dijfciiiWiing an exampln uf the ngnificarirr* of a nnvuL tbe* nnthor indnlK out 
that «igiim ia aji Cfttiimratr; hrjiro, the df«l^^noihri(Ion mrulo rm fi*w dogrtra of 
freedom ncniirntfr tliaii the detenaiiuilion nuidn on n Inrgr* nurnlar of 
degrees of freedom; lie fxiinlrt out, morrovor* llml the diKlrdmliim taken 
Uiia into ancoiiiit. Tlii^ point, iM»t iimde in tlie /irMCi'^dition. may riMiujveMnno 
of the confiminn rr*Hiil(ing from the u|ij»:ireiit i<lnidifiralifoi of pniailalion 
vurianco am) ita t^uiiptn CfT^Kimnte, 

An added remark on imgn 2GM*eiii» tti imply thnt, in b^^ting hnmdgeneiiy 
of varirtneoH, if Uin rxlreme ea(imnl-e« did not differ aignilirariily liy F, then 
Darllelt'a teal would not Khownignificanee, In lliia reviewer that Iho 

remark in queatian ftluiuUl Itavo been acrornpanied by n certiiin miionnt of 
caution, 

Tho recomnicnded proecdurc, given on pagr^a In 21b fnr comparing Uio 
moans of two eamploa, deponda on Urn ruhi of Uin wrimple aipjcjs. It ia not clear 
ivliollicr tlio author real iaea that the folloiving jinicedurea are really difTerent, 
bnfc lio BUggests, without chi rili cation, llinl if llio varinnccB 

bo treated an lioniogoncous; lliat tho ncliriniH-hiHlirr tvsL bo used when 
m+^>30. The iinportfiiit point ia that from the very outHct no mention is 
over mado of th-o importance of background liypuUmtiCH and parallel iiifornm- 
tion. 

A inultiple rcgreiksion example preacnied in ebap^^'' )9 Ima indnpeiident 
variublcB Xa, Xf, The regrcKfiion on Xi ulonn ih aignificanl at the ono pcTceiit 
level, but the effect of ia not Higuifieanl wbuti nnd Xa are im-lii<li'd. In 
diBfiusalrig this aituatiun on piigcs tl3, Air. Hrnwnli'O Miya, in icfen iiig to llm 
xoRTCBBion on Xj alone, would ftpjH/ar aigiulicant nl l)m \% levol, an eu' 
tiroly orroncoufj concluftiou,” Why call thia orroimouK? The iLuLlior is cer- 
tainly aware that tho rogroHsion on nnd/or might turn out not Hignificuiit 
when rulioined to x,. In any case, tho very important qucHlion of Iho onlor of 
ollmination of indopondonfc vniiablofl, or the corresponding question in 
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anftlyflia of variance probleing, seoms nowhere to bo mentioned. This is not 
a question of nmtliGnmtica, it ia an operational question whose solution is 
dictated by coiiHideration of the problem at hand. Similarly, when two inde- 
pendent variablea arc correlated, the author nays that the individual regies- 
Bion coeHlcionts aro Jictitiously largo. This would ficem to imply that it would 
be incorrect to uac an individual regrcBsion coefTicient if either one of the 
independent variables is med alone. Again, the reviewer ia certain that what 
was 7rie/uit ivns tJiat If two indopcndcjit variablcfl arc to bo uHcd jointly, the 
regrcflsion aiudyaiH Hliouhl bo tbo joint multiple analysis. 

On page 107, it is imjdied tlmt the analysis of variance is imposBiblo when 
tbo data arc hapbazard or wben unita are missing. This is not strictly true, 
alliiough the oimlysis in Biich cases may bo extremely difficult bccauao of the 
large number of linear simultaneous equations which may have to bo solved. 
On page 108, it is pointed out that tlio computation for a multiple correlation, 
with say 5 independent variablea, is much more Revere than for a five factor 
analysis of variance. It might be noted that the analysis of the coiivontional 
design has been eimplificd by the introduction of various orthogonalities; 
Bimilur ortliogonalitic.s in a multiple correlation analysis would Bimpllfy the 
aimlyKis corrcspmidingly. When hypotheses are properly formulated in the 
analyniK of vari.ancc siluntion and in the multiple correlation situation, the 
conipululionH coincide ns avcII as the Hignincance tests. The major difTci’ence 
beiwoeii Ibp two sitiialions is primarily with respeefc to the way parametrio 
hypoUicHCH are sUted. 

On page lU, it i.s remarked, in connection with 2x2 contingency tables, 
that ill borderliiio cuhoh the correction for continuity is important. Since the 
clii-tifiuarc (listribiitlon is still an approximation, in this case, with or without 
ilio corrccLiun for continuity, and since the fitatiatician rarely has adequate 
quantiUvtive buHiH to net prociso aignilicancc levcla, it would appear to this re- 
viewer Lluil no really important decision should rest on the correction for 
continuity. 

This reviewer feelH that the value of this pamphlet could still be increased 
by further revi^»ion to includo expanded background exposition of tho 
Jiyi^othe.scH behind the statistical tests, discussion of “practical” signirioance 
and perhaps points such aa those raised nbovo, where further clarification, 
might bo UHOful ns well as informativo. Novertheless, the pamphlet in its 
j)rc.*rcrit form is potentially u.sef til to a large class of people and contains n 
considenilde amount of material for the rather low price of sixty cents. 

ltnvfF:w jjr AI,^N 13. Treloar 
Ati^ocidio rrofesoor oj IHoslaihtics^ VniuersUy of Minnesota 

rpiPH intcrosting manual of stablHlical methods, written primarily ns a 
X guido for iruhiHtrial rcRearch workers who are not acquainted with the 
proccduro.s or pinlosophy of statiRtico, has been considerably extended in tho 
present revision. It ia now referred to in the preface as a “monograph” in- 
stead of a “report,” and tho author's namo in appropriately displayed on the 
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litio imgo inaUJnil of being given mrroly in an arkrinwlr^lgjnriii lino of llic 
foreword na v(m previously' ihc cam. 

The textuul miiterinl of tlie earlror rdilnm hn>n ausopided ^nl^^nw)|^lt 
through incorporation of «oiiio additifHh'd vxiAnrmiaTy rtlUriiu* 

Live proccdurcii nnd extro cxnniplvK, .'ll! ol w)nrh a re valunhle, Hmwvit, Die 
principnl cImiigCH involve (1) renrgrmi^f.'ilif*ii anri picU^iiHitin '^f Dip di^cimHion 
of aiiulyHiH of varumcc in relnLinn l«» fncl-inisil 12) iMiiftlra- 

lion of logarithmic (rflnsffiririntiuii to r^dnci* fii*f»fojnhly ninl |H<rmil rou- 
line handling of [iroporliniial rluing^^ t-UinirnniB, nu*\ inrln^tinii n ifhr»rl 
chnptcr on llui l^iisHua dislrilnilion. "Die ^7 rxln* H of text, Ingellier 
will removal of line nparnrs eil iimny fwillnnil oairh in tending 

cftse), Imvo increwd the volijiim of dHnmhioii l^y ik rlmjr^ 40 per eenl- 
Tim ftulhor Imd not m^w ihc revinwa of the Sirs-d nliUnn given in lliis 
JouHNAb when the revision wc*nl to presj^. In rt ernnnnminilion tn the Ue- 
view Kdilor he leterrt to U\5 h m ^unh»tlnnHle,*" Tlip pr<.''Kvttt ciinnopnlntm* 
ngrccB Ihnt Lhm in m; for lind mlpiHUnenlt^ \Hvn omdo to elirnljinln the de-' 
(ecu diiicumd in tUope, ex<tdleut revipvi's, Urn prcKM^l cnliUou would linvc 
lind considerably ciihnncrd value* 

Tlio error of iming ihc lent vvlieu \F\ h called for hnt^ lu^en corrected in 
thiH revision, although the approacli ia Miiiiinvlmi rluinhy henniM* rrfi renee 
lo the correct nuHwer in given m an afterUnnight In u^e of the innpproiirinto 
ono. It JH nlsoaUlcd without reservation llint the prnhaliility enrre^pniiding 
Ui any given \l^\ in double iimt for f, but lliiw iw Irur roily wlirn tin* sniiudes 
nrc of the wntio frcrmoncy. The otlicr tlefecln by Professors 'Ihikey 

and WolfowiU romalu. It iiiny be added lliaL eorn ction for mnlinnity is 
cansidcTcd of great iinjmrUnco ia 2X2 Inhlert but Urn Hubjnet h iml men* 
iioned ia cunncctiou with a 2x1 table where eaeh of the expifcied fm* 
quencictt is only 5 , Also ft reversed coric ^cafe in the exniople of Hiiii|ile cor- 
relation may oauao trouble for the ineximrieneed reader, for the sign of tho 
coonicioat ia rcvarwecl withcnil ex|i!niiation. 

The reiterated ccnichmion Llial uu iimigairieiuit h* iiieaim that an initially 
a^iiinod coinpoiiciii of the numerator varitkiioe does not exist ia most (lin- 
turhing to thifl reviowor. PorhapB the aullior is iiiieurty about llim point when 
lie concedes ibnt values of P ROmcwliat Udow the aceepled critical level for 
a claim of Bigaificauco suggeat Hituationn worthy of further invcaligatinu. 
However, ho follows the beaten path in usage of the 5 per cent level rallmr 
assicluoualy in the actual aimlysoH. 

On page 13 one fiiulH tins following Btiilemrat, wlncii is not uncoininoii in 
statistical texts: "For many purposcH Ilia 5 per cent level ih aeerpled, Imt we 
must roallviO that this means that 1 iu every 20 liineH we will lUfiserl limt 
m ofTocl oxihtH when it really cIugh noL” Tim asHuniption inijdicit here Umt 
all Tcspoufien are in fnci oxpveHaionn of chiinco vnriaUon is a sUange one, and 
quito out of lino with much of tho arguincnt in tliift booh. The rne^innon 
pcaporlion o( errora “o( the fir at kind** corroaponda to tho aignlftcance level 
adhered to; usually, tho proportion may bo oxpoclod to bo vory much Iorb, 
AVhllo tho author sooma awato of the dangers of asBumiug that actual data 
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conform in structuro to the rnatlioiiiAticnl inodcla in fccrma of Av}iich the 
atatiaticrtl procedurca have been elaborated, he does not dieoues the asgump- 
tionH iiitriiimc to the inodclfl at all adequately. Indeed at one point (p. 108) 
jjc goes BO far aa to Hay: Sve can disregard the underlying asBumptions [of 
tlic lumlyHis of variance] with comparative impunity.*' Many will challengo 
MiiH point. 

Tliia book will prove useful to teachers of statiatica, despite ita failure to 
main Lain dobirable tGclitdcul atiimlarda in the reapeota mentioned. It broad- 
ciia the Iiorizoii with apidicatiorm in a field whore before there was but little 
illuHtrativc inaicrinl. Although the theme ia pursued with miaaionary zeal, 
unusually good l>alancQ with practical cons! derations ia preserved. Provided 
that the rctuler ia aware of the dcficicncieB diacufised in these roviewa, the 
prc.sciitation should prove very helpful aa accessory reading in connection 
with ataliaticfd enursea. 

Measuring BuslneBa Cycles. Arthur F, Hums (Director of Rcaonreh; Profosaor 
of Kcenoinie.s) and ]F€shi/ 0. Mitchell (Director of llcscarcli, 1 020-1 D46; Pro^ 
fosflor I'hnoriLuH of ICconomica), (Naliunal bureau of Economic Rcaearch; Colum- 
bia Uiriversity), Hlurlics in Ihn^incuH Cyclon, No. 2. Now York 23: National 
liurcfiu of i'Jconouiic Itc^enrch, Jnc. (1810 Broadway), 1040. Pp, xxvii, 500. 
$ 5 . 00 . 

Ubvibw dy Elmbu C. Bhatt 
Pra/Mof of Econo^itca, Lehigh C/ntueraify 

T uk publication of Number 2 of the National Bureau's BtudiGs in Business 
CycUiH in a notable ovent. Tiiiw volume in faithful to the general pattern of 
study outlined in 1027 when Number 1 wan published but has appeared later 
than Hum anLiripatetb In the menntinjo tlio program as a whole has taken 
Hluvpe, Nuiniicr 2 highlighty the methodH employed and evaluates their ef- 
fectivenoHB. It in to be followed by u scrica of iiionographs applying the 
teehni(pU!H lioro cHtiii)liBlicd to separate economic proccaaea. A final volume 
is projected to weave the rosulla together into n theoretical account on how 
bu.viiio.Hfj cycles run lJ»eir courHo, althougJi a aummary preview is now 
proiiii«ed for the near future. 

The methods of analyzing the bii8inc.s3 cycle are developed to teat the 
])UfiiueHH-eyclc liypothesiB: recuriont expansions and coiitractiona occurring 
at about Uie .same time in many economic activities. The first step is to adj ust 
seusonany Uie original soriea. Turning points iiro tlien located by judicious 
employiiumt of a set of moclumical rules, cHtablishiiig separate cycles in eacli 
series. Each of thOHn cycles is then represented in percentage variations from 
itH av(M‘Lvgc value. “Bpocific Oyclo.s" are thuH obtained, correction having 
been Tiinde for HoaHoiml ami inlci‘-c3^cle treiuL 

TIui Hpecific eyele.s contrast with the 'Tteferonce Cyclos,** computed Biini- 
hirly for eimh Herios. The reference cycles cover the periods of gonernl busi- 
ness cycles. Turning points in general Imsinoss cycloa represent the consenBUS 
of a collection of time series rather than points in a single aggregate index. 
Both the specific and refcrcnco cycles, whero the data are monthly, are 
divided hito nine stages, including the initial and torminnl trough, fclio peak, 
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flticl tlircc Rfiproximnlply fsfjual fr^r nM r^^riiMrOnn. 

Tim \o\vh hi ihc, f\r\i\ ^nk ntdimuily m l^y n Uim 

tQQtUkavt'r«t^<?. A?ii<?rie?t i‘'rjc‘Ji .pr-fii j^iv<r n %i<|r 

lion, inclutlinK the It'VelH and dnfAlinn of vatiMM« nf rhjjniir 

tweca fltttgea, and iiikir-cyrir chnn^f ?*. nj laldr jrn pi Jidr fnr pf^rdfic 

cyckfl and ftnnlhor for cyclrK. An «dd3iir<ri:il r,^i 'h dc- 

vtlopod In ahnvf tUa c^^nfornnty nf cyrkiJi, In 

each work tnhle^ vnlueit nrt^ Riven h.ir ih^ i^r^iiriraie <ryrfn^ and h«r llm arith- 
metic mean and BveraRf^ deviPilinn. My juid iClrJ r»vf r a Ih'^nf^ritid n^rHithly 
and qimrU^rly fieriojs had Iti^e'n J?n arndy^r^^l, drawn fmjji the 

United SUvlc^, hut nveriOttfrnrn l}\i> thn^* piriffirig,,nt rrMinUh,\«. In 

addition, over 2(KI yearly have an^lvif.^'d, a Hard id lUeni from 
Kuropc wlioro inrijUliIy data fti^le,«flavailnh!a, Tla^^ > data rtiiirid In h(? 
a poor flulmtiluLe, liotvever, Imefui^e mninr eyeh' rhnnR< niMmir within n ymr. 

But little of tluR nrork-tahle informnlmn eimhl I/e jirw-nlrd iu the j♦rw^rlt 
volume. After providing a full dwriplirin of Urn rncihmk. nllmdinn turned 
ta iswueH rORfttdiuK the f*ffecUv*eru'^ht? nf Ihem. ronHidr-inUun In; Rivru to 
the rotonlion of tlio lntra*e>Ylp trend. rcinvirlir*i4 hw^ rr^r nlkil ficmi the fart 
that the [rend line deteriniried tiependa ii)hih fnihieelive farlfirh together with 
a hclirf lltnt l)ie Irtmd nuiat Im retained Ut reprm'iiit tlm ^ryrle nf rMtjK rit'iire"' 
iv»lluuuuln( atmlypiF. Tnmd adjUfklmeiU in fouud to reduce eyvlU 

CttI varhihility and rnakefi the cyele*i in diflerenl niorr ir iujip?ir;i)ilr. 

Supplerncutary trond-adJuPlcHl dat^i are! not ensjilnyrd for nil perieH dimply 
because of the work and expeniw^. 

Tho need for BinoothSnR out random influenrep initially iw chreknl hy nm- 
traatinp; rctadU ohtalaod from mnonlhiriR four aelnal aurl hx artiHeiul tH riew, 
principally by MacauUy'a M3 tmn Mjnimation njiproxinmlely fiftholuprre 
parabolic grad im lion." It la conrludcd that irdlinl .NinrMdbirig wnuld Hin inula 
part of Iho actual cyclical innveiitml Imi not all nf the rnndrun iriftnoncp. 

Major atteutionia given to Urn pignificanc^ nf ihn nverugc ryrh*v<cimqmtfd. 
Since cycles arc thought of na unhpm oxiK»rienccu Uy llti! Xnliruml Ihireiiu, 
tlio employment of rtverngoa prmnL'i dilllcull prnhlenm. Sliouhl cydea be 
grouped acculnrly or according to aorno acliciuc of long cyelea heforct average 
lag? LUUd rolnlionship h found betwron order in time and dtiraliou and 
amplitude of 7 tcfit Bcticei; accular diaugcn in durniiouH niid in amplitudes do 
not appear to be significant. Clieckri on the variation in oharactiT of luihiue^H 
cycles presupposed by the most acceptable long-cycle hypullifi^cii reveal no 
signlficftiLt grouping, ' 

MeaauronicuU presented in tho volunm iimve in almoat nU dirvTlions. No 
moaHurorneut i« conBidored final; nil arc viewed na atep^ in a aeries nf huc- 
couflive approxiinatlonfl. Tho American monthly reference dates tliroiigli 
1927, for instance, Imvo not boon revised ninco 1020, although Romo nro 
d^rmitoly kno'wn to roquiro roviaion. Tho concUmiona cannot he applied as 
genornlly aa many of us would likoj they apply rather narrowly to tho 
BigninoanoG of tho National Duroau mothoclH. 
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Uo tlio bcnchmarkB Hct out provide appropriato background for tlie forth- 
couiing analvfica of various oconoiiiic procesBes? The arithmetic mean may be 
called into question. Although the aiitliora are convinced that the median and 
positional means arc less satisfactory, the possibility of the geometric menu 
is nob conaidered. The provailiiig positive ekewness of cycle-length distribu- 
tions appears to the reviewer to involve more than the artificiality introduced 
by Betting a inlniinum but no cfTeclive maximum length for the cycloi 
Tho rejoction of positional inenns in averaging cycles and accoptanco of 
them in nicnsuring scaHonuls may indicate that greater importance la at- 
taoluKl exlremo values in tho former case. Separata averages for major 
and minor eyedns certainly would provide better clusters, and tho reviewer 
liclievcH greater homogeneity* Since the series employed do nob represent 
procoHKcH, the amplitudes studied arc of doubtful Bignificanco. Hecognizing 
the imuhMiuacicH of all nieasiirnhlo amplitudes, the reviewer helievcs never- 
tludcHH that blierc is a clear difTcrcncc in amplitude of industrial activity since 
1878 between commonly recognized major cycles and others. The autliors' 
data on length of expansions of deflated clearings show only three of seven 
rising from major dei)rnsHions lasting less than thirty months and only three 
of ciglit rising from minor depressions lasting more than thirty months. Fur- 
ther, the authors note "the degree of cyclical dilTusion is correlated with the 
ainpliludn of cyclical fluctuations.” 

Mo>^l (jf the cyclo incasurcH would bo modified by displacement of the turn- 
ing points cm[doycd. If tlie rules e/nployed tor determining fcheso turning 
p(uuls are accepted, the qiK'Rlion should bo raised wliotlier the measures de- 
veloped OYcremphaHize them. Although the turning points are dated at the 
end of a flat tO)> or bottom, there are many cases where the date is Rovcval 
jrumths hcfoi'O an expansion or contraction was recognized nt the time. 
Since most scrien show inlcrruptions of eximnsions and contractions while 
they are under way, why docs the terminal high or low point have major 
Bigniricance? Nolaidy, tlic timing mcasurca, which aro developed from a 
com])ai-iHon of these lurrdng points instead of from tho iin.satisfactory, but 
widely used, correlation method, arc critically dependent upon this dating 
Bchcmc. 

Docs Iho holding that the cyclo of cxporicuce includes the intra-cycle 
trend, but excludes seasonal, represent a iSchumpeter position to the effect 
timt the trend and cycle arc inseparable? Or docs ife result from statistical 
convenience? Many analysts will question the authors* position that the 
buHinoHH community fully allows for seasonal and not at all for growth and 
decadence. It is one thing to vocognizo tlm diflicultieH of trend adjustment and 
ai)oLhor to rationalize that tho trend is a part of the realistic cyclical expcii- 
enco, Does not tho liiltor position prejudge tho case to an extent that tho 
cluvraoLor of cycle to bo uUimiilely determined is partly postulated at tho 

The raviower believes that pcr-monlh averages arc ovorusccl. VVhion ib a 
worHo deiirofision; ono in which tlio contraction ahowa a violent and rapid 
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decline nrirl tliercfcirc n Inw pr-}nrin?h ny^rta^^r **7 wLirJi T^ljriwr^i a 
elomjr dccMne tp the ifiamf* drjjlh? 

Tlio revierrer aiRre<?^ that Uii? frr^jur^nl r¥^'l«sriii"ri |lyn 

flcparalp judginenU nl RijccePHive^ *4 nrd. in 

thifl cnM* roproM^nl n infi^iii^r lo n^grrinr TIj?' \\^ 

gree of eUigniice wo can nfforti ilrjfrfnd^ ujik^u Uio C.'aro' 

ful study of Uit* volumr will give; I fir* flndr'nt n^dnj f^r il^o 

UriCf! of tlio huHtnej!*** ryric m a ilis'finrL lyin' flnr|iijjati‘-sii- 
Tivontyycara agn MilrhfiraanalvfnVi wa«: 1^4 n4)h|M7ri| f^pdy wpUji a ^umU 
titude of Cfpmpotifig no‘nrir^4* norn* of wliirli l»;ol r|jr<dvOr| 

with nionf^iiraldo oticiim'iiea. Tim Xn^ionul lhi rerto pjjc'ih*4./|»' nrf» pro* 
CTninfiiL today. Kci»nniiiolrle anaUm hn.^ proic^mlril a |i»ng and lia^ a 
fiul»slai\ti:il frdlowiiiR. (’uncrp^silani'cytlo anrdyw u wMo girmp of ad* 
Ivcreuts. And iUo it'uownof (hr Koyiur^'iau iigRi»^K,allivo roi\Mua]iliim* 

mcomo Llioory put?i iUmt nl roarUnf carlnx In llio prr volunm 

lIic Nalional Tliircau fac«^A only ihosrocond ntf (liPHf* rohU frainoworkti, 
and Ml thiH cano from Hio vicwfwdiit of ivJifliior !li»^ Irrn* h noirk jivrrtigf^H aro 
dintortctl |py igrinring long eyries'. Jtr^iiKcl for llm wnrJi r4 rrrj}i*oijrllrn)l?^ opo-- 
ploying nnnmil data jk Hrakrimd, li«w^;vrr, hy Um d^mnuNlralrd ihaderjiiary 
of aiuiiial data in Klirdyiiig AlllMoigh l!m volmoo dor a jiol 

n^ftteriidly mluro llm aTcn nf ilMRirnnenl, il ir|»Te»foiil?^ mdy lltn iidlinl 
evidaneft, \Va ctimml i‘X|>rct Um Xaiional I^upaii in rnma to giipit with 
coiuprtitiR fratnewarkH uuiil Urn procai^#m.h nrr’ rjuuuiimd. 

How lo Head Stadstlcs. /f- A. (H. finish (Knrrnrriy of I'Miiralinin 

Marquclla Ijnlvcmly), Milwaukee 1, \Vi«,; Hrure lSddi«lMfiR CNi. t5;il fil l N. 
Mihvftukoe Si,), IPIfl* Pp. v, IK I. S2.fsb. T ita rrnVuiJt foihw: 

rir.viKw nv l^ocia <ii*nMA« 

AsHocinfr. /Vn/ririior r/ iSWiWony, rWoWf 

A k kahy patli In dimli Inwarda a KorvirrahU'. krinwlodge of elitl'^tical 
theory IK peroniirully hdng .wrniglil. Tim Inictk iM.nv Indiig [fnifrrrrrl try 
Dr. But«ch \h another atk'UipL In convoy Ktali^liral uii«kx^iaii(liiig lf» per- 
B 0118 without any niatlinnmlirril liarkgrouiul. Ur* nddfeKwrn lihnHdf to iho 
•^Intgo umiil>or of tracliora, aocinl workora, jHxanmicI dirertnrH. and iadiiatrinl 
oxccutivcH, \vli« through hmk of npiKirUinity or iridinallon have faiUnl Lo 
acquire the injiihnuiu of KUtiHicid leriiiiifiur.^,*^ tlint ia, who have not over 
heou tnur\e<l to i^pply r fonuulu o.veu in n juir^dy innchiinical fushvon- Tluv 
omplindH w to lie on the ‘'why*' luul hot ou Um ‘'liaw"; not u dugln frxiiuihi 
ftppGurn in the book (albeit a foiv Hlaruinrd nlgobraic. HyiNbola are UHnd). 

The Hubjcct mutter covered run gen from grapliic prcHontatiou and aver* 
agOB through partial and iiiuUriiln correlation, aaiiipliiig errorM, and iuudyHia 
of variunco and covariance. Tlio examples uhcjcI are from cduoalional 
psyoliology. 

The prcHonlalion m aiinplo and lucid, on the whole. Indeedi it in one of the 
befit- writ ten atatietlcal books tlm tevlew^cr hUHRecn. An unraaolvcd problem 
tn this toviowor'a mind ia: How long will the material romaia w'ith the reader? 
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Can a poraon Bufliciently retain and approciato the ideas that are laid out 
ijefore him if he is given no practice in computing, not to apeak of deriving 
the forjiudas that are the coiiacqucnceB of the ideas? This ia a problem that 
well might be invesUgated CKperi mentally by educational paychologista. In 
any event, Ur. Ihitach's book can certainly provide n useful flupplementary 
dlHcuHHinn to a more complete treatment, no matter liow BufTicient it is by 
itself for its intended audience. 

/V iiuiiiIkm' of faulty Btatementa that sliould bo pointed out includa the 
following; The unllmr ntaloH that Htalistical treatment is required by sci- 
ciicert dealing with living tlungs, but not by the physical Hcioncca (p. 2); 
Llmt disporHions of distributions cannot bo compared unless they have the 
sumo average (p. 28); that standard scores are more ^^strioLly raatliematicaV' 
than iicrcontile ranks (p. 73); that a correlation ratio cannot ho computed 
for n quantitative variable from a qualitative variable (pp. 102-104); that 
proiiability statemontH about scimplo statistics can also bo properly inter- 
preted as probability Htatoments about population parameters (p. 143); that 
probable enors hIiouUI bo uecd for standard deviations and correlation co^ 
efTieients (pp. bb'i-MO); tlnib thcf-tostehould boused to test wliethor or nob a 
sample could liavc been drawn at random from a kuowji population (where 
the population variance can bo known as well ns the population mean) (p- 
1(37}; tiiul that lii most instances the number of degrees of freedom for I is 
just one less Ilian the 8i7,c of 8ainj)lo (]). 159), The biaorial and totrachorio cor- 
relation coenicionUs aro introduced as new measures of correlation rather 
than an 0 (|uivalont to the produet-moinmit coefTiciont; their underlying as- 
Humplions arc not stated; and indeed the examploH used do not fulfill the 
nssuinpLious (pp, 108 dlO). The connection between partial correlation and 
j)redicti(u\ is iniHConHlriicd by introducing a vague notion of a ^^rcal” cor- 
relation instead of using the definition of correlation used earlier (pp. 127- 
128), In general, tlio nesumptioiis behind tlio various significance tests are 
jmt given, cspocially those of analysis of variance and covariance, although 
— in coiitrnHt to other j)BychologiBts — the author introduces the normal dia- 
trihiition wlierc it belongs, namely in connection with sampling problems. 

Deficioncifs noted in the discussion of graphic presentation include the 
following: Grid lines are drawn through the bars of a histogram (p. 0); in 
another there is a mixing of light and heavy lines for bar outlines (p. 16). 
q'hc iniiJrcssion is given that the median is graphically represented by a line 
segment, whorens the mean is shown as a point (p. 10). Pie charts are en- 
dorsed liberally for complicated comparisons (pp, 43-44), Vertical “fre- 
quency” HCaloH are retained for ii frequency polygon and a smoothed curve, 
instead of using an area key (pp. 03-04). 

IlUVinW I!Y HJ3I,EN M, WAliKlUll 
Professor of Education 
Teachers College^ Colnmhia University 

T ub fttlcmpt to explain tho incjininE of commonly enconntorod statistical 
terms witliout using any formulas whatever and using almost no compu- 
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Utinn« h a Unk renuiring ccmf^hknaM!!:* «a.t« wri-!l ^trni rMII m 

jmitinn, TUi^ hm Iwn nKjm? mj^ly lly^ i anwrr iinliri- 

patril il coulO bo, kiirj\jfiTi^ imly %t‘U \^\^\ 1^?- n vif mto^uhI. 

The languiafto h dear atnl djsipb^ Urn pa?** wr)| ftiirl 

within llic iin»lcjrf?lanilitiK of ivM/^^rn jok* !v rf?vj Ihr^brjohj 

ftlmOKt nil of the lenjiR nnliiafirily nwl in sa«ib» Iji pO nro in- 

cluded ftlllvouj^U tho c<ivera|^e. h rov fi»r r«hu?<fk,H limn for 
biology, bu!'ioc\‘^^ {\t wmfut.Wn; prf'V^.wp^ itfi*niinU*in pr^ MyjoKd r 
on alert and i(if|uiring mind. 

The firiit major problem lo bo fnrr4 l>y lb»^ 'siril^f pi.f .r-orb lohb'fird iw the 
diciico o( tnpie«. HImll ho treni the lopirs^ llm like ly bf nor-^o up4<o in 

publi^<lir(l rejH’arfh or only IIkiIH' lopii"^ widrh he r^'''n^*id^T^s ;q«}fropii£iif< to 
uho 7 If bo couiti^ corhiin ouIiochM the |?erj»on whu roadf^ )d?< hfmk 

in the hoi>oot fimling itnlightenmonl tm the loraniugof puMbd^rMi rt ^enyeh ift 
doomed to cliwvppoiiitiijenL Dr DuUdi nppnrc^idJy dcridod b* inriudr in I ho 
first port of ilia book (and to treat with fftatiwlinif wIdHi nre far 

oflkicnl and more ainbigamifi than mIIot roMdern wlddi ho 

troaU itilttUr dtaptorti/nio it».viwer iroviUI <|Me4irm tUi+^ 

The iopica referred to in Him kxt inetudi>; fre<|>jr*n#y ilrKhihiilton (0 pp.), 
oonlral tendency (H pji.}. gmpldc rri^rc^F^entnlirm b'ifi pjt K M of wliirh ran ho 
proscuUd onnily on n lum-kdinkal kvd nml twn iTealvd >i\ a nvnn- 
ber of introductory kxts; inonfuireK of dbiirrMon (Ml p|i.|, irirlurlingqinirliln 
dovialion, mean deviation, r^Kandard deviation, with Iwn rMJuimlatinuH of 
audi from easy data; the tranaformalion id raw 3^enrr?if into ii^erreiilile ^e(^rort 
and aUndard floorea (12 pju); itimple correlalhm and rt^grrwiou (.Ti p|k), 
indiicling brief incntion of the oorrdution rath*, Id-Serial correlation, the to- 
offidont of contingency, and lotraclui»rk r; multiple regmi^Hon niul multi pin 
and parUal corrclaUon (2\ pii,); a clmpicr calletl "Meamirei^ of lUdialulity'' 
(16 pp.), which bringa in uudi tcrniK m saiiiplt» nnd in*pulation, elnliHlic 
nud paraiTiclcr, raudont aainpte, sariiplirig crrcir, roiinpling dmlrilailion, 
fltandard error, "determining UiolirnU?* wUliin winch a parnmiiler will iiroh* 
ably be foimd,” probable error j a chaptc,r on of i^ignilieunco” (17 

pp.)r which brings in aucli lermn as the prolmblo error cif a difTi rcricc lad ween 
means, critienl ratio (i.e. a difTcrence dividc^I by iu prolmbln error), the f-trst, 
dcftreca of freedom (on which a fair ninoiml of light is shid in less Ilian a 
page), the null hypolhesie, and levels of significance; and aaecond clinpler on 
mcaflurc!^ of flignificauce, including the chi-square toftt (fi ppj, treated willh 
out roferonco to the provjouH inenlion of the coenioient of cojilingoiu'y nnd 
with ail example usiug a 2 x2 table of only 40 cosch in wlucli Yiktrs* correclUm 
would have made considmblo difTcrenco liad it bcrui apjdicd, analy^’in of 
variance (7 pfi.), and analysia uf covariance (fi pjk), 

After the topics to bo IronUd have hcmi cleti'ninned npnn, it ia iiulvrd a 
di (Ti Old t task lo make thoni toko on meaning without oitiier aoiiiputalional 
oxorciacB or matboniatical derivations. In fact, it is practically iiiipoHuiblc to 
bo Sntolliglblo on an olomowtary level and also oompletcly corroet if ouo la 
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dcivling with topics beyond tlio simplest ones. If the writer of such a text is 
primiirily coticerned with inukiiig statements which cannot bo misconstrued 
and which cannot bo called in question by the person who knows his theory, 
he will hedge \m explanations with so many conditions and qualifications 
that the reader is left in a haze, Therefore it seems pedantic to point out in- 
correct Btatoinents and inconsiatcncios in a book which on the whole creates 
a very favorable improssion, but nevertheless it aeems necessary to mention 
a few Huch. 

There are about 10 pages devoted to the probable error written in the 
nmimcr of 20 years ago, even including such a statonicnt as the following: 
"TlniH, if a correlation coeflicient for a particular sample is reported as 
,C0 ±.02 wo know that the chances are oven that the correlation for the total 
popnintiou will not bo less than .68 or more than .62; and the chancGS are 
very remote that it might bo as small as .62 or as largo as .68.*^ After reading 
this, it is a real sur]}ri.sc to come upon n rather good elementary treatment of 
h The spirit and even the phraseology of these two sections are so dissimilar 
tlmt it ia liard to understand how tho author who wrote one of them could 
also have written the other. Tlic relation between the criticol ratio and tho 
f-tcflt is left in sonic confusion, Tho reviewer feels that the extended treat- 
ment of probable error witli all tbc outmoded phraseology of interpretation 
is unfortunate and that it would have been better to make the whole explana- 
tion in tonus of standard error wibli a sentonce or two explaining tho relation 
between standard and probable error and a statement tlmt tho latter could 
have meaning only for a Htiitistic that was normally distributed. Tho implica- 
tion of tliis Hcction and the suggestion on page 147 that tho probable error 
can lie applied to a difference between percentages, standard deviations, or 
coeflieierUs of correlation hcciiih to suggest that all sampling distributions are 
normal aliltough tliat incorrect Btntcincnt is never made, The term, ^^sigma,” 
is used tlirnughout iimLoud of the more straightforward ^‘standard deviation.** 
Why n\itlior.s do tlii.s, substituting the name of a Greek letter (which is no 
longer widely used as tho synibol for the standard deviation of a sample) 
for a porfoclly good noun, tho reviewer never can understand. The treat- 
ment of partitil correlation is particularly liappy though it might liavo been 
made flLill bolter by the use of tho concept of rcsidiml error. The illustration 
of tbc Mest on page 167 kcoiiib to suffer from errors in printing and will be 
most confcising; it refers to ten scores but prints onl}'' nine. However, tho 
mean as atated is not the mean of this nine. Even by adding a tenth score, 
which would pnnluco tho niean quoted, it is impossible to scciiro the value 
of t quoted, and tho reviewer cannot decide what computations were actually 
made. Ckulain toj)icH such uh tlio correlation ratio, bi-scrialr, and tetmchoric 
corruhition am Lreatrd ho l)riony Lliat one wonders if their introduction will 
not 1)0 oonfuning. The book might Imvo been made more useful by the in- 
clusion of well HOlected annotated roforonccs to more extended treatments 
available elHewiiore. 

Tho porson making hi« first noquaintaucc with statistloal method will gain 
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much ljy u Q\ir^<ny i^adiriR nf thiw br^tk. It rrih r^r-^irnT'iif'Uilt^d Dnr^ ^hg 
w’anU only to know the* ji;i‘n*"]rfl 1 f^i^iiil of ,?vl;^i 3^8 irrj t)ial 

b ihn iH?n?<Jn fur whom Him wnil^n. If l3ib \n'n^n 

untJertak(*Ji Ui \mi Ihr intfnlaon?illy of In^fiik ?i.r^ a ^uh\v 

for Writing an iul^r|*M’lation of data, if h^r' lara lo of in- 

divuluaJ JW?nUnc:r‘f^ far, hn will lirp Irybig lo | 1 k ff rvr^ pi injriwi* 
which il cnniioL fuirill nnO which it foUjll. Thr^ wiiw 

has (iGRignod tlmlMmk for *'n largn nujoli^rnf 

nol dirGrloni, nnO iinhif^lri/il who Ihj^'Ugh hiirk of Mpp<irUinUy 

or inclirmlioii linvG faiM h» wrtjum* n ?oirhnni 7 H of l^r^rlHnfpirft"; 

mnny of wIiOJOj howovor, "nhouM l^f nhio pt rrad thr* nMirkf^ oaoploving 
atuLiHUcnl proerduroR nrnl ulionhl ril lrH.«l h^ ahk' lo niKlo^pt^iid Un* 
nnd tlio rcNulb of i)w. ^'diniiiucK prnployc^d.'’ For fnrh («rrK^n^ linn lamk 
ahouhl he vm^ful. 

RadlmonUry for BwnomUif and \\\ h, t*rum (IVtH 

fcftwnr of k>nrinmiry) and J^Hph /!. (Prnfrwur Mf t><^r)omir (Har- 

vard Umvethity.'^ K revimon of Bnpjdi'mi'fM Qwatkd:!? /ouifiof m/ 

Vol, Q 2 , May 1038* Nrw York 18: IUtt»k V, ^, lof. (330 Wr*^ dSmi 

8U), IQIO, V\k. xi, IH3, 12.50. Ttc^i 

UlSVIRW lit J, I‘, NfoMlMN 

CornrU Hwtw^iKy 

P BnnA.rH tUa iuokI out^^Unding fcivlurc of Iho lowk l^cnlngogiral HkiU 
with which the nludont h iiilnHliiml In and Ird through Ihn (iohl t)r 
MvlcuUw, Tho ciVBO of oxpoaiUnn, nnd Uu^ pumHPVh and wcUdnl^^gmlcrl «lr- 
vcloprnont of Dio Idnu of rrttr?« cif chiingo and Lhrir f\vwtoionlit^ Ik'ntnionh 
reaull in a voUune wdncli placoa nil u^aphor^i con^'idornhly in Ih** dp-hl of Dm 
anthora. From this point of view Iho text rojHirntra favornhly with Midi 
simple and pucccwsful iiUrncliicliniia inlo Dm paUiOrri of Ihrujght of Dm 
cttlculuH as IJeMorgau’H uml Irving Kidmdn, 

Tho present volumo covers very niurh Ihn Raioo ground n« thu wvlhkiniwm 
original, which waa puWmhod u« a Rupphn«»nni In Um t^unrkrfj^ Jimrnnt e/ 
Economics in March i03B, Tlio now inatrmi indudoa paragrapliM on Tay- 
lor's Bcricsi on hoinogoiicuuH production fiinrlioim, on Fagmiige luuUipherH, 
on tho concept of the inlcgral, and an oiihirgnmcut nf tlio Irenliarnt of 
higher order differential cqualionH. A hrief diifniKKuui of didvnninantH i« 
added in a jic^v cliapLor. The book sliould nmko oaay nnd plaasanL reading 
for any student who mill rciiicrnhm Dio ewiicm of hin high Hchnol idgnhra 
courso. 

The leBtt sntUfaotory aspeoU of tho hnok nra the abHonco nf Inldingrapliiral 
material and tho abwonco of proWemH nnd oxainplos, ^Yh 5 ph Htvno inHUncloirt 
□r roadora may doploro. Tho liook luldroiiHeH it«df primanly tn the fnUira 
OQOTioinlfit rather llinn to Uio fltatiftliciun, 

Thoro ie no doubt in tho mind of llio prcHont reviow'or lliat tlio bonk will 
bo flincoroly woloomod not only by tcmchera but also Ijy tlioflo stiulontH in 
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economics wlm do not feel quite up to the task of working their way through, 
eay, Allen's Jlinlficsinlfcot Analj/Bia for Eco7ioimsls. rrojoctert against the 
haVkgrnund of ijrcscnt-day textbook litcratuvo, Rudimentari/ Mathenialics 
f or Kconunnsla and A'leftaficiom represents what may be considered the prel- 
ude to the iiiclUHion of mothcinalics as part of the oconoraica curriculum. 
I’rofoHSOrH Crum and Schumpeter in their foreword seem to suggest such a 
claim and the hoolc provides ample juslifieutlon for it. 

In trying to cvahiule this hook, two (lucslions come to mindi (o) Is there 
micil for a hook of lire nature ofCrmn and Schumpeter's Rudimenlary 
Maihonalica for Ecotwiniala aiul fftnlialicianB? (W Since it is written in the 
fashion of a textbook, or at any rale, in such a way that it would lend itself 
adniirnhly to use a.s a text, should the existence of such a book lead to the 
cstablishmcut of a course of a similar nature, and is such an addition to tho 
conventional economics curriculum desirable? 

If the book is used ns collateral rcoding or for purposes of self-study, tho 
answer to tho first question is an unreserved “Yes,” 

As to tho sccoml of the two queslious, it will not bo easy to reach a satis- 
facLory answer. There can be little doubt that mathematics and mathemat- 
ical tiiodcls of thought are being used to an increasing extent in oconomio 
literature, This cmpliiiKis on economic analysis by quantitative mctliods is 
no longer limited to the loftier ureas of the graduate curnculum, but it hoa 
been introduced into the rather podcBtiian regions of the inlroductory eco- 
nomics course. At the saino time, tho training of economies Btudonts in the 
mulcrstiuiding and the use of malhciimtica! Inngungo is sadly lackmg. Ihe 
question of how to remedy this situation is eei tainly one of fjc most nn- 
porliint of those confronting the planners of economic , , 

lorn is a iiciInRogicol and an adininislrativo one, permitting many widely 
dilTcrciit answers. Hhould the student in economics undergo a more thoi- 
"wIIb in u„.U,n.M.te., Bay. llir.neh UiO onlouln. «. .iinnsd by to 
cxislliiB iniilheiiialics departments? Is Hiioh an intensive training, as an 
iccral part of a .slndciit's education, foiisible for, say, the student in science 
hi mlt hir llm young economist becanse of "lack of time” or any other 

^’'SiriirbcHof. although it is rather popular, 

Ah in the ease of tho leaching of statisties to cconomisla, the point of view 
Jr.ul™Tlto i «r inlrodtoU... or a aaw a,u™ iala tto mnoalaia 
may not iirovc to ho altogether happy and desirable in the long run. 

llKVIBW HY CiBlUlAnD Tintnbr 
Profi KBor of Kamoodca and Mathematics, loxaa State CoUcye 

rn.im book provides an elementary inlrednotion to some methocl^B of ma^o- 
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tflkcp /rom tho theory o/ frmrgJiml coaI, of Jciimiid cunt^Ht nf luorgiijal 
utility and of innrKinnl rctvemu;, CImpter 4 tlbcuwrH rwloft nml clerivativcH. 
Tliia iDcludca vurioufj rulcfl for clifl'ciruliatinn, which nfe, hoivrvrr, inlro- 
duccd without proof. Higher derivatives, Taylor pnrlial timl total 

dcrivfttivca are also included* 

Clmptcr 6 UkcB up mnxima and luiniina in otio, and in ^foveml varinhlcs 
n« well ft hrlcf Ircfttinenl of Inflection sinintf». Kjoinililefi nru Riven from 
QOHt nud production theory m well lUf from tli<? ^InlihLical lluuiry of linear 
rcgrcHfllon- Chapter 0 dc;il» with diffcrr'nliBl mid thidr inlegraticm 

aa well lift with dcRniUi integrfdrt; nW dij^niR^^pd are rlaHlirity of d<»r(mnd, 
compound intercut, totnl utility and Home ^fimple ]»rohli'ni« in eronoiino dy- 
tmmica. The Inst chapter givcw an inlrtnluclicnt In deter iniimnl?«. 

Tho ftuUiora ought to Ins cuiigratulaled for having achieved almoat a 
mirndo of concfen^^ntion. A great nurnher uf dNIicull Huhject^ arn diKciit^cd 
in ft vary small space. Tliia could only he achieved by prejieiiliiig nmny 
mnlhomaticnl theorems witliout proof. 

This laek of proof iimy, however, Ikj cnnfudng io the render. It would 
liftvc been posi^iblc lo give, for inj^tauce, exact proof of l)ie rule for llm dif- 
ferontmtion of a power if the hi no mini ihcorein Imd l>epn intrndnccd. Tlic 
Authors should have included thin llLeorcin alsu Uirauf^i of iu great iinptir- 
lance for the student of sUliHtics and probuhilily. Cln the whole, the needs 
of tho student of stalislica nro ftontowhat ncglcoUnl; line only staLialicul auh'' 
joeb used as an oxainpio comes from the ilieory of siniplc rogrnio<ion. Other 
proofs for rnleu ol difloreiitiation could nho liave hean given without too 
much trouble end witlionl adding oxcessivcly U) the hvjlk of llm honk. 

This book cortniuly fulClIs a very useful purpoNS m an introduction to 
colculuB for tho somewhat malhoinaUcAlly inclined und inlorcaUut ncononiiHL 
It is particularly rccommondecl bocause it ift free from the prenneupation 
with phyaice and especially clostiical ineclmnics which diuraolerizes ulniosL 
all inlroduolory calculua books. A knowledge of Iheac Hulijcels is of no 
great iinnortariCG to the econennist. Ue will stive hinmdf time muI nrmeces' 
Bary troublo if he uses this introduction to culeulus wliinh ulilizes exclusively 
oxiimplcft from economic theory and JuathcnmUcal staliiilics. 

It wo compare the prcHcnt book with other avaihtblo iutroductionw to 
mathematics for economisU, it Appears Ihflt it is woniDwImt infrTior to 
H. G, D, Allcifs Afol/iema/ictff Ann/yns for Krouomul^ which is generally 
considered tlio classical treatment of the auhjrct. AIIoii'h book covers a 
much wider range of nmthomalical theory and also gives an aliiioHt coinplelc 
survey of tho trndilional theory of nmlliemalical cronomicH. Another linok, 
Elemenla of MalhcmoHcn for SlndcnlB of Kcoaoaitrs and iSVnffdirs, by 1). 0. 
Jones and Q. W. Daniola (University Presa of Iiiverjiool, IiiuKlon, 1020) is 
also eomowlmt proforablo. Uut both of these books aro written for I'lnglish 
atndonta who are ablo to approach college economics witli a bettor liigli 
acliool education iri inathonmlics. Kcnco, it aceins that tiicy arc not as 
suitable for tcnchlug purposes aft tha present book. 
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AM the exrtrtiples incluckd are Artificifilly constructed , One may wonder 
why tim nuUiorH have not imcd some of tho rcauUs of recent empirical eco- 
nouiotric rcHoarch. Tlioac would provide ejccellcnt examples for nn introduc- 
tion to nmtlieiimlicrtl and Btutistical incthods. The authors could have used, 
for ioHlinme, some of the empirical demand curves eBtablishcd by Henry 
iSclndl?., Die production functions of Paul Douglas and Iiia Bchool, and tho 
cost fiiiicliorm nstiililiHlied by Joel Doan— to mention only a few posBibiliticfl. 
These niiipirical resviIlB should take tho place of tho artificially constructed 
exainplim. They could be expected to appeal morn to tho students of cco- 
noiiiicH and HtatistinB and atiinulato in them an inclination towards em- 
pirical rcsenrcli. 

On Iho Soiulion of Normal Eqiiadona and Kolated Topics. David B. Dunca?i 
(Pivwictt Hflioliir, University of Sydnoy) and John Kenney (Univcrmfcy of 
Wisconsin at Milwankec). Milwaukee 3, Win.: Book Store, Univorsity Extension 
Divl-lnu (023 Wi-st SUito 8t,)» 1040, Pp. iii, 35. $1,00. Paper, 

IlKviRW uv Walter L. Dbembu, Jii, 

}J, Colonclt Air Corps; Chief t Dcpart7ncni of Siatislics 
AAP »SViool of Artah'ori Medicinct Randolph Pic/d, Texas 

rpiiK preface to this monograph statca that it is "iiitemlcd to servo as nn 
jL intniduetiem to modern conipuLationul incthods. . , . Wo explain the 
inalrk tlicory that is useful in this conucotion and then describe soine of the 
‘cumpimD iiudhodH which have been developed rocontly, including the useful 
^Hi|i)an‘ root' jiietliod/' 

Actually, it is an introduction to modern methods of computing the iu- 
verHo of a matrix and to computing tlic Holuliou of a set of siinultnncouB equa- 
tions. It in not an introduction to modern computational methods in goueral, 

Wliat the numograpli does is to give in 35 pages a very clear and detailed 
explanation on an exlromely oloincntary level of how to solve a set of almul- 
UnenuH cqualionH and how to got the inverso of a matrix; it also gives the 
matrix theory, bo that with a very amall amount of study a bcgiimor can 
Icarii to do (Im computation quickly and accurately and can also Icaru why 
each step is taken. 

For Bomconc with no knowledge of matrix algebra, this monograph is an 
cxcelhmt introiluction to the general concept of matrix theory and its 
application to the solution of simultaneous equations. A thorough study 
of thin hook will give even tho beginner erimigh background to proceed to 
more advanced material on matrix algebra. 

Thn fust two jHigcs explain how simiiltancoua equations arise in least 
Hf[uarCH theory. This ia followed l)y twelve pages on the more elementary 
propt'rlioH rif malriocH and dcierniinantrt. Tho general concept of factoring a 
matrix afi a iirelhninary step to finding Dm solution of tlio otjuation or to 
finding un inverse is then developed. The next fifteen pages arc devoted to 
an explanation of the Sfinaro root mctlmd of solving equations and getting 
an inverse. This part of tho monograph ia particularly good. The exposition 
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ia very complclc, nnd enough dolall ia given, wUh nurr.eiical exATupltsH, m 
that a beginner can follow il with lilUe Irnublo. This fps follr,iWf(| by two 
very useful pages on Iho mcllioil of moving tlrrinml j‘'Oinl.'« Ui fAcilitslo 

coinputnlion. Tlio pampblcl ends wilh Iwo ingca on 

equations. 

The nuthora develop no new theory and make im elaim to nrigioality. 
They have quite wisely refrained from Irying lo psjdain llie wide voriety nf 
inctlioda now nvalinble for contpuling an inverse. Thoy have chown n 
niclliod which they believe to Im one of the Ijort, and have explained ilmi 
rticlliod in dcUil. This reviewer Itclioves llml for routine CHlenltiiinn by 
clerks there ore belter luclhodn tbnn llu' miiiare root trielhm), but even if 
this is true, it is not a scrioua flaw in Ibia inonograph since after studying 
this book the beginner may go to the libwalure (there it a fairly eomplcto 
bibliography given) and make his own cvalunlion of inclhrHls. 

It is hojud that n consolidation of the iwriodical literature on the theory 
and practico of solving siiaullniicouB equations will soon appear. \Vheii it 
does, this book by Duncan and Kenney w*ill be an ideal eoniponion to il. 

Unfortunately, there nro s nurultcr nf misprints. Some of llieiii will cause 
no diflicully even to the beginner. Others may eauKC the beginner noriic 
trouble, imrlicularly those which occur in iiMmerical examples where crosa 
reference between lltc data ond the uiteralions of iKilulinn is mndc dillicull 
by grows errors in Iranseriplion. A nuiniser of such errors occur rm pngca IH 
and 20. A list of iiilspriitls found by the reviewer follows; p. 0, line 4, fur 
eeli4>nn read row; p. (1, otiualion 3a, for 0 reatl (?'; p. 13, cxerciesi I, fur «upcr- 
BOripb 6 on Mnol<anc read S; p. 14, equation 21, first er|pnllon, for gn rend 
ht! p. 18, equation 20, second aquation, rstnl (pi->sitt'i)/su for Pi-stsl'i/sn: 
p. IS, line 10 (.««« • ’ • ). read .183 for ,777t p. l», lino ID (A-,« • • - ), read 
2.03 for .777, add to end of expression ".777; p. 10, line U) from ImtUmi, 
for (0,023) read (-'0.023); p. 20, lino 17, for /I read 4"; p. 20, lino IS, for A 
read C; p. 20, lino fl from hotlotn, for .777 read 2.03; p. 20, line .*> from 
bottom, for —.037 rend +1.00; p. 25, lino 8, for .132 read -.132; p. 25, line 
fl frosn hollosn, for (.3G4)* read (-.280)*; p. 25, lino 3 from biAtoin, for 
(.030) rood (.030)’ ; p. 30, oxcroiso 1, Iho ninlrix given for A“‘ bIiouUI have tho 
decimal point of each element moved four plncoa to the left; llio values of 
the wi nto correct ns given; p, 32, lino 12, (or x' read *; for U‘ read U; p. 32, 
lino I'l, for 10 rend I0~*; p. 33, lino il from bottom, for J* rend U. 


Oovornmant Statistics forBusInaes Use. Kdilcd by Philip ht. //a ussr (Assisi mil 
Director, Durenu of (lie Census) niid ll'iUiam R. i/sonard (De|uily Chief, Divi- 
sion of SUliBlicnl Slnndnrda, Durenu of the lludgol). (Wssbiiiglon, D. 

Now York 10; John Wiloy if Sous, Inc. (+10 Pourlli Avo.), 1010. Pp. xvi, -132. 
16.00. 


Hbvibw nr Wit.uam A. Broun 
Pro/mor oj ZfutinM* iftafislics, Sianford Univertilg 


T ma book tolls what information is availablo from Iho redcral Govern- 
mont, tho agonolos from which It oan bo obtained, and waya In wliicli 
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it Cftn bo opplicd to busincRB nnd economic problomB/ according to the 
jacket. More precisely, it is a descriptive reference book for business menj 
aoinewlmt incornplcU and loosely organized, but never Uielesa a valuable 
guide to Iho principal types of government data useful in management, 
production and niark(5ting. It is written by twenty government Btatisticiuna 
(Rcventccn of tliein from the bureaus of tlie budget, censua, and foreign 
and donicfilio conimerce) wlio are leaders in their fielda. Tlio book is properly 
divided by aubject matter rather than by government agency. Chapter 
hendingrt incKido general business indicatorsi manufacturing, mining, agri" 
cuUurn, wholesale and retail trade, international trade, public utilitiea, 
corporiile fmaneial RtutemenU, money and banking, prices, population, 
houHing, and labor. 

The treiilmont is primarily descriptive, with tow tables or charts of tho 
data tlioinBelvcH, A imcful dUlincUon ia made in some chapters between 
“Ixmcliiimrk” statiHlics {cbicny coiihua figures), current datftj and special 
s\uvcyfl. War agency Rtaliatics of ephemeral value are properly omitted. 
Units are enrefiilly defined in many iustancoa (for example, “wholeRale 
prices/ page 30H). Some of tho writers also describe the gaps and defects 
in Lha available figures. 

A praiseworthy effort is made throughout to show tlio general uses of tho 
data ill buHincHR, chiefly in general management and marketing. Sometimea 
ffpccilic applications are nlao cited. These range from netua] caseS; such as 
tliiit of a publisher who matched aubscription lists against census schedules 
(p. 3fi7), to more unrenlihlic BUggeslionfl, such as that tho operator of a 
HMiull grocery store should keep a Ion-year monthly chart of five general 
price iiidexcB (p. 318). 

)Vhilo tins book is of average length and contains much excellent ma- 
terial, it is Hlill fur from complcto as a aourco book for business statistics. 
Little reference Lh made to important private sources of data (except for 
mim^ralK) on the iiisunicient ground that “those sources are generally well 
known'" (p. 10). Liven within government sources, “it was neccBsary to leave 
out many atutiKtical seriea of direct interest to business” (p. 16). Further- 
more, wlnle xoioc topics, such as national income estimates and the popula- 
tion consuH, arc discusRed in detail, many others receive such fragmentary 
treatment an interest rates (pp. 287-'280) or “Foreign Commerce Weekly con- 
tains frciivuMit articloB on variovis aspects of foreign trade” (p. 109, 
quoted in full). The buRinnsa ocoiioiiilst or statistician may also feel that 
the book is ‘Svritlon down” for the small busmoas man. For example, both 
forewtud iunl introduction altGni[)t to justify the use of statistics thcnisGlvea, 
and chapter introductionH point out tho iniportancQ of such topics as manu- 
facturing, trade, ami pricoH. 

A few writerH understandably stress tho virtues of their own bureau s data 
(for example, national income as a business indicator) without enough atten- 
tion to the liiniLationa of their e.stlmntcs or tlic contributions of other 
agencies. Those who diacius tho work of othora are apt to be most objective 
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md critlcftl. The ^eilnna on manwraelnrinir* fjrianrml 

and brtiikinK nm HinmiK tho \f^^l in Ihi^ r^-pprci,, 

A final dnlici^^iii ro/lectH llie difllciiliy of Hsling ff ijsanv 

pendent conlrilnit^irrt. Thero in ftoine nnt-vrnn*^'?'^' 5rr'?al^j rr4, i^'irh m in 
the induHina of illihtrnlive Irihlrp. wnr agf nry fid’Si rl v^, rtfi, - 

eificiiUon wtlnn dliaptvn*, enM« citrilinn^^, and Nvr i3iTi(ipjii^ rd figh^r^rt n nU^r. 
In some of tho Inlter Hich an rdti«l ir^ri" rued 

(pp, 11‘1, 30/)), minor tlif^rr<‘(iiinrir'-*i indirrdf^ that jw^-rli^iyi^ 

have nnl hm\ rro^JSr^rhrrJiPd. Tli*' iivh'?it, h nn nitj in n?oM^ 

n hook of ihLs kind, Mlmnhl 1>e iBiore ih'Udh <1 nrjd ri^vi^n-rlawRiJ^rd, 'I h*" hiMhiK- 
raphy, ton, might wdl hn innrif* cninplid^, and rH^KftiSird hy i^iahjirrl r/dhiT 
Ihnn HniriA as (lie hm^k 1^, 

Jh^^^pihJ liae)*e liTnitatinilis, the honk prorifln^j hnlh the luidm^M u.nn lajid 
the *4(^thlimn with n vnUmhIe aynlhi mw of griv^rn^i^r id rlahi. Wiih 

the VTar f^tiiuulun in fnrt fiiirlinK (t^n([K*rrn| hy {]w lYd^^nil Ih A'^ l *>f 
10-12), the current nmhUuiU9ronHUf< prcigraiu^nml imprnvc ij-if niw in ^avupUMK 
tcdiniqueH, the govern irieiit*« KnUj'lienI aidw to lm^ine^7^ tlmuhl puuiiini^ In 
inetea^ui. U its liopcd Uml ihm YoUinie will W mipitHnrni;*"4 in Iht? (ut\ire hy n 
fllill iiinrc coinprolieiiMva nnd critiral *njrvcy of government and pHvnt^^ 
conlrihiilionH to Hlnti^llrN. 

Chongealn Income Difllributlon During (He QrcAt Dapresdon. HruM .Vrm/rr^* 
hnmen (Pnifrwr nf l*><inonnrr«, Ik^uniiigUm rfn lUwc»r)rr)i 

in Jftrome and WealUij Htiidlc*^ in Inrome nml W(<ni(h, Vid. 7, Xew Y*irk '^3: 
Knliorinl Kiinmu nf Keniinmln ne^^flarrli, Ine, (11(10 nnmdwA>i, lOHV Tp. xviii, 
108, $2.50. T uo nview^ /nMoio; 

Ukvibw i»t Moiiiun IK lfA^nl;,s 
dnirieCrint (n lh<i fliVccfor 
/Itirrnu nf f/cfiaur, iriiiffi»ip/nrt, fK C. 

T iiiH Kludy of the dieingea in income diNlrihiiliiui ihiring the ile|»rr'^f*inji 
ycnriH i« lja«nd primarily on an ftimlyaifinf inmuim dnU refmrl^sl for lndli 
1020 and 1033 for ukntind riiiiiilicn. Tlio^ datn, whirli ^hnw ihn jnliil ilis' 
trihution of 1020 and 1033 income for a aaioplo of familii''^ in i*iii’li nf 33 
ciLion, woreol)Linnf!clflft ftparlnf llio Mimndal Xiirvcyof IJrhnn JIuii*'ing Inkmi 
during 103'L Althnugli there \% little infnrinalinn dicnving the inoimiri^ rd 
identical finnilicw at difToreiit time pcriodfi an effort in nmde lo bring wliut in 
uvaiUible to hear on the proldciu in order to verify the inferenecH drawn. Tln» 
author obtains NUiniimry ataUhtioal deacriplions of the data and formuhilo/^ 
imd tcwlH hypolhescH concenniig the nulure of inernne dnfU d\ir5nH a prrind 
of economic nucUmtioriH, with prinmry ntteiilitin centered on n |ieriotl of 
filiift from prop^perity to deiiression. Thu unulyHiH in on iiilen?»ivc one of Ibe 
nvailoblo daiu. 

The real of my rcuiarka will deni primarily wUli the iiiOthoilH employed 
TAthcp limn tlio ecoiiomic Hignificance uf tho findingrt. 

It 19 difUoult in reading lha book to dotcrjnino whcliinr it in directed prw 
mnrily at one intcreated in tho methodology, or at ouo intcrcatod in tlio oco- 
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nnmic Uu‘ory involvcrl. I'or one concerned with the methodology, the book 
Hhonhl he of imrlicnlnr intcrent an it contains a full exposition of the lech- 
niquoH of ariuIyHiH einployod, and the reasons for choice of various methods. 
In addUion, nllornalive molhodB of analysis are carried through to in- 
vestigate whether a dilTcroiiL approach to a measurement being made or an 
hy [lotliesiK hiung lOHled would have led to difterent concluBions. For example, 
chiuigeH ill inrfuiie inequality arc studied both tlirough using the cocnicient 
of variation an a t^mnHu^o of inequality and tho coefficient of concentration 
(linked on the fi»ean of the difTerciices hetween iiidividunis, disregarding the 
direction of the difTeronces). In chapter 2 a particularly interesting method 
of nnnly/aug cliangea in Ihc sections of the income distribution is introduced. 

For one prifuarily interested in the particular hypotlie.seg explored and the 
ecomnnic significance of the analyhij^, many useful results arc presented; but 
the diNcu^^Hifum of methods and of economic intorpretaiiong are so niter- 
fiiixcd tliroirghout that it is harder to read than would have been tho case 
if the inethndologiciil asprclH had l)con concentrated more heavily in the 
appiUidierH and less in tlic text. 

T)i<^ author was limited to data ahead}' available to him from existing 
Fonrccf*. As a con«r(|nence, he had to use BUch data witli ^Yhatcvcl’ defects it 
might li.ave for Inn anulytiral puri)OHe.s, The sampling carried out in 3a cities 
iit llie Mimni-ial Hiirvoy of llrban Ilouaing was m?bject to a number of 
bia?<rMK. dm* can never he completely mirc in aimlyzing such data exactly how 
vidirl his i rnirhiHonH will hr, hut the author altcnipta to determine and indi- 
rale tin* proh.uldn /mture of any biases in his results caused by tlio kind of 
original data lie was working wltlq and he succcedH in making cffQctkvc use 
of the nvailahle infcirinatuirn 

WJnIe higli >ilarniiinlH of nnalyais are followed for tho most part, there is at 
least one major point in wliich a soriouH miflinlcrpretation has been made, 
anrl a nnmher of minor pfiintn in whieli the analysiB may bo quoslioned. 
The /nineipjd predthun \h in cha|iter 1 in tho aimlysiB of changCH in the 
average irieoino level of cilios. The aullior draw's the concliieion based on a 
regrosMon umdysiH that eilies with low income level in 1920 have a greater 
rrliiLive flerliin* in income limn cilicH with Idgh income level in 1020 (see 
pages 10 ami 2(1). lie hIiowb that the regroHsion ol 1033 average income, Yj 
on 1021) average income, X, has nearly the naino slope as the line through the 
origin liaving a .slojm of the ratio of the ineaiiH, but the regression of X on F 
lias a very much steep or slope wdth respect to tho X-axis. Ho properly con- 
chidoH that thoH* two linoH would have been identical had there been a 
[larfac.t cnrralation l>i‘tw('i*n -Y and F. However, ho concludeB that lack of a 
parfiM't ciUTchitinn ariHCH from errorw in the ohsorvatioiiB and that the true 
lina would lio ^“ 0 ! in* whore hfdwreii lh(*s(^ two httcd lines anil that cities with low 
im-oma lovidn in 1020 liad a gioaLcr rclntive decline than citicB with high 
incfinm li*vrln, I think lliat th(i lUiatysiH and tho concluBion in this case are 
faulty- If llm only rrusun that individual cities did not full precisely on a 
Btraight regroHsiun line w'Ab hceauKo of errors in mensuring the average 
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incnmi'H in Ihw. Ih^i^n Uie nviTiKhirt uwW A^’l^tjTsUy, 

lints-(!V<-r, If lUr* nwruf^c^ niy incnuj^f^ w^r’ jirrri .rjy T-r riiy 

cacli yoiifi llior^' hUII w«iM Ik* a ilij’jvrry)»»n h^i*^ an<} 

uh no.’ll 41 ?^ much if* iti 'J ru^j^i in IIik ni^» 

ftf^rv'ftlinnn prnlm!)ly contrihiiC^' rrliiliwly liUlr* rnrfr|.jiiifiin 

belsvwjn 1020 an^l 1033 RYtjriii^r^ iuc^utiVK U U'tr, {hr* 

gwsiiiii lo hiivc wm\ c^<»mp/ir<‘ tli^? incMjr.r h vri in f-»f citirf* 

Imviiij^ ft guTFi sivcrftK(^ income* in lUJO hf Ihei rj J5KU rn^M^o 

mconiG nu 1020 nverng^* inconin. 

A h\y olhor relatively ininn-r critiri»mRi fshnul^l Iw* niiri«!o mf hh rejiinrk*^ nn 
ivieUimluluKy. 

()n page 23. in (liHcim^ug llie* nioft-sureuieiuL nf Uinmiv inrr|Malilty. ihe rela- 
tive nu*ril*i nf Urn *5lrtnelnr<l dnivialhjn «nel uf the sur^in nil ulirfer- 

cnraR hn tween irnli\irliiftl fanjilinn niv rnSfi|Kir# ^1 r^f jrK'KjurjIity, 

It is remnrkeil that the fttanclnnl itrvmthm ifi‘<if tslilily |^*r';4ure iif il?i 

high dimpling «Uhilily. Thi« higli hmupliHg ;^l.ahihly, in hwi, i-.»n 
uf the HUiiuhinl rlnviaiiifm in Kniupling fr<^in rinrnnil nnd mhun nihi r 
lalioit^ hut Ui« Ktainlnrcl Jevinlinn risfiy nr umy rnil Imve Inghcr «,rirnjOuig 
fiLnhility limn ntlirr rnnuMjreii nf incrpjftlity when Minpliii]? fucnn wlninritml 
diKtriluitirms «tncli ns thn income difttril^nUon. 

h\ ft few inslunces Ihroughmil the vnUime, lewUnf rigmOranec nrc nm^h* 
fiqiaratHy fur chHi of Ihn 33 cilicB, nml the rfiiir1u*^inn h ftintrfi in terniP mivU 
nii, on page 70, H)in cDrrrlfitiaii is frlftti'^tkally %nifirftnt mi ilie ft j^rceiit 
prulmhilifcy Inv'cl in tho throe casew Uml^hnw ilie Inrger rurnimVrit^^ uf mr- 
rolatioii,'' Tlio iftfllvittitnl tof^La of filgiiificftiicn Uiiml nii Itm lurgrr iliffi ronr^K 
ohHcrvdtl among a fiot of oliMwva turns nre imprn|>or. 

Agnirii on pngo 101 nnd (hn tnp of pngn ]0i% IhnaUimnont in nuule (Iml ft 
proper teat of diBcreprinciioft of corlmn cih^orvolioiis frurn n line of regn pHnn 
would eiiUil ftii ftimlyi^m of Vrtrmncn for cncli city mniplr^ Inil thril fnr terli- 
tiiefil rcftBon^ tluH type of unaly^iK wan not carrietl mil. TIk* lerhninil n ukoiih 
citexl wore that tUe dialributinriH wore fur from nonrniL AotuftUy, tlu* typo of 
tnnl propo,sc(l will ho n valid tnal wlion donling with Inrgo HumpleM whtdher or 
not tho hidividunl obaervalioriFi ore nornially diKtribulcd, ami lftrK(* KiniiplcH 
Were being iiml in Urn iiiwUncc. However, the prucenH thnL waK fulluweil fur 
dcftling with Uiih problem wan qiillo aflrquato fo that no ronfuHun in (ho 
ftoftlynm or hi the coucluHious that were drawn refuted. 

There are other niinor errors tliiit have no j«ignifir.Hii( eflncl on the eonelu- 
Biom from Iho analynia. One or two fflip.s Sn the text may Cftuse ruiifiiHioii. 
On page 100, forinnla (1; 2) Rliould ho <r* iniitoad of tr. t)n page U13, it is 
stated tliftt **It oait easily bo ahawn that the tirea of the juilygnii AJiPV in: 
t +flu\V^ \ aGlually the polygon referred to alumid Im Al)(*FIi. 

On tho whole, tho nniilyfoin in a careful and acliolurly one and conlainK an 
cxQollont bogmning in a HqUI whoro more analyaia niid improved analytioal 
tools are ncodod. 
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IlRviRw nv John Lintseh 
A^aintnni ProJcHor of Finance^ Harvard University 

rpMiH liofik ft vftluftlilft addition to the Bcries of stiidicB of income and 
X woftUli by ii»eniljcr>H of tho Hlaif and conauUQnta of the National Bureau 
of ICcunoiuic U<!hTarch. In tlu> i)rcficnt volume, Dr. McndcrfihauBcn adds 
very mil)p<tftuliftlly to uur kiiowlcdKc of fluctuations in tho size distributions 
of family inoimy incomes laslwenii prcsjicrity and dciirosRiom Tho study is 
based priiimrily on nn aniilyHS of tlio valuable data on incomes of identical 
fiuiiilirs in 11120 and 1933 Hiipplicd fur 33 larRe and niiddl e-si zed cities by 
the rimuu'iiil Survey of Urlian Ilousing* Infornifttion from this Hource is 
Hupplomontvd by income tax MlalislicH for the United States, Wisconfiin and 
Deliiware, ftiid enriiiuRs data from the Socinl Security Board and German 
ijiconic and waj^e data. iJr. iMcndcrrfluuiKen'H work is thus based on a broader 
rmi^e of dalu, Indtcr miiUMl to his imrpoKc of aiudyziiiK the clianging fltnic- 
turu of the cjitirc range of the ineoino distribution, than has been used in 
ail}' /in'^'iONs flindy. The material is haurilcd in n mrofid and competent 
luunncr. Morrover, the whole analysis is enriched by a considerable insight 
into Urn ocoiiojiiie forcr?s which produce the observed changes in the over-all 
distrihulion of incoinrs, ftn<l tim interplay of olmngcs in clilTcrcjit parts of 
Dm. income Htruclurc, The important new information and analytical results 
presented in this study, as well as the suggestive cliHCussion of their sig- 
ni(ii:iiiuH‘, and tlin priddmiiH raintul for further investigation make this work 
iinporlanl rcfuling for all economists. While at many points the exposition 
in involved and fliHicult, readers of tho study will be well repaid for their 
effort, 

Kc.oJiomihlH arc concerned witli changes in the distribution of income 
recH|)lH uf tln ir Hignifioiint M'elfaro implicationa, and also because 

in the? difdributinn of incoino may be expected to alTcct the volume 
of ftggn'gftlc flcnmmlH for consucricr goods as well fis the volume and coni- 
poMtiem (»f new .saving. Through Lhe.se fuctorn, changes in the distnbuiio7i 
of iiu'ijmc: will inlliicmto I he Icirl of total income payniciitn, business activity, 
and (im[doyuMnd, Shirts in the flislribiiUon of income jjifliienco aggregate 
den lands for coiiKuniers' goods and tho volume of saving because dilTei'enb 
incuiiic groups t**nil on the average to spend differing proportions of their 
income cm various goads and corrcspoiidiugb^ to save differing proportions 
uf their inemue. In order to refine their csliinnteB of the total demand for 
couHniners' g<M)dH and the level of .savings that will tend to be associated 
with different levels of lottd iiieomo iiayincnts, economiBts therefore need 
to know; firel, liow tbe lolid iiicomo will be diRlributecl between dilferent 
iucoinn griuips; and Hccond, l»o\v thcHn differont income groups will tend on 
tlic avitrage to jdlociit^' their incoiiic liotwcon different typos of saving and 
expenditures nn varitiuH cfmsumei'rt' goods and Kcrvicos. Mendorflliftuscn^s 
work is c<inceriied ex<'hi‘^ively with the first of these two types of information. 

llirt imimrlant conlriliuliniiH in this respect are three in number. In the 



810 


AMKHirAS* fi>rATlWar*Af- Awnf1AtJO^* 


firat pluco, hifi nm\U indicAi4^ llmt, ct^hliary Ihu 

relative dwpcjfhKJn or '“inEjf^ualily** of ll*<? inroi»?r a 

UsnUs l<i v«ry inv<THH]f wUK Ui« uf Mvrr Ihc 

cycle. Incoiriei? Und Ui l>c rclalivfly more uiri<?^j:n0lJy •! in rlcf^rri^ 

Rj«n thnii in proHi^ority, The l'‘irijinri;d iSurvcy iJiita, d^Muhrig dec line* 

from 11^29 U) rJ:jlh j^how Hint in lonr^t M of Ihn ritS^r^ inc<nnr» inrijufiliiy 
RrcjiU?r in tlin kttcr yiynr, nnd llic pnjijdf?jnrnlaty dniU MndiH l^nd Ji- 
ornlly In show n MinUnr l4?ndcney in iK^ritnlR *4 failinn lAKomf Tin tip- 
ple men tnry dnta likcwii^c Rem rnlly f*lir*w a drrlino Jn in^^^junlily of llin 
entire iliHlrilmliim in yenm nf rW\n% in i\ih r,v4^ r*\« 

ccjiUoim ivre Moiiicwlmt innrc frcHjwenU S^nim nddiiiojhiti j^npjHirt for Urn 
hypulliCHis Lhrtt incniiio im^jualiiy drcliiirm with infojD,^:^ may Ik*. 

founil in tlio rerenl Haii*pli»g i^urvey rninhnrl^d hy Urn rix^j^irt^Hnit t,i Af^ri- 
Gulture nml I he Federal RrNerve Rnanl, which irtdir.aU^f^ lhal for th'* TnU^d 
StaUrrt M i\ wdndo the (lini index of iiiGiinality at »»IS in 11115 roo;- 
pnred with .47 in 19U niul .-JO in .18. Unwr^ver, llif npjmTr ril hnhirc 
of inequidity tn iletlinn Wlwern iln? Inllcr Iwo yrar?? aj^ain FomR 

doubt on the validity of the liyiKdlieHM?. 

In thifl ccuuiectiun, MomUTv^liawMi m u% ithqw Oml the 
tendency he fiinU for the innqunlity of ihr* entire hunnjo di*drihuliioit In vary 
iuvcrwdy with the level iif loUl iucomt^is U j.-^rfcrfly foii?d«U'nL witli 
the lindingH iif earlier f^ludieH Unit (a) Lite iueqiiTiliLy in llio di^«lriliuliMii of 
incomes over $5,00(i, find (^) Urn tilmm of Urn U>*\^ iCl **f inrmno re- 
mpientH in Uital iricojne payiitonU hath vary dirr^Hij with (ho irvr 1 nf ng- 
grCKalo iiiccmic^^. Ind(Hiit, FinoncinI Purvey dnln hIuiw Imih ih» m* Iniler rimr- 
acUritstic^ which relntCr however, only to in Uir; in*"rnndily of ihn 

upper part of the income! Rcnic. Am rinrlcicwic!!; Imd *«lmwn, clmiiftrM in tin* 
inoqualityof tUo entire income dUlrihulum dc\ir!nd rm ilic (writthl- d) clumftCH 
In iiiRquality within bolh the up(K*r nnd lower groupM iif inmnmf^ im widl n« 
tho chnngcs in the rclutivo inenn iHConica l»ctW(*oii the gnnifH. Withnnt 
cxccidion, McudcralinuHcn'a dutn «h(»v Unit the inequality wilhin the hiwvr 
50% -70% of income rccipienta wart RrrmU*r in limn in K)2lh and Itmt 
the redaUvo differonce in moan inronies of tlie Iw'n gruiupH had incn nH'd. 
Thcfto two effccU were aufficirnlly strong in inortt c.a^CH ti> nutweigli llie n'- 
diiced iiicqurthty among the uiqier range of iuemucH. Incqmdily of the whole 
diMtrihulioaR consoquontly inarcawl. Tins annlyairt U impnrlaiit hermiKe it 
omphasi/ca the danger of imputing chrmgOH in pari of tlie di^-lrihution to 
the whole rniigo of incomes, and hmuinn Mriiidei>lmmfvii’s giuieralii'.aliMn, 
if later connrmcd more fully, would bring the enipirrefil rurtulti of rnluh'H 
and olhor atudios of the ofTects of changing iiiiMumlity of iiiriuiiea u\\ nm- 
Bumption oxpciuliture into ngreemont with Urn eHlnhliahed lunly of ecoiminh*, 
nnalyam. 

h'Tontlorsliaurton'a bccoikI major conlrilmtlon lioa in Ida effort In rx(iiiun 
the observed changes in Uic quQuUtfttivo characietiaiicrt of diffcTont RcigmcuU 
of the fiizo dmiribution of total fniiiily incomes by calablishing piitternfl of 
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clmng^ wilMn tho upper awd lower rungca of the sepnrate clietributionB of 
different rjualitnlive typOR of income. For instance, the greater inequality 
nrriong lower innmica fhiring depression is traced back to (a) the expansion 
of uunni])loyinrnt, {b) llio Rrealcr iiuporlniice of the income gap between 
the enifdnycd nnd tlm unemployed, (c) the unequal incidence of unemploy- 
moiit ainoiiK tin* hnvnr and tlie more highly paid workers, and (d) the increas- 
ing lueiin difTeronco in tiio wage rates of liigli and low-pay jobs. This annlyaia 
reprcfi^Mits a higriilirunl lulvaneo in our undorHtunding of clmugcs in the 
hnsvr purl of the ineouin dislributhm. 

Wiiiiilarly, MendershauMcn rxplnins the changing distribution of the upper 
gr<iups uf incoino in Lermn of (o) the Lendoncy for income from i)ropDi‘ty to 
fluctiiaU^ cvrlirally morn limn income from work and (b) the fact that very 
higli inooinrs usuully include more income from property limn income from 
work. While this oxplaitulinn is jirohahly ncccplaldc in very general terms, 
it irt marred hy the fad that property inconios are made up of such hetero- 
gf'iuifiua types of return as dlvidciuts, rents and royalties, interest, capital 
gidoH iiiimis capital losses, and *'othcr income. These diffnrent types of 
pro|Wrly inrorne lire known to have different patterns of change over the 
oyrlc, and lliu entire explanation of the observed clmngcB in the distribu- 
tion of large incrniics would Imve been substantially improved if theso dif- 
fcmnrcH in tlie Indiavnir of different types of property income had been 
Htudii'd ami iiilrodunul iniu the lUiulysiH. 

TIiIh effort lo estahliHli jnittenis of change in the distribution of different 
HUidUative Lvim-h u{ iiieoiiies reprciwiils a iiiohI constructive atep. Mondera- 
hnuHon Hinjdy doe ‘ii’t push his analysis of the behavior of different factoral 
iuetniiOH far enough, parlimilurly in tlic case of property incomes, Neverthe- 
Im pro.*<^*iilM n vitv suggi^slivo mid lic)j>fiJl arndyisis ns far ns lie goes, and 
it is to h(', lioprd lliut his work will stimuhac further study along these lines. 
Snrrdy IhiH Ivjm? of analysis is an indispenmvhlo suiiplcmcnt to the study of 
*‘iiu!oino gismruting funidions’^ Huggested by Marschak in hia preface, 

Tfm third important eoutrihutioti of Alcindersliaufien’s study is to provide 
for the lirsL tinm in Ihi* lilvruture asludy in quantitative terms of the changes 
in Ihf* relalive position of individual families in the income scale between 
prosperity and depre^^sion, Kvoryono’s income docs not change in tlie same 
proptirtioii over the cycle: Home families in each income group in a base year 
gain in relative ]ioHili<m, and others <lrop bcliind. Data on tiiesc shifts are 
provided hy the Finaneifd Survey in the form of a joint distribution of 
hiinijiled fuiiiili(*H hy their iiieonio in both 1020 and 1933. Mondorslumscn 
limlH timl Imlli the absolute niid relative diHpcr.sion of the 1033 incomes 
of Lho4(^ faiiiilies in ttie highest ami lowest income gioupa in 1029 arc greater 
than for the | \):\:\ ineomCH of the ceiitml income groups of 1929. Interestingly 
oooogh, the di verity ^>f the luglHiicomo families of 1033 ^yith respect to 
their former ineomes is less than the di.siierHion of the top-incornc famiUca 
of 1920 with reHpecl to their subseciuont incomes, rcrhfip.a tho most sig- 
nificant OndingH roluLo to the analysiH of "favored" and “disfavored" groups 



CTArif^TJr.M, AMmnATlOK 


018 

— Iho!^. ijacomft grmipf^ ^hvm ms^an ih^. 151 ttr 

\m than wonUi have* yim U allownw wrrt«? F5iji.t5^«n1jr {ur 

in tho JftvnI nf UtUi inpomei*, Ihft ch5iTiR<^-j is 4 c<jHiahlv wf ih^ Mial *5j"?lrjlrAjU'm, 
ami Lht* ^hifU in rank of Ih'C lUHrilmiJtfn a tHirii ihr' U^L-^h r^J Dm 

standard, lino ncdiwnts nf very Inw aim! i^nd<"?;4t»''ly hJ^h in 

fan? rplnlivdy \MUt during tht? t)iiu I j |t»w 

nnd extremdy high in mr :\^m\ 

in tnnnH ot the rttinlive Rtnhilily of difTfrcnt fjuiilldnSivr rd iurm^.v 

roUirn . 

This niinlydfi u( Uto dinnging rrlitivr |M*Fiii^-<n[ iu (!«»" UrA jiktn 

now and dgiiiTicant grtmnd« Imt ntorn wfsil 1?^ U'^fi thr* 

hilily of llif' iniU’rn sliown for Ihi^ 193 33 ilin 

full viihici (pf IhifH tyfK» iiiforiimLion rnJinni Iw^ rf^alii'^rd unisll liud^r t daln nrt* 
ivvnilnMn for tho nv^^rngf?! cxiwudihinf! nf of givrn yrar 

Income groupingRcroK^-cbt^Mficd hy lirevknifs yrar«* int-onjD^ 

Fhft Week Pfldefns ol Prices und Volume: A (fd SU<«' Wrinkly M^nc- 

m^wli nf TrapUiii^ \V, ltd'll y ami Iht^ lnd^i5N‘<nJil Av<-r?iE,^9, lUjjnHftl* lUn 

Twenty Yrnf Prriiwl 10^3 191-^^ Arlhiir A. M^frnli f?i-hi^M<f‘rl^Tidy N, Y.: \\w 
Anlhar (1507 Kirifi^«t*ii( Aved, 1010, IV ii, 32, Bim Pai^r. 

riitvrR«vr,n fi? OwR\* r“i,T 
7"^^^ AnnfvAlft 

0 ! JJir 0 af(w(i}fn *Vri£) )VA Ot 

T ura 31-pagn pnrnpliint con^kU of g liro^pngc^ exjilnnnlory »iid 33 

pftgc>4i of Inblei- The Author has nltaniptwd lij ikl^'rnilho 4^hrlh»*r it h 
poiwsiblc to forecft'^L the wt^ekly trend of the ^Cuck market hy i^ludyisig (l) 
tho U[i or down cImngOM in the I low Jon^a Induf^trial prirc jivyrngf\ mid (3) 
the diftOKea in triidinR velocity (m niea-^iircd hy ^t] 1 flrr*n per lrn<liog hour), 
it\ each of tUo five promling wenki?. Only changeiji cif trend were erpu^idi‘red, 
without regard to tho uinonnt of change. The r^ludy covcr^i the fM-riml 
Jivnunry 1, V03f^ to May 3D, IDID, whicii Inchuka 1,0^3 ^^vr-^'p» 

(ono bcgiiming oaoli week). The vnrying imttern of cluitiges in prire mid 
voliiino for each five-week period have been >itudied in relulion In llu^ trend 
of jjricea in llte week iinmedintcly following. 

There aro 32 basio pallernB, rcproiionting the number of coinhinttliniia 
of up nnd down for a fivo-wcek period. Rucli page in llnm dovtiUui to n i^inglo 
price jiatLorn, which npponrs at tho Lop of the j>age. Kuril price pattern may 
bo combined wath 32 potential volume pnttema of the mmv. elmrarlrr, au«l 
all of tho Irttlor arc reixuitnd on ouch page, I'or oxnniple, page J, itmu 1, 
pUturcB K fiYc-svcck porind in which both i>rii:« and vnlnme gained ihtr^adily; 
while on page 32, item 32, ImiIIi priees and vniiiine wrre Inwrr in eaHi rnn- 
aoouiive week. In between Ihoro are 1,IV33 other eoinbiiiuliontt of prirr- 
volmno patterne, Opposite each palti^rn iiioro is indicated tho mimbrr of 
timoa tho market advancod in tho following w'cek and tlio nunibor of tinica 
It dcclinod. 
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Kvitlpnlly Lhis wyalcm proved Aomewhot dianppoinling, for Mr. Merrill 
decided In odd Llio r(!»idts when volunic pnllcrna vivriod (from the one pic- 
tured) willi rc.xiMVl to one week out of the five. Thus the number ot potential 
fiirmiHta wfMilfl he nearly donhled. In itrocewiiiig tire rc-iullsTor forecasting, it 
whk nlivittiO'ly neceatmry to select only ouLslniuling results where price 
r.liniigi'H (in the week fi)ll<)wiiig the fivc-weok.s tost period) showed a pre- 
HtiiidiTaiien of ups or ilowns. A.s to the value of the forecasting rosultfl, the 
reitorl neoiir rnlher diffidciit mid iiicuiiiplnte. The writer in the Inst year and 
a half fniiii'l that he had "gond luck" where the difference in the numher of 
njts mid dnwrm w.as two or more, or where there wos a difference of five or 
morn tor the “near" volume patterns. In llii.s period there were eighteen cor- 
rect foreca‘t.s nitd four iiicorrecli so llial the forccaeta obtained wore 83 per 
cent arcurnle; hut rince 17 per cent woidd involve losaes, the net favorable 
rc.iult would he nlmul 07 per cent. However, Iho failure to report any data 
oil the actual amnuiils of gains and Inssc.s, with allowance for dividend in- 
nune und co'-l of iradiiig (iiicludiiiK tnxc.s), makes the conclusion mainly 
of Ihtoreticsd iiiloreft. 

Moreover, npplyiiig the, same rulcH (difrcrcnccs of two and five or more, 
ill the. artunl and near results) to the entire period covered by the book, 
l.llfiH vveekn, definite forecasts were apparently obtainable in only 101 weeks 
or 18 ptT cent of the time, a.H compared with 30 per cent in the short period 
reporU d hy llin milhor. No attempt wns iiindo to work out tho valuo of the 
forcra'-lH over the whole [icriotl ns this would involve coiiBidcrablc study 


by this reviewer. ^ i-i ■ , 

This aystem of (oreeusliiig i.s purely incclmuicnl; it appears likely that 
iiiueh noire viduahlc rehulla would ho obtainable if the amount of change in 
prirc and volume, iiislend of iiieroly the direction of the change, could be 
used in a foreonMiiig formula. This would, of course, involve o tremendous 
mmilK-r of eompulatious; hut the problem would bo relatively simple for 
Komi! of llm wonderful new rompiiling nmebines now nviulablo. Even tho 
use. of eipiipineiil, with imiichcd cards, would solve tho mechanical 
problem (Mr. MerfiH's liibiilnlions wore prepared “with the aid of a home- 
made e.'dculiaiiiK marhiac"). 

The number of re.search projects wlucli could bo developed to aid forc- 
nisliiig stock market trends is limited only by the number of permutations 
and coinbiiiatioim of published data relating to the stock marketeer by the 
energy and lime posHesved liy Ihc atudents of forccnstiiig technKiuca. The 
rrsuHs slated in ^ir. Merrill'H study are so fmgmentiiry and incompleto 
Diat liis litlh' itroehiire has lillle iiraetical interest, except that it may open 
11|1 11 lU'W field of eludy for-sludeiilHof the market. 
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ttiHM f<> i<riUr*. 

piiMijVrtff^n in Jhn i f^iiUi'*' *., 

prftimiitl}f *-rtHif"i ■'« #>y .ypf < <” i tI, 

crf0rf>t Oti^i pridif^ j^l f;^iTrf'niJy mmiI aif - KutJ 

dWp/nt Us^r i*f fa n^ a i^al gV^nf l! f r.'.ifi.'fviR iVwjrwf* 

(<#r^. wv fif /‘•»‘ ir^«’ ^ f 

ii/rfKtrx tfliiV-fe r^itnUUfi n iv^r** ir Jj*P fpi. f/7?ir'.. « rr^/l 
l)f, fr) !hf 5‘-»S^w‘ iv/ f^r /n-s? 

d /nlkr 7Tf**rrf^ i* />fffrf*j *^r^t Tii fh<> 


^BEQUEKCy ARRAYS 

M fpiiK Limii PI ilrcmlc. |^^L■r.sf»^^l 
fl'itirti I firiit CRiiip um)M R ri»):iy r*f 
till! 'IB-pwKc brHikIf't 1iy II . K. H-nft^’r rit- 

lilli^tl f rrouffiry /tJTdV'fl' //hi^kr^fan^ 
I7flc 0 j l^>tfiVjrj| iS»/wf«p|<f J H Ike 
0j SlnlhlitM ^nti dther /)i>lfiAaif(ir»»i^r, 
whir’ll wRfl pnltliKilu’d l^y lU*' 

Uitivcsmly in 1^132. VVhai 8«fwr 
calls ‘'rtrrrtvw” arc inure* r^ininutiily 
kttuwn t<idny fink- 

lions, *■ R li'rjwiiiMliiKy inlrofhjwl hy 
Lnplaccj whii ^’nl[^lny^’^| Uicm Mn- 
Itornnticidly in hin grral work, TA^«n« 
drfdtu^^u^ Iha Vnilnthilif^s rr|i- 
li«n, Vnrifl, IHl2LfH»fn.r riN 1 Imvit Imm 
n>il« to (h’lcrminc, Arrov*^ 

Wfi44 Lite rirsl dc^mciiUrv nf 

gcnoriiliim fniicilonrt writU’n in Knt^lisli 
ox|wa!»«ly for RluduEilfi uf tnalhcmAilm) 
HlAiiHLici)r. Al nny rule, \l waw I ho firM 
cxj>airUuiu <i( i\m Huhloei llml I cnim* 
uparii and 1 wnn eager to own n co|iy. 
I i^daii found 1 howavor. Unit it wan 
Kejmatny regardful Uy linnkMdlnra an 
bL’ing (niU)f-prinl, and Limt vlrlnsiJIy 
none of iny nlrUiflUcnl friemlR in llio 
IJnsled RlnlcH know of ihis booklet. 

During my vint to ICnginml, ID35- 
37, I conLiinicrl jiiy incMiiricH nliont 
Freimncjf Arrai/s, nnd lenrned ulLl^ 
mately tnnt poaHibly n enpy might Ug 
ohtained from L. ucevo «fe C-o. IddM 
ruliliflliera, in Asliford, Kent, Tliia 
proved to )m the cado, and prior lo 
world VViir ll, three or four of u\y 
aUlialmiil frlcndH and [ nhtniiipd ropiifs 
from tlilH fiourco. In May of UiIn year 
I wrote lo Iho nhove inndinUerrt In in- 
quire n’Kanliiig Lho poosihilUy of o)*- 
Liiining iidililional copieH of Frcqun\eit 
Arrays^ Binco my HimiHilciil frioiidfl 
Gontimiml In oxluhit cv dcHire to pur- 
ohftflo copies of tliifl hooklct. In reply 
to my loLtor, tlio piibliohoniflLalod that 


Si f?wijy ^l-vrk rd 

Wrtrk .^Siidl fr^Jl ^nti ?ojqdy forUo'r 

if Jr'qnif/'d." 

Ftr<^'4^n<ri/ rrvicwrd in 

\]n^ JI»0*w?iAt in lV«d IH, p]>- 

id?.! Ilfl74 I hy Jubfi Miln'r, nnd 

r^inSsiii'J** » «d Piymhfdir 

ro^’Uirtd nf BkPiiisjg pr^d-n^dii v-^rnrr- 
Rimg utid niMrre-aaSit^'n’-'SRhitg fnnr- 
Urfnrr TUr yrVio’ffl’ i^^inrhidira wilh llm 
fiiiSlivKftrig paiRKrn)di;i 

*This "RiiSI give lh*» 

itpadtr wimp i4 fn-' 

d)' « llwir 
utsB? hy ni }h^ liiaiM-iiah 

IViliWs .^n . 1 1 ^OilBSaa r » ) H ^ r-n ? l«aL IE 11 H n 1 51 
Xy}’^ Sind ii> laf'-'U's' Orb 

R«< WtpII fcWS S»» I it vijl^i*nfl 

iai<l ptrifdr-mp rif ff o4ifi-.r/iii«'<ii. 

hi OiU. nwiit rtihpf fwhK iIip pynd«*lif 

|ifc8Yri4 ti^\I t\ |«iivir tfid rri^iiir% 

hoi w|i*'ih<fr it will nvum jnni rio^ir*g**M*' 
eral uitn ff^ hir Xhp !<• nh- wiom^* 

In spilt? lif thia fnvnrAhIr rt \i*’w, Fr^- 

Arroyff n|iprftr/a lo Imvi* luu'ii 
airly widely igimml in ihe riiil**d 
HlrtU‘t<i. (In Uo* nUuT hnud. in H^qwr'H 
nhiiimr>', hy M. (irrumwiiml, pnhiifilied 
in the Journof n/ lAe /^oryof .N7<fff-(irfj| 
lip. WXU idU, we 

find the folio wing: 

, » iXivi wmk vrlikh wiUftOTtly i p 
hiR anmnrjry gri?en w’lir?n thu'w' who 
kinivr Jind hivH Mill nre rMn^inn ii H 
Frrviirnfj/ Arroj^ii, *rhr» lh»yn\ 
rnl .S'K'iT’iy linn nt kii"! Ih»‘ rr^’dil i>f 
provina nn exirriiMun lo Urn luIn ilmt 
OiP iiniplo'iln loit wiOnitif hi<iuior 
hi hin own fNiimiry. li {>« arn<* Uinl In 
oihrr ICnglkli JunrMnlK, Frtifueufu Ar- 
rays wun H|Mikrn of f^illirly, Hnl Mm 
only iiotlco In nn ICoBliiih jouriinl whicdi 
I linvfl wo (vmveyhm Aio impn^nUin 
tlml BQi>fir liiid nmdo n firnUruKi eoaw 
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i*KrrF;r4H ArK)UT iiookh 

lo plalSnliral mclhoiloloicy 
nM>RAfeTl in out- Jourtinl nvor llio itii- 
liVu L. 1. l.XXXVI. 07). ami 

(1ii> t’ouiiril in awanlinK Ihc Ouy 
iiimtlon of ihla iract, 

Oinltn^^rilrtl fllTiliRtirifthfl HoL con- 

finD thrum Ivc^ VI vnioic irtiHl4’ncefl. 
l^rruh Acmlt*my r»f Hricuccu 
a MfHityoii Prlto. anil 
Ihc lal^' I’rMfr'sa^or 'lVlm\»niw «rolC n 
p* V ir w ( W()f li Ij iSffU i i II i' 1 V 4 tri/f « 

lOLM, III. Ill 17 1 lit wlilrh ho ihnrnr,- 
ihr' UA^t nol. aw P^*ino other 
rt'vlo^irrt hhiv^cl. m nti InKnihiUH way 

nf out whni ovrrylnHly Wncw 

Ufor^'. hiilaq 'rinni iiainhafl<*n HellraK 
aur formal inuiheiiifttifHrhen Auaru*- 
(un(( (Irrt Hlallntlkcm'.'' 


Trtdiiy lh(Ti‘ in nnrilliL'r lilllc book by 
a llriliiili aiillmr wbirit, by virUto of 
hnviiiu; nouio for tliij flluilonl 

Lo work, In jirolmbiy litjlhT stnleu than 
Frr<jurriry Arrrtvs rlHHB-room in- 
ntniclirin in KcmmlinR * 

rcft-r l« A. C. Ailkfii’H .S(ri(i«(iral 
J^ifhrni'iOV.i (Ni‘w Yiirlt: Inlumicnpc, 
l’ntili!<lii‘r«. l«l. iMlilimi, lonrlli 

e.lilioii, lOl.’i. H.r.O),.wliipli wtt« rc- 

vii'W. d liy S. S. WilUB in Him JonitHAi, 

(Viil. :in, ion, Pt'- Nnviir- 

lit iitv i'X|u;n»'nri‘» Icacluira of 
niallufiiialii’al MlnltHlirpii nvul olhcra, 
Mtil to HimI fVcijii^nci/ .ilrmyn a 

eliioniiirtnn lilUn vobiiim, untl inony 

ili'Hri* lo ^ rnpy. , , 

TlifN-fnrr, I taki- iib'nHUrn in inform- 
iiiK ri-mb rn of Ihia JotniKAi; i4t?iiorally 
thiil roi>iin of 

Hlill III! imri'tiriMMl friiiii I,. A 
Mil., Simk.-y ll'nw. ‘ 

Ki'ih, I'IiikIiiihI; hImi friim llm 
(Jiinlfn I’n-Ki, i:W Wi-st Uiuun SirHil, 
Viiwiili'im, I'lilirtiniin. Tim 
priri! IH :iH. fill.. iinHiftKf. 2 i .; .llio 
AniiTU’iui iiriro irt Kr* crnla poHliiiml. 
C'lnnu nu.h l-jsr.NnAHT, Amfrioic 
/Vu/r.'flor 0 / i\ffjfhrrJi(ific« 

/hoou Innrifi, f/niirr.-ufi/ of M i«- 
noj^tri; /Vj‘nn>rtl .Uo/hrmofiPtoni 

jYofmiUif of 

A. note on statistical books 

TN iir.vii;wiNn BinlinlipH limikH il ih 
X riiKiniiiiiry to fli*ti*»iKH aorb to|iM’H 101 
liT-lniirnl arniriO'V, 
tlnii, lirilriiiri’, looi HOjirOubiy. J 
amilhiT farlor wbii‘ii ikoyiMi inornbJiHio 
in wriliiiK or nppramiOK a b«ioK ' 
alAlialii'al rn-i'O of iho aotljor. /U jmH 
cuL tbrro rtrr Itirii-' major mtanm 

^roupH in ihu bciti of HlaliHln^a, cad 
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with itfl own "frame of referonco"; the 
nialliomalical BtaUsLician whoec 
mary inlcreal ia Uic theory of BtatisticSj 
the operaLin^ fllalialician who applies 
ulaliaLical principles and tcchniqucE to 
the solution of current problems of 
Rovernmeiil and buBinoBB, and Iho sub- 
iect-iuaUcr specinlifit Lo whom etatig- 
liCH la a tool subordinate to big inaior 
inltjreal, The prcvniling pattern of etn- 
liHticnl thinking has been, nnd bLiLI is, 
that of the latter group, rUhough the 
rimi grout) is becoming more and moro 
inllueiUiab The BcconJ group is gmall, 
dmorganized, and inoffoctunl profoB- 
Hionaily, although it may bo tlio nu- 
clouB of a real profesaion of praoticing 
HlntUticians. 

The conflict between the first two 
groups is a conflict which oxistg in any 
Hciunce IjcUvccn theory and practice, a 
conflict which may Ijo helpful in mak- 
ing theory moro vital and practice 
more cfl'icicnL Tlio real lasuo in Btatig- 
licK, however, is between the first two 
groups combined and the third group, 
aince this is n conflict between a grow- 
ing theoretical and applied science, on 
the one hand, and an older nnd oufc- 
iiiuded fllnlisUcal creed, on Iho other. 
The l)a«ic issues between thcao two 
groujm may be summarized as follows: 
The lirst group thinks of sLatislics as a 
Ihcoreticul and applied Hcicnco in its 
own right, The second group docs not, 
The firHt group believes applied ataliB- 
licB Hhould bo a full-time profcwaion, 
that statistical rnnelipiig should bo 
assigned to Ihofltatlslician, The second 
group ilocH not. Tlio first group secs 
the Hlatlalician as an export jn statisti- 
cal inference and cstimalion^ baaed 
vipon sampling, and in Hlatifitical in- 
quiry gepernlly. The Bocond group be- 
lieves that the flubjoct-mattor opeoial- 
ist is the only person compotont to 
make csti males nnd inforoncca about 
iiifl subject matter. ^ 

The comparlinentalization of ata- 

UbUch into economical Hociology, psy- 
chology, odiicnlion, biology, business, 
etc. has set up barriers to the full utdi- 
zalion of oflieienL statistical principles 
and practices. If tl»o biomctricjans and 
agrieulturiHlfl have dono belter than 
the olhers. it is simply bocauao they 
were fnrtuimLo in ^ 

Visher workinj^ m theflo ficldg. rluB 
comparlmonlahflin ImR led ^ 
of Btrange notions Huch as (1) FiBlicr e 
work is limited to 
(2) apalysisoC varianco and tho design 
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of inr^'juy Bt'i? Jihplirat^i^t 
cuUiirts fttiil mn^Jf'ns 

ji^rnphi^g rBnnfK^ ]»f? twd in Ihf^ j^^'VcjhJ 
ftcii^nrr* RoMp. K(p)*i^r birw'M l^in^ r^<in^ 
IribtiK'cl P* llair« Wlirf in •c'mipArlmrn*- 
UUsm for 

Yal<»4a are* rollml »Sf^H>h^43t T^hfirs 
/iMWjEjg^iVcff, A^iriiU'nral, ft9}4 ^hJtonf 
ftllluniri^h h.vr tuf I lit* Dll 
Bit* limited in their njiplie^hc»nA So \W 
l\mG fkldfl tnrt\Uont"d in i.iiilr, 
('omimrlrnehiudiwiii tt 

hst» kril in nlati«itirBl l^y in- 

Lroducirig 'iV varhlirtii (fd 
»Y*Tihol'n, hy ^rNtrpiuiR Alive enoiieov.i.^ 
theory and rpir^himBhlr pr^iriirsp, and 
l>y twn'*klent^y rvhif^iaK 
ifint film (tit ir.'i i« n jsrienrr rorniw»;?ed of 
principles) falh IT than a VtnA Whv ty 
Ami «li or (hand that aim ran piek up in 
A \w manihR, Tg ahnwr liww islnvr nur 
Biihjeet-rnAHer aik^ibIUI^i are in krl^*J 1 ^- 
iiiK up with fllnljfiUCA, the Itllft edition 
of fincs/rfop<?dirt vlnr-nVari'ri In ilP» IkSIt 
of bouks uiiddr the (opirft nl 
Mctliiiil and Hutialien! rnrriea mi ref- 
cri'ndii to m. A. Fi^lmr, *S7dk'i>P>of 
for /^Cffitarr/i H'i?rJ^rfrA Cfiml 
gdithiJi nkhouKh it irotilaiu^ the 

n«meH of mivrral hookis of deeidr'dly 
IdmT irnpartanro. 

CoriiparlincnUilUm Koonm tq iu 
oxiBtencts and dicivdopmani to iho 
flp’AcluiiUiAchaobi biHiauAO Iheir dimial* 
IDIA (liACOvored tfmt AiaiiHiioA Imd it 
ttnh to ptuy in ii'Cademlc miiciareU* 8Uk- 
lintidn liooKA warn wrill«;n in oneh field 
to TOc^ot this Acudemic noctU. Aa (I mo 
went on, it wm Asaumed Hint ilmao 
book 8 wttto vAiid so ureas of Lrmuitig for 
f «/f kinds of BlMisiiral work. The o|>er- 
* 1111111 !; and rtiijcarcU sUlisikinn m jov-* 
errinmiiL nnd buainciia knnwA hnw 
absurd Uiifthsaumption iA.Tbei^yeibt- 
hour oven IhnuRh olTi- 

eittUy reeognuod by Urn IJ. H. Civil 
Bor vice Commiaaion in IU:iO, is ijindi^- 
mmVciy Irmiied both in HUliHllcjil 
theory and instnUfllicAl pracltce. Wliat 
we need U a now ajiproHch to AtrUifliica 
bABOtl, not upon tlio pAllernA of A<’a- 
deniic resenreb, but upon ihn ncodri of 
govern in on L nnd industry, 

Kor in thcro Any gnjAlerlikulilinod 
tlmt iha rosulta will bn belter in Llin 
f Uluru slnco holh slftllnlknl theory uiul 
prnetlcu flro growing ui a lively paro. 
Afl n rnaiLer of fact nmny of the proh- 
lenifl now fncing govornmoiit nnd biifli- 
noflfl and iiuUiatry rotiuiro an oxporl in 
alAiiflticfth eupociAlly flnmpUng^ uoslfta, 
not an oconomiat or Booiologlat wlio 
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VisTlr^r q 

(cd pi a: r raj 

V * ^ ■'a' T'j'' ^ V't'^ifdi 

f 5jll f^ 1 4 fi 

l'jr<j- 7 fj;s'rj: V, n't!"?! ^ 1 , rrTn*l?*> 

UiiTj P-j Sri 

T)* r M cl r!f<r 

|j> 11*5*^11, iw a’nmir^b 

WftSh piMl'kiji id flin* 

bf-tfulia 1 *l.TV\ilpS Oflit r' Hrfi iTjfilirt ibr* 

9 U hl'* Jfifn! in fit nl j 5 >lirTi 

fibriukli d=(“ 9 vil ^'»tb pnnTHd«"!K and 

Ahciuid irmrr 8»<dd*i id ^^siuipbriii, 
and ud**trn<<" lu Ihnr 

r‘1ri'M;niary iM/^pvc^jw rtbiojld 

tm Uhrn hy ia3l rw4T^ nf 

fiuhiTTfl 'n^aUtf'f h ijt 

aua)*r»^«u.9t His %\iK^ bjRt riniip'ir m rfOk^in 
ehi?fia?4'lr]ii'^ »*r ihr 

pnuwT dui^nisiU^'n Iml It la i(arpllv 
iju»re Shan an itili"»i.hj»‘lb*n u» Iht* *nih- 
jrrb 

2. Ad^-aupr-f'tl rqui'i^rK In prill* 

riplrs, m nhrir wppbr^liMhfte P* 

Ts^h!?!', h'lUiw tfdft rniirfi!^ 

un piBn*cipliif5ii. Iw ihiw isnv a 
will m.il (hr* virlini id 

fulwibilmnih wi'Jirli Ate ^db/n bmllli- 
cirnl, 9nil wilt leaf n iq Ihinl m lvriip?i( nf 
phneipWs Apphrahlri tq pmMi’^in pdurt- 
lfon&. hmik!?! Blmuld be prrp^jirnl along 
iwrt limA qf Ibrary and Ppplira* 

3, IliAfilmrd In ihinK i\mi unernn 
he A i!ilA(k!ikintt wiihmit m umh r* 
aUruling nf matheumtii'ii nt Iruat 
lhf»u«h the cnlnibvH, MaCu inaUrH 
KliQiild be a preTei^imiHb* h* 

work, Vreimm siwrinl uunlerhuirAl 
l^ookit f«r Im* Itivnu^n nud mluTji irihT- 

eNled in llie liidib VCv sbnuld pul iry iu 
meet nil AlatiAlicnl lUTda In nru* fyiH! of 
book. 

d, Havo more hmikN prepareil by ()n! 
ACTund group those on llu! firing line 
ill AlnUsliCA. Fnr a geniTiitinii wo hfive 
bad filrrr^olyiwd kxllrtuikH pri'pnn’d by 
BCttdemir AuhjiTbnmlU'r wpiTialihlit; 
niort? reeeiilly the luMllienirtlirnl aImIih- 
(Iclnim havn iiiavmK iiiin the iiuirkuL. 
U'lio former grnusi is uvnk nn llu'iiry, 
llie Iniler group is weak on iirariitM*. 
\VhAt wu ihumI nni liMuks thni sliuw how 
Lo Apply prinriiden to ihe hoIuMojih of 
opurAling firobleiiift. “Apphi'd" aUllK- 
liCA to diUd hna bmm largidy Uiniteil to 
aendomlo rowmrrli. Hooka by hVy, 
BUowhart, and Himnn are exampleH of 
iho typo of book wo need* 



LKTtJirtrt \uovt mooKft 

5. lifKikR to ittionn. rMlitr 

iimn Hi in»i»r4»i^'», n’litlor. MiirL 

UmlA nfo a ot 

Wv riri’cl rtu nf «U- 

lif^urR 10 Rivf* il nv’rtmi^K* Wliiirn 
irmMirniRlif'J'l lU’rivAlionH nrc pivcn, 
Rro nMirtolniM iiivulvni iloil 

llir lfi|?iral on winch llio 

floriviiUniH ftro rtro hnrdiv nicii- 

liuiirtl. h'l aIoiii* Klnfin^ uh- 

MUiudicniH in iiif^lhr'iimlknl miiKoriKO- 
doc?i itol 10 he einniRh. More nt- 
iciiloih ni'cdn lo he ^ivi n 
priiirinlcit nnd their fv|ipjirahihly lo 
real prohlcmw. Thm loo ilicrr m a ilu- 
cifhnl Inch of Iialancc in ^^oino hnokn, 
For csnmplc, one honk givcH ahoul 200 
pnKCM Ml imle\ nniiihrrfi and inriodirily 
MiHlyiiiH, wl*iio ntiolln r «ivc?( nhuuL 50 
pnRca M» rank nnU-r rorn'lniirm, hul 
ruruln^r devoi^H anylhiriK lo RlnilirnMli 
famlnin namiilin^ n« pmch, a iiiiich more 

funilninciiln! prohlcin. 

A. r. iMotANiir.H, SfniiJthrnl /lici- 
Si'ciii, linrf^mi vf h^lrrnni UfV- 
IFfii^Aiofihjn i^fr, 1). C. 
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JASA RBViEW POLICY 

urKinwnnoc lo he lakcn 

— info arnniiit in any rrfonnnlalion 
uf Hie pn liiniMhrV aluMMiicnl of Joi’H- 
li.KU revie w iHilirv 

Aiigiiftl 1015 iHRiie Ilf llicdAVI /hil/rfiM, 
c?i|H^i‘iMly lhi‘ cxprcRi^iol ohjcclivi n: 

a) 'I’o pruvldf* rc?i4oM wiih a H’lud- 
ftfly apprid'^’d <if ihft li^nik for lle fr own 
ruodiriH KoidrtiKC. 

h) To flfinnihil^ inogfetfi lowmci 
hlRki^r iirf.fctJ'dKinl nMindnoln mnoiiK 
BlinNlhTni« hy praidnn Hf-od hlfalnli- 
Cfii ^ rlilnR nnd FM^lpilur^liip and hy ci'n- 
roriiiK Riallnlii'Jil wrilina and 

frrkulurfilnp* 

In view of the incrcn?<inK icnilency to 
njHJcialiAc, il wciuld appenr to he ii hie- 
iiiricanl iirnl vulid fund ion (if the 
JounSAir review lo promote a cnlhnhr- 
ilv of irih ref»l on the imrl of HpcnrdirtlH 
ill oHier hraiiches of Hni Hcienre, cH- 
pcrirdly HirmiEh einpha‘da on thi* wider 
apphrahililv of rnmepH ami incHi- 
ndnloEV rjiaraehTiMtie of oih’ or an- 
other «iii’i'iidi/ril (ii'hh U wmdd alno 

Reein rea^^oiialde lo e\pi'cL Ihi* r‘fview 

Ui k'ivi* Ruiilanee lo anlhorH iih well an 
Lo readi-rn, liinoiEh comioi'iilary and 
geueraliAiiHou svl/udi mM'd md imply 
iiraiHe or cenwuro of the work niuler 
conaidcralmn. Alton lion might ho di- 
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reeled, not only to the individual au- 
llior'u errora great and small, hut also 
to the areas sllll to be explored, to tho 
ayiiLheses still lo ho made, to perspec- 
tives w'liich flhoiild become more Rcn- 
oral, lo the inovilahlc nnachroniamB 
iiilroduccd by the mixluro of new and 
chiHHicfd vie wpol Ills in the treatment 
of difTerenl ))hivses of BtaLislks, to Iho 
exiHlehcc of iin^iorlniiL contributions in 
periodiculB or in foreign-languago liL- 
eraUiru W’hicb arc usually overlooked, 
elc. Fiirlhermoro. there is slill room 
for Ihc '^crenlivo’ review, wliich gooa 
on lo make an oriKinal conlrilnition 
inspired hy some aspect of the work 
under acruliny. 

Tlio traditional kind of review may 
he of little value to tlio nonstalistical or 
nciniHlutistlcnl reader who has a linv 
iled lochnieai Imckground but is nqv- 
ertlielcHa iulcreslcd in, or working in, 
ftoiiie phaso of the science. »Siich read- 
ers, according lo tho Juno 1G40 Joun- 
NAh, would seem to compose the large 
nmiorily of AsaociaLion members — 
norliaps, n still laTgcr maiority if the 
Katioiud Uofllcr donuitlon of a Blatisli- 
cian {Af>A Bulletin, May 1046) were 
anplied. Furlhennoro, many statiati- 
ciaii moinborfl, Lrnined before the 
Fishcr-Koyiimn revolution, have an 
unsure grasp of the newer Btalifilical 
tfiola and follow contemporary lilora- 
turn with diniculiy. Tlio elevation of 
professional standards dopendB to n 
large extent on the RUccGBflful develop-' 
merit of a Bound iiiit rclallvcly non- 
lenimical literature lo meet the needs 
of tho uonBlalistieianR, tlic Bammtat^- 
citms, and the quafli-sUtislicianB m tniy :* 
AfiKonnlinn. Rpcciiil altcnlion ahould 
iio given lo the review of such litera- 
ture, wiiicli is not spccirically men- 
tioned in i)ii\ August 1046 list of four 
Ivptfs of pulilicationa lo be roviowcd m 
llie JOPllNATr, , ^ 

All meinhora, ranging from the non- 
Htatislieian Lo the specialist, could 
henelil from “roviow ariiclcs — ^^casays 
wiiif’h suinmarisio in systematic, in- 
li-Rratcd form the accomplishment in 
Il hnuioh of fitatiaticH Lo (fate, or which 
iiresonl more or less author^itahvc 
HlaleinenlB on fumlamenlal notions of 
the Hciimce, general molhods, ole. buon 
(‘HHftyH HhcMihl he written hy invitation, 
pnilmhly hy more limn one person or 
with the guidance of a coinmitlco of 
hroful pcrspeclivop . , , 

Finally, il would BRom desirable 
lo fionstriio tho objoclivoB of reader 
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inr!t(^lp, m a r'inLH^iAKili'&#’^ 
ihi<? iriMrtifv><‘>sb 

ituf r Jot^- 

mifil^’wiirk,^^ nfl 'HiKh 

iilitiiiUl lwk<* (r,4 

t^Wcrvalion^ ninx|(i:t>n pimilBf hf 

Jca^ftNAji it*vii7ww. Th^H i‘jx'j-h3;riJi'Jkvn 
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(nrtirlfy, hno!:'^. ihfH^.anti rhn}il4^rfl) y)nMifi/iffl in lO/fB (0 dale. Anonymous 
rfJtrrtifrR nrr M>U«/ *dhrr rfjrrairtn follow tn al'phabclical sca^ucnce 
by numi^^r (in varcnihc8e8)j 

vnyinaiiorit Mn<f iMfc of inue arc gum for each journal reference. Stars 
iiidiratr hunln, Oircf i. and pntnphkU; otticriftkB indicate pubiicaliond seen 
by (hf^ fiiiUtr tf thin iNurx. of papere on Bialhiical methodology 

arc uin'rrf/ lo rrad rcprinln lo Ofictir K. Jiuroa, IlHtgers Univernityt New 
rfVnx' Jm-ry in order tofnrililaU pronivl ami flcc«ra(c lutingd. 
Forfigndnr,g\tfjge paper ft pIiphIiI he arcompanied oy 7i’r?p!i«h IramIa(tona 
nf Inf^rmnlion n ahoui references onii/Icd. 
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(K «, 10, n):;iKi 111. rm h 

Ah-S, 0, N *10." ^ 1054 

A. SlaliallcM Matho- 
mallcg, Pourlh EiUllon. KilinlmrRb, 
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rp, vi. 153. 5«i. (Ni'W York: Inlor- 
wnninn ruldinlmr^^ liu*. 1 1.75.)^ 1055 
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0 ’►in.* 

/Sriiihlroiif]^. f I. U., ftu*l (Mruko, 1*. 0. 
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lliirlleH. Neil H. A Punclied-Cnrd 
Tecimiqua for CompvilInK Mennn, 
Standard DevlallonB, and Hie Troducl- 
Moiuent Correlation Coefllclcnt and 


for Listing Scallorgramfl, Sci 104 
(2703):374-5O 18'40.* (050 

Union, W. J)., and Trout, G. M. 

A Crltldnl Study of the Summatlon-of- 
Dlffcrcncc-ln-Kank Method of Deter- 
mining Proficiency In Judging Dairy 
Products, /iiomc/rica B 2(4):(17-0 Ag 
MO/ 

llerkor, II. W. SllrllngM Numberfl of 
tho Third Kind. Abstract. B Am 
Afof5 AV52{0):820 8 MO.* [QOl 

llirnliaum, Z. W. Tshebyahefl In- 
equality for Two Dimensions. Ab- 
Htrart. B Am A/nfA Soc 52(7):021 JJ 
*40/ 

lllnek, llorlrnm J., nnd Olcla, Ed- 
ward 11. A Punched Card Method for 
PrcBcnling, Analyzing, and Comparing 
Many Scries of SlallBllcs for Areas. 

J Am Siai Aaan 41(235) i347-fi6 S 
*45/ 

lllackwcll, David. Conditional Ex- 
pcclatlon and Unbiased SequcnUal 
Ksllmailon. AbHlract. B Am MathSoc 

52(0):820 a'40/ JOG/ 

lllnokwell, I)., and Girahick, M. A. 
On Puncllonfl of Sequences of Inde- 
ncndcnl Chanco Vectors with AppHc^ 
lloRB to the Problem of d»o ! 

Walk” In h Dimensions. Ann Math 

■'«,e'arScon;,UdK 

I)roB<lon, Hubert L. An Approach 
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